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Abstract

A Steklov-like boundary problem associated with the (p, ¢)—Laplacian is considered in a bounded domain Q@ C R™ with a
smooth boundary, where p, ¢ € (1, +00) and p # ¢. It is known that the set of eigenvalues of this problem is {0} U (A1, +00),
where )\; is a positive constant. The aim of the present article is to give upper bounds for A\;. These bounds are of two types:
one based on the isoperimetric ratio and the other on the geometry of the boundary. Additionally, it is shown that if \; is
close to any of these upper bounds, then 2 is close to a ball.
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1. Introduction

Let p,q € (1,400) be two distinct real numbers. Let Q be a bounded domain of the Euclidean space R"™ with a smooth
boundary 09. In this paper, the following eigenvalue problem of Steklov type in (2 is considered:
Apu+ Agu =0 in Q,
(Sp.q)
(IVu[P=2 + |Vu|172) % = Au|?"?u  on 09,
where 2% is the derivative of the function u with respect to the outward unit normal v to the boundary 0. Here, A, and A,
denote, respectively, the p—Laplacian and the g—Laplacian on Q defined, as usual, by A,u = div (|Vu|P~2Vu). The operator
A, + A, is called the (p, ¢)-Laplacian and appears in several branches of physics. For details, one may refer, for instance,
to [4—6,11] and the references therein.
From the mathematical point of view, the problem (S, ;) has been widely studied during the last years. It appears to
be a particular case (with ¢ = 0 and b = 1) of the more general eigenvalue problem
Apu + Agu = a(z)|u|72u in Q,
(Sa:b)

p,q

(IVuP=2 + |Vu|172) 4 = Ab(z)[u|?"%u  on OXY,
where ¢ and b are two nonnegative and bounded functions on Q2 and 912, respectively, satisfying
/ a(z)dx + b(o)do > 0.
Q oQ

The set of eigenvalues of this problem has been studied in a recent series of articles for different possible values of p and
g. Solutions of (S;j;g) are understood here in the weak sense; that is, ) is an eigenvalue of the problem (Sg;fl’) if there exists
a function u of the Sobolev space W := Wi max{r.a}(Q) such that

/ (|VulP=2 +|Vu|??) Vu - Vwdz = A (/ a| V| *uvdz —|—/ qu|q2uvdo*> ,
Q Q 0

for any w € W. The complete description of the set of eigenvalues for this problem has been obtained in [4] after partial
results proved in previous papers (see [1,3,7,12,13]). Namely, in [4], Barbu and Morogsanu prove that the set of eigenvalues
of the problem (S3:0) is {0} U (A1, +00), where ), is given by
/ |Vw|?dz
)\1 = inf Q2

1UEC\{O}/a|w‘qu+/ b\w|qd0
Q o0
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with
C= {u ew | / alu|?*udx —|—/ blu|? 2udo = 0} . (2)
Q o0

Note that, as shown in [4], ) is positive.
In the present paper, we focus on the case « = 0 and b = 1, for which A\; becomes

/\Vw|qu
A = inf &

3
wGC\{O}/ |9
o9

with
C= {u eWwW| / lu|?T 2udo = O} . 4)
J O

The first aim is to give upper bounds for \;. Specifically, we provide two types of upper bounds. The first bound is of
Reilly type (see [14]) and is expressed in terms of the mean curvature H of the boundary 02, whereas the second one is of
isoperimetric type; that is, it depends on both volume of 2 and 0f2.

The first inequality, involving the isoperimetric ratio, is given in the following theorem.

Theorem 1.1. Let n > 2 an integer, p,q € (1,+00) two distinct real numbers, and ) a bounded domain of the Euclidean
space R™ with a smooth boundary 05). Then,

1 (Vol(aQ)\ " ,
— >
n < Vol(Q2) ) ifa>2,
A1 <
1 /Vol(d)\ " .
o (amy) <0<

Moreover, equality occurs if and only if ¢ = 2 and 2 is a ball.
The next inequality involves mean curvature-type quantities.

Theorem 1.2. Let n > 2 be an integer, and let p,q € (1, +00) be two distinct real numbers. Let Q) be a bounded domain of
the Euclidean space R™ with a smooth boundary 0X2 of mean curvature H. Then,

q—l
wt ([ 1) vo@) iz
q o0

<

X

At

/ tr (T)do

oN . qg—1

n </ ||HT||<1—1dc7> Vol(©?) ifl<g<2.
a0

Moreover, equality occurs if and only if ¢ = 2, tr (T') is constant and ) is a ball.

In particular, in the case where T is the tensor T, associated with the r-th mean curvature, we obtain the following
result.

Corollary 1.1. Let n > 2 be an integer, and let p,q € (1,+00) be two distinct real numbers. Let ) be a bounded domain of
the Euclidean space R™ with a smooth boundary 0X) such that the integral of its r-th mean does not vanish. Then,

/ H,.do
o0

Moreover, equality occurs if and only if ¢ = 2 and 2 is a ball.

q—1
nd—1 (/ |H7.+1‘1qlda> Vol(2) ifq =2,
a o9
<

X

At

qg—1
n (/ |HT+1q—"1da> Vol(2) ifl1<q<2.
o0
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In the case where r = 0, we obtain the following estimates involving the mean curvature of the boundary.

Corollary 1.2. Let n > 2 be an integer, and let p,q € (1,+00) be two distinct real numbers. Let () be a bounded domain of
the Euclidean space R™ with a smooth boundary 0N2 of mean curvature H. Then,

L Vol(Q) ,
L L H||9, >2
n Vol(@Q)H ||ﬁ ifq=2,
A1 <
Vol(Q) ,
—I1H|, 1 < 2.
nVol(aQ)H ||qf1 if1<gq

Moreover, equality occurs if and only if ¢ = 2 and Q is a ball.

In the case where ¢ > 2, we obtain another upper bound involving two higher-order mean curvatures, namely H, and
H, o, in contrast to Corollary 1.1, which involves H, and H,,;. Precisely, the result is stated as follows.

Theorem 1.3. Let n > 2 be an integer. Let p € (1,+00) and q € [2,+00) be two distinct real numbers, and let 2 be a bounded
domain of the Euclidean space R™ with a smooth boundary 0 with positive (r 4+ 2)-th mean curvature H, 5. Then,

_y Vol(Q) (| Hpsolloo ) 2
< e )
A vO1<aﬂ>< AR ®

Moreover, equality occurs if and only if ¢ = 2 and 2 is a ball.

Inequality (5) is comparable to similar eigenvalue estimates obtained in [18] for other operators of boundary problems.

2. Preliminaries

2.1. L7 operators and generalized Hsiung-Minkowski formula

Let (M™, g) be a connected, oriented and closed Riemannian manifold isometrically immersed into R"*!. We denote by
X its vector position and by v its unit normal vector. We consider a divergence-free symmetric (1, 1)-tensor 7" on M. We
associate to T, the second-order differential operator L defined by

Lru := —div(TVu),
for any C?-function u on M. We also associate with T the following generalized mean curvature vectors:
Hy =TV Xy, (6)
where X;; is the second covariant derivative of the immersion vector X. Then, we have
LrX = —Hry (7

and easily deduce the following identity:
1
5LT|X|2 = —(X,Hy) —tr (T). (8

After integrating, this gives the so-called generalized Hsiung-Minkowski formula

/M (<X, Hp) + tr (T))dvg ~0. 9)

The classical Hsiung-Minkowski formula (see [9]) is, in fact, this formula for the particular case where T is the identity,
and more generally, where T is the tensor T, associated to the r-th mean curvature. In the next subsection, we recall the
definition of T, and the associated operator L,..

2.2. Higher-order mean curvatures

The higher-order mean curvatures are extrinsic quantities defined from the second fundamental form and generalizing the
notion of mean curvature. Up to a normalization constant, the mean curvature H is the trace of the second fundamental
form B:

H= %tr (B). (10)
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In other words, the mean curvature is

1
Hzfsl(:‘{h...,lin), (11)
n
where S is the first elementary symmetric polynomial and x4, ..., s, are the principal curvatures. Higher-order mean
curvatures are defined, in a similar way for € {1,...,n}, by
1
H’r: (T)Sr(ﬁlf" 7"@1); (12)
where S, is the r-th elementary symmetric polynomial, that is, for any n-tuple (z1,--- ,z,),
Sp(x1, ..., xy) = Z Ty T, (13)

1< < <ir<n

To each H,, we associate a symmetric (2, 0)-tensor, which is in coordinates given by

T, = (T7) = (%‘i;fl) : (14)
ij

where S, is now understood to depend on the second fundamental form and the metric. These tensors 7, are divergence-
free and satisfy the following relations:

tr (T) = ¢(r)H, and Hp = —c(r)H,11v, (15)

where

and Hr, is given by the relation (6).

We conclude this subsection by stating some classical and well-known inequalities involving H,. From [2], we know
thatif H,; > 0, then for any s € {1,--- ,r}, Ts is positive definite, so H; is positive everywhere. Moreover, in this case, we
have the following (see, for instance, [8, p. 104]):

1 1 1
H7;1<H' <---<Hj <H. (16)

If equality occurs in one inequality of this sequence, then M is totally umbilical, and all inequalities are in fact equalities.
We remark here that in the case where T' = T;., the Hsiung-Minkowski formula (9) becomes, using (15),

/ (HTH(X, V) + HT) dvy = 0. a7
M

2.3. Two lemmas

The strategy of the proof of all inequalities is to use coordinates { X, }1<i<n as test functions in order to estimate from above
A1. For this, we recall the following elementary lemma. One can find this lemma in [17], for instance, but for the sake of
completeness, we recall its proof here.

Lemma 2.1. There exists a point y = (y1, - ,yn) € R" such that
/ [(X* = )| (X" —yi)do =0
o0

foreveryie {1,--- ,n}

Proof. We consider the function f : RY — R defined by

N
1 )

fy7"'ayn :7/ E Xl_yipd/uha

(1 ) p BMZ-ZI‘ ‘

where (X!,---, X") are the Euclidean coordinates centered at the origin. This function is nonnegative, and we denote by
a > 0 its infimum. By compactness of M, there exists R > 0 such that OM is contained in the ball B(0, R). Moreover, we

set
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Now, let (y1,--- ,yn) € RY, outside the hypercube [-R — p, R+ p]"¥ such that there exists i € {1,---, N} so that |y;| > R+ p.
Hence, for any (X!,--- , X") € OM, we have Z?{:l | X% — ;[P = pP. From this, we deduce that

1
f(ylvvyN)>5/

1
pPdvp, = —pPVol(OM) = 2.
M p

By the continuity of f and compactness of [~ R—p, R+ p]", the infimum « of f is necessarily attained inside [-R—p, R+p]".
Let yo = (y1,--- ,yn) be a point where the minimum is attained. At this point, (Vf),, = 0, and we deduce that for each
ie€{l,---,N}, we have

(Vf,0i),, = / [(X* =) [P72(X" = yi)don, =0,
oM
where {0, -- ,0y} is the canonical basis of R, O
We now present the second elementary lemma, which is useful in the proof of Theorem 1.3.

Lemma 2.2. If Hy. 1 is positive everywhere, then, for any | € N, the following inequality holds:
| mxias, < [ Bl x|,
M M
Proof. First, if we take T' = T}, then (8) becomes
1
S LRlIXN1? = —c(k) (Hysa (X, v) + Hy), (18)
where L, denotes the operator L7, = —div (73 V-). Thus, multiplying by || X||!, we obtain

—c(k) (Hp1 (X, )| X" + HlIX]I")

1
§HX||ZL19||XH2

N

o(r) (Hera | X |7 — Hel XII') - (19)

Note that, in the last line, we have used the fact that Hy_; is positive by assumption.
Now, we integrate (18) over M to obtain

1
o) [ (Hoal XN = X oy > 5 [ XL P
M M
> 1[I 9 de, 20
M

where the second line comes from integration by parts with the fact that L, is defined by L, = —div (T, V-). Moreover, as
we have already mentioned, Hj. 1 is positive everywhere, which implies that T}, is positive definite. Hence

/M |X (T X, VI Yoy > 0

and therefore, we obtain
[ Xty < [ Hialx) e, (21)
M M

3. Proofs of the inequalities

With Lemma 2.1, up to the appropriate translation, the coordinate functions belong to C and can be used as test functions,
without loss of generality. Hence, we obtain

)\1/ S| </Z||vxi||q. 22)
00— Q=1

We discuss the cases ¢ > 2 and ¢ € (1, 2] separately.
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3.1. The case q > 2

First, since ¢ > 2 and » _ ||[VX'|”> = n (see [15, Lemma 2.1] for instance), we have
i=1

n

dIvXT < (Z VX’P)Q
1=1

i=1

3, (23)

I
S

Hence, we obtain
A1/ Y IX % <tV (M).
00—y

Moreover, by the Holder inequality, we have

2 - 1|2 - i R
IXIP =1 < (DX ) ', (24)

i=1 i=1
which gives
DX > = [I1X|
i=1 n =
and hence
)\1/ | X ||%de < n?T 1V (Q). (25)
a0

From now on, we differentiate the proofs of the inequalities given in Theorems 1.1, 1.2 and 1.3.
Proof of Theorem 1.1, ¢ > 2. We start from (25), which can be rewritten as
AL X[|9Vol(09) < n?'Vol(9).
From the fact that the L*-norms are nondecreasing for the parameter s and ¢ > 2, we have || X||» < | X ||, and so
A1 || X]|4Vol(0Q) < n? Vol (). (26)

On the other hand, we have div o(X) = n, which gives after integration over 2 and using the divergence theorem

/8 (X.0)do

)

nVol(Q)) = /QdiVQ(X)dx =

where v a unit normal vector field to 9). Moreover, we have

| o) < [ x|do
[o19) o0

= [ X1 Vol(6%2)

N

[ X1l2Vol(692),

and so
nVol(Q)

Vol(09)

1 X]2 >

Substituting this into (26), we obtain

e (s

Hence, the inequality of Theorem 1.2 is proved for ¢ > 2. If equality occurs in this inequality, then equality occurs in all

/ (X, v)do :/ 1X |1do,
o0 o0

which implies that X is normal everywhere 012, and so 0f2 is a sphere, or equivalently, €2 is a ball. Moreover, if ¢ # 2 and

the above inequalities. First, we have

equality occurs in (24), which means that equality occurs at any point in the pointwise Hé6lder inequality; that is, X is
colinear to the vector (1,1,...,1) at any point of 0Q2. This is a contradiction. Hence, if equality occurs, then ¢ = 2.
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Conversely, assume that ¢ = 2 and  is ball. Since ¢ = 2, from its definition, \; is equal to the first positive eigenvalue
o1 of the usual Steklov problem. We know that, on the ball,

1 Vol(092)
g1 — —
n Vol(2)

(see [16] for instance), and therefore, equality occurs. O

q—1
Proof of Theorem 1.2, ¢ > 2. We again begin with inequality (25), multiply it by < / | Hr|| 7T da) , and apply the
29

integral Holder inequality to obtain

p
/ (X, Hy)do
o0

Now, we apply the Hsiung-Minkowski formula (9) to the integral of the left-hand side to get

q q—1
/tr(T)do < ni! (/ ||HTq"1da> Vol(9),
o0

which proves the inequality given in Theorem 1.2 for the case ¢ > 2. If equality occurs in this inequality, then equality

p—1
A <ndt ( / ||HT|£1da> Vol(€2). (27)
onN

A1

occurs in (27). Hence, we have the first inequality in the pointwise Cauchy-Schwarz inequality (X, Hr) < |Hr| so that
X is normal everywhere on 92, and thus, 2 is a ball. Secondly, equality occurs in the integral Holder inequality, which
implies that || X || and |Hy| are colinear. Since || X| is constant, Hr is also constant. Finally, since 0f2 is a sphere, it is
totally umbilical, that is, A = £Idpq, where R is the radius of Q, so that Hy = tr (Ao T) = & tr (T). Since |Hr| is constant,
it follows that tr(7') is also constant. To prove that ¢ = 2, the argument is the same as in the proof of Theorem 1.1.

Conversely, if ¢ = 2, then, as in Theorem 1.1, A; coincides with ;. Moreover, if {2 is a ball and tr(7") is constant, then
the inequality stated in the theorem becomes

Aitr (T)2Vol(0Q) < n|Hr|*Vol(Q),
that is,

Vol(Q)
LS "'Yol(00)

On the other hand, in this case (see [10]), we have

Vol( )
"Vol(o0) "

01 =

and therefore, equality occurs. O

Proof of Theorem 1.3. Once again, from (22) and the fact that the L*-norms are nondecreasing for the parameter s and

q > 2, we have (26); that is
1 H Vol(22)
- X2 <ni~ 1
A1 (vol(am /BQ 11 d“) " Vol(09)

We multiply it by ||H,2 ||§o, use Lemma 2.2 and the Hsiung-Minkowski formula (17) to obtain

aq
2

_ VOI(Q) a q 1
¢t HT&>AHT&7/X%1
Voltory 12 el ( Goragy [, 1XIPdo
>
> A (VO1 [ Halx) da)
%
>
> A (w i H,+1X||da)
%
>
> Vol /BQ H, (X, v)do
> A\ 1 /Hd
Z M\ Vl09) oo T )
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Note that we also have used the fact that H,,» > 0, which implies that H,,; > 0 and H, > 0. Hence, we obtain the desired
inequality

o Qo). (Ltsls )
Vol(@2) \ T, I

If equality occurs, then once again, we have (X, v) = || X|| on 912, which implies, as previously shown, that Q2 is a ball. The
condition ¢ = 2 comes here again from the equality case in (24), similar to the equality case in Theorems 1.1 and 1.2.

)\1<TL

Conversely, if ¢ = 2 and  is a ball, then

Vol(Q) ., Vol(Q) (| Hyizlloe\?
= H =
L= "ol (09) "VoloQ) \ [[H. [, ) °

and hence, equality occurs. O

3.2. The case q € (1,2]

Here again, we start from (22), that is,
MO [ S vxe
9 =1 25=1

First, since ¢ < 2, we have

n

X017 = <Z|Xi|2> <1 (28)
i=1 i=1

On the other hand, by the Holder inequality, we have

n n %
S vxie < <Z ||vxi||2> =n7"nd =n.
i=1 i=1
Hence, using the last two inequalities in (22), we obtain
)\1/ | X]|%de < nV (09). (29)
a0

We provide the proofs of Theorems 1.1 and 1.2 separately.

Proof of Theorem 1.1, g € (1,2]. The proof is similar to the case ¢ > 2. Here, we have

nVol(Q) = / (X,v)do
a0
< ’ / 1| do
a0
= [|X[l1Vol(0%2)
< X g Vol(692),
and so Vol(Q)
nVo
> —,
1Ml = Vol(9Q)
Substituting this into (29), we obtain
1/ Vol() \**
A1 < )
na—t \ Vol(99)

Hence, the inequality given in Theorem 1.1 is also proved for the case ¢ € (1,2]. If equality occurs in this inequality, then
all previous inequalities are equalities. In particular, again here, we have, on 91,

(X, v) = [1X1],

which implies that Q is a ball.
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On the other hand, we have equality in (28), which implies that

(SIS

DX <Y x

i=1 i=1

at any point of 9. Assume that ¢ # 2. This is possible at a point x only if X (x) is one of the vectors 0; of the canonical
frame of R”. By continuity, this implies that X is constant on 952, which leads to a contradiction. Hence, if equality occurs,
then ¢ = 2.

Conversely, if ¢ = 2 and 2 is a ball, then equality holds, since the bound coincides with \; in this case. O

Proof of Theorem 1.2, g € (1,2]. Here also, the proof is similar to the case ¢ > 2. We multiply (29) by

q q_l
( [l do)
o0

and then apply the integral Holder inequality to obtain

q . g—1
<n (/ ||HT||q1d0> Vol(92).
oQ
We apply the Hsiung—Minkowski formula (9) to get

q q—1
/tr(T)da gn(/ ||H||q—"1da> Vol(€),
o on

which proves Theorem 1.1 for the case ¢ € (1, 2]. The proof of the equivalence in the case of equality is the same as previously

A

/BQ(X, Hr)do

A1

presented. O

We end the paper with the observation that Corollary 1.1 is an immediate consequence of Theorem 1.2 due to relations
(15), and Corollary 1.2 corresponds to the particular case » = 0.

References

[1] J. Abreu, G. Madeira, Generalized eigenvalues of the (p, 2)-Laplacian under a parametric boundary condition, Proc. Edinb. Math. Soc. 63 (2020) 287-303.

[2] J. L. Barbosa, A. G. Colares, Stability of hypersurfaces with constant r-th mean curvature, Ann. Global Anal. Geom. 15 (1997) 277-297.

[3] L.Barbu, G. Morosanu, Eigenvalues of the negative (p, g)-Laplacian under a Steklov-like boundary condition, Complex Var. Elliptic Equ. 64(4) (2019) 685-700.
[4] L.Barbu, G. Morosanu, Full description of the eigenvalue set of the Steklov (p, g)-Laplacian, J. Differ. Equ. 290 (2021) 1-16.

[5]1 V. Benci, P. D’Avenia, D. Fortunato, L. Pisani, Solitons in several space dimensions: Derrick’s problem and infinitely many solutions, Arch. Rational Mech. Anal. 154
(2000) 297-324.

[6] L. Cherfils, Y. II’yasov, On the stationary solutions of generalized reaction diffusion equations with p&g—Laplacian, Commun. Pure Appl. Anal. 4 (2005) 9—22.

[7] M. Farcaseanu, M. Mihdiilescu, D. Stancu-Dumitru, On the set of eigenvalues of some PDEs with homogeneous Neumann boundary conditions, Nonlinear Anal. Theory
Methods Appl. 116 (2015) 19-25.

[8]1 G. Hardy, J. Littlewood, G. Polya, Inequalities, Cambridge University Press, Cambridge, 1952.
[9] C. C. Hsiung, Some integral formulas for closed hypersurfaces, Math. Scand. 2 (1954) 286-294.
[10] S.Ilias, O. Makhoul, A Reilly inequality for the first Steklov eigenvalue, Differ. Geom. Appl. 29(5) (2011) 699-708.
[11] P. Marcellini, Regularity and existence of solutions of elliptic equations with p, g—growth conditions, J. Differ. Equ. 90 (1991) 1-30.
[12] M. Mihailescu, An eigenvalue problem possessin a continuous family of eigenvalues plus an isolated eigenvalue, Commun. Pure Appl. Anal. 10 (2011) 701-708.
[13] M. Mihailescu, G. Morosanu, Eigenvalues of —A, — A, under Neumann boundray condition, Can. Math. Bull. 59(3) (2016) 606-616.
[14] R. C. Reilly, On the first eigenvalue of the Laplacian for compact submanifolds of Euclidean space, Comment. Math. Helv. 52 (1977) 525-533.
[15] J. Roth, General Reilly-type inequalities for submanifolds of weighted Euclidean spaces, Collog. Math. 144 (2016) 127-136.
[16] J. Roth, Reilly-type inequalities for Paneitz and Steklov eigenvalues, Potential Anal. 53 (2020) 773-798.
[17] J. Roth, Extrinsic upper bounds for the first eigenvalue of the p—Steklov problem on submanifolds, Commun. Math. 30 (2022) 49-61.
[18] J. Roth, Some new eigenvalue upper bounds for Euclidean hypersurfaces, HAL, 2025, #hal-04999248, Preprint.



	Introduction
	Preliminaries
	LT operators and generalized Hsiung-Minkowski formula
	Higher-order mean curvatures
	Two lemmas

	Proofs of the inequalities
	The case q2 
	The case q(1,2]


