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Abstract

This paper deals with the numerical approximation of the mild solution of a quasilinear parabolic equation with variable
exponent. Under some conditions, it is shown that the mild solution is a weak solution. Numerical tests are performed
using the split Bregman method. The functional setting involves Lebesgue and Sobolev spaces with variable exponent.
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1. Introduction

Let Q € R? (d > 2) be a bounded domain with a smooth boundary 052, and let 7 be a positive number. Our main goal in
this paper is to make the numerical approximation of the mild solution of the following problem involving a quasilinear
elliptic operator of Leray-Lions type with variable exponent:

d

ut—zaaj(;x’jvu) = f(z,u) inQ:=Qx(0,7),

j=1

w=0 on ¥ := 90 x (0,T), @)

u(x,0) = up(x) in Q.

In recent years, a growing number of researchers have focused on studying different mathematical problems with variable
exponents. The applications of these problems are intriguing, and their use in electro-rheological fluids (also known as
smart fluids) motivates their research. The electro-rheological fluids are characterized by their ability to drastically change
the mechanical properties under the influence of an external electromagnetic field (see [24] for details). Another noticeable
application is related to image processing, where this kind of diffusion operator is used to identify the borders of a distorted
image and to eliminate the noise (for example, see [8, 10, 17]). However, the study of these problems raises many difficult
mathematical questions.

There is an abundant literature devoted to addressing questions on the existence and uniqueness of solutions to
problem (1) (see [15]) and to stationary problems associated with (1) where (a;(z,€)); = |£[P72¢ (for instance, see [2,
11, 12] and references cited therein). From a numerical analysis point of view, there is also an extensive amount of
literature devoted to answering questions on the approximation of solutions to problem (1) when (a;(z,¢)); is either a
p(z)-Laplacian or p(z)-Laplacian type operator and f does not depend on u (see [5-7,10,17,20-22]).

Regarding the existing literature on quasilinear parabolic equations with variable exponent, we consider in the present
paper a more general class of operators of Leray-Lions type than p(x)-Laplacian operator (see [14]) and we make a numer-
ical approximation of the mild solution of problem (1). For this, we use the same technical tools as adopted in [19] while
dealing with the case where p(-) is a constant exponent.

The remaining part of this paper is structured as follows. In Section 2, we recall the definitions of Lebesgue and Sobolev
spaces with variable exponent and some of their properties; in addition, we formulate assumptions and give some results
related to problem (1). We recall the notion of the mild solution in Section 3. We proceed to the numerical analysis in Section
4, where we demonstrate the existence and uniqueness of our numerical scheme’s solution as well as its convergence; we
then show that the mild solution is also a weak solution under a certain condition, and finally, we conclude this section
with numerical tests by using the split Bregman algorithm.
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2. Mathematical preliminaries and assumptions

In what follows, we recall some definitions and basic properties of the generalized Lebesgue-Sobolev spaces L”()(Q) and
Wrh)(Q), where Q C R%(d > 2) is a bounded domain with a smooth boundary 9Q and p : Q — (1,00) is a continuous
bounded function, called a variable exponent on 2. We refer the reader to [9,18,23] and references cited therein for details
about variable exponent Lebesgue-Sobolev spaces.

Let P(2) be the family of all measurable functions ¢ : 2 — (1, 00) and set

plog def { qeP(Q): é globally Holder continuous} )

In particular, for any p € P°5(Q), there exists a function w such that

V(z,y) € 02, Ip(z) — p(y)| < w(]lz —y|) and limsup(—w(t)Int) < co.

t—0+

We define the variable exponent Lebesgue space and the corresponding Sobolev space as follows:

rO(Q) = {u : Q — R is measurable with / lu(z)|POdx < oo}
Q

and
W1,p(.)(Q) _ {u c LP(')(Q) (| Vul € LP(~)(Q)}.

We recall that LP() () and W'?()(Q) are normed linear spaces equipped respectively with the following norms:

follreney = it {01 [ 42000 <1}
Q M
and
HUHWLP(')(Q) = Hu||LP<'>(Q) + HVUHLP<->(Q)~
We define W &' Wol’p(')(Q) as the closure of C5°(Q2) in W1P()(Q). In the sequel, we assume that
) lo 2d — +
where

p~ := inf p(z) and pT := sup p(x).
zeQ zeQ)

Due to (2), since 2 is a bounded domain, the Poincaré inequality holds and a natural norm of W is
”uHW = ”vu”L:”(')(Q)-

For the vector field, we set
a;j(z,€) = d(x,|£)¢; forall ¢ e RY and j = 1,...,d,

such that ¢ is differentiable on Q x (0, 00) and ¢(z, s) > 0 for (z,s) € Q x (0,00). We define the function ®: 2 x R — R as

Dz, k) = /OH ¢(x,|s|)s ds,

which is increasing on R*. Also, we define A : O x R — R by A(z,£) = ®(z, [{]). We assume that a; satisfies the following
structural conditions:

aj(xz,0) =0 for almost every z € (0, (3)
a;(x,€) € CH(Q x (RT\ {0})) N CO(Q x RY), (4)
% da;(z, )
> g 2 EFT T Ve € Q. v¢ € R\ {0}, € RY, (5)
i,j=1 J
d
2. a‘”afg)‘ < TIEP=2, vz € 0,€ € R\ {0}, ®)
ig=1 i

for some positive constants v and I.
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Using (6), we deduce that there exists a positive constant C; such that
[a(z, )] < Colel ™7, gl [€]) < Culel ™72, Vo e Qand € € RY, (7)

where a(z,§) = (a;(x,£));, with j = 1,...,d. This notation will be used frequently in the rest of the paper. Finally, we
assume that
(0,00) 3 k + ®(z,/k) is convex for a.e. x € QT := {5 € Q; p(s) > 2}. (8)

Remark 2.1. From (3), (5), and (6), it follows that £ — A(x, §) is strictly convex and satisfies the following chain of inequal-

ities for any fixed x € Q:

Tr
- —[eP@), Vg e R ©

Tl <A@ <

Remark 2.2. Examples of the vector field satisfying the conditions (3)-(6) and (8) for problem (1), include the following:

i) a(x,§) = g%

p(z)—2

i) a(z,§) =(1+[¢) = ¢

For the reaction term f(z,u), we assume the following:

(f1) f(z,s)# 0is a Carathéodory function and s — f(z, s) is locally Lipschitz uniformly in = € Q.
(f2) There exists sy € R such that = — f(z,s0) € L*(Q) N LY(Q) with ¢ > L.

(f3) f is nonincreasing with respect to the second variable and x — f(x,0) € L*>°(Q).

(fa) lim inf ||f|(px, s)1| >TAP (p~), for any = € 2, where
s— slp™—
- —1
(7)e = L—and A= sup ful,, | -
p—1 lullw=1
(f5) ‘glligloo sup ||J;(:’f)1| < yA? (p.)” for any z € Q, where (p;) = F—.

Remark 2.3. A prototype example for f satisfying all the conditions (f1)—(f5) is the following:
f(z,8) = —|s|"®) 25 with r € C(Q) such that 1 < r(x) < p~ for every x € Q.

We also recall the following Sobolev embedding theorem (see [9]):

Theorem 2.1. Let p € P'°85(Q) such that 1 < p~ < p™ < d. Then, W'P()(Q) — LO)(Q) for any o € L>(Q) such that for

every x € €, it holds that

a(z) < p*(x) = ddp(p(l)

Also, the previous embedding is compact for a(x) < p*(z) — ¢ a.e. in Q, for any ¢ > 0.
We also need the following proposition (see [13,14]) to prove the L° uniform boundedness of our numerical solution:

Proposition 2.1 (Corollary A.2 in [14]). Assume that conditions (3)—(6) hold. Let p € C(Q) such that p~ < dand v € W
with
/ a(x,Vu).Vodr = / (f(z,u) + §)pdz, YV peW,
Q Q
where f satisfies

|f(z,5)] < O+ Cals|"™

with r € C(Q) and ¥V x € Q, 1 < r(x) < p*(z), while § € LI(Q) and q > . Then, u € L>(1).
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Using the following lemma, we approximate fixed points of the non-expansive mapping that is defined in Section 3:

Lemma 2.1 (see [19]). Let X be a Banach space and C be a convex subset of X, containing 0. Let T be a non-expansive
operator on C' such that T(C) C C, admitting a unique fixed point x=* in C. Let \;, be a sequence of (0,1) such that

Jim A =1, [[M=0, and ) s — Ml <o
k>0 k>0

Let (x%) be the sequence generated by the following iterative scheme:
22 eC, F =N\ T(b). (10)

Then, limy,_, o [|2* — T(z*)||x = 0.

3. Notion of a mild solution

Let Ay be the operator in L>°(2) defined as Agu := —Va (z, Vu) with domain D(A4y) = {u € WN L>(Q) | Agu € L>(Q)}.

)
A classical method for solving problem (1) is approximating (1) for ¢ > 0, by an implicit time discretization. Let uy €
WnN D(AO)L , and consider the time discretization of problem (1):

a1 7 a(z, Vul, ) — f(z,uS,) 3 0in D/(Q) forn =0,..., N — 1,

tn+1 _tn

u§ = up, 1y

uf, 1 € WNLX(Q);
where

0=ty <t <--- <ty <Tisapartition of [0,7], such that¢, —t,_1 <eforn=1,... N,
(12)
u® is the piecewise constant function defined by u(¢t) = u§ on (¢,—1,t,]) Wwithn =1,..., N; u¢(0) = u§.

This method is called the method of nonlinear semigroups theory [4].

Definition 3.1. A mild solution of (1) is a measurable function v € C([0,T]; W) such that, for every € > 0, there exists
(ug, ..., uy) verifying (11) provided that ||u(t) — u(t)| =) < € forevery t € (t,—1,tn], n =1,..., N. This mild solution u is
the uniform limit of the piecewise constant function u°.

Remark 3.1. In this paper, for the sake of simplicity and readability, we choose to present the constant step subdivision
algorithm, where we set t, .1 —t, = h = % forall n = 0,..., N — 1. However, the techniques developed thereafter can be
easily adapted to a different step subdivision.

Note that using the theory of maximal accretive operators in Banach spaces [3,4], Giacomoni, Réddulescu, and Warnault
[14] proved the existence and uniqueness of the mild solution of problem (1). In the next section, we approximate this mild
solution.

4. Numerical study

4.1. Numerical scheme

We adopt the numerical approach to solve problem (11). Our idea is to approximate the mild solution of problem (1) using
the fixed-point methods. Therefore, we must solve the implicit scheme (11). Consequently, we use the following iterative
scheme (inspired by Maitre [19]) to obtain u;,  ; from us:

Let U:{31 =u;, € D(AO)L and solve the following for £ =0,1,...,

(13)
up it = pVea (e, Vurlh) = (1= f) Mgy + of (@ dugy) + Fus,
where p > 0 is a given parameter and (\;)xen is a sequence of (0, 1) such that
Jim Ay =1, [JA=0, and A — Ml < oo (14)

k>0 k>0
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Remark 4.1. It is obvious that

A =1-— or A\, =1—e" satisfies (14).

E+1

So, for the numerical tests, we will take A\, = 1 — T}H
Recall that the introduction of )\; in the scheme is an application of the ideas of the Halpern algorithm (see [16]) for
finding the fixed points of non-expansive mappings. Thus, the goal is to make the scheme sufficiently contractive to ensure

convergence while allowing the constant to approach 1 so that the solution belongs to the non-contracting case.

4.2. Existence and uniqueness of the solution of problem (13)

First, we define the weak solution of problem (13).

oo

L :

Definition 4.1. Foranyn =20,...,N —1, e > 0and u§ € D(Ay) , a weak solution of (13) is a sequence (uf;_k;{l)p such
>0

that u¥ T € W L=(Q) forall k =0,1,..., and

/ u;’ﬁrl@ dx +p/ a (:E,Vu;’flrl) Nodr = / g(x,u;’il)cp dx, (15)
Q Q Q
for every o € W, where
e,k L P e,k €,k 14 €
g(xa un+1) i (1 - ﬁ) Akun—l-l + pf(xv Akun-&-l) + Eun'
We now state the result concerning the existence and uniqueness of the mild solution of problem (13).

Theorem 4.1. Assume that conditions (3)—(6) and (9) hold. Let f : Q x R — R be a function satisfying conditions (f1)—
(f2). Foranyn =0,...,N —1, let ¢ > 0 and UZS)A =uf, € D(AO)L . Then, problem (13) admits a unique weak solution
uM e W L2 (Q), forall k=0,1,....

Proof. Fix n and let ¢ > 0. For k = 0, we rewrite problem (13) as follows:

uf{il 7pv'a (I7vu2i1) = g(x,u;) in O
(16)
ul, = 0 on 01,
where
g(z,us) = (1 - g) Aous, + pf(x, Aous,) + %u;

Now, we define the energy functional J, on W associated to (16) by
1
J,(U) = 5 / UPdz + p/ A (x,VU) dx — / g(z, us ) Uda.
2 Ja Q Q

We will establish that .J,(U) has a minimizer u;}rl in W. The conditions (f1) and (f2) ensure that f(-, \u§) € LI(2) with

q > p%. Thus, g(-,u,) € LI(Q). By (9), we note that J, is well-defined and Géateaux differentiable on W. Moreover, ¢ > pi,
and 1 < p~ < p* < d imply that L¢ c (L?"*))". By Theorem 2.1 and (9), for |U||w > 1,

Py

JU) > ————

ol Lp*(p*—l)

Thus, J, is coercive. Consequently, J, admits a global minimizer ufﬂl_l cW.

It remains to show that 5., € L=(Q). For this, we set

U1l — CllUlw-

o )1 ,1 7 1 1 ~
a(a.?V,u‘:H»l) = pa(‘rvvu;+1)7 f(x7u:7,+1) = _u;+17 and g(ﬂu'lez) = g(vu:z)

It is clear that a verifies conditions (3)—(6), g(-, ut) € L1(Q2) with ¢ > pi_ and f satisfies for every (z,¢) € Q x R,

F(x, 6)| < Cole|r@ -1

with 7 € C(Q), and Vo € O, 1 < r(z) < p*(z). Therefore, applying Proposition 2.1, we conclude that u;, € L°(2). Thus,
uGl, € W LX(Q).

By (3), (5), and (6), J, is strictly convex on W, which guarantees the uniqueness of the critical point, and hence, the
uniqueness of the weak solution of problem (16).

By induction, we deduce in the same manner as above that problem (13) has a unique weak solution (ufl_’f{l) 0 such

that u$i ! € W L®(Q) for every k € N. O
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4.3. Convergence of scheme (13)

+
n+1

an immediate recurrence and a crucial L* uniform bound for this sequence.

In order to establish the convergence of the whole sequence (u;"'] " )x>0, we start with the following lemma, which provides

Lemma 4.1. Let € > 0. Forany n =0,..., N, set M,, := My + nh| f(-,0)|lcc, where My = ||ugl|co and ||t ||cc < M,. Then, for
every k € N,

2h
o <My :=M,+h o if P 77—,
Iolle < Musr = Mo+ RISCO)lee i 9 < 5 —
where 5
LMn+l sup f(xvg)’
‘E|§A1n+17169 af

is the Lipschitz constant of f.

Remark 4.2. Lemma 4.1 appears to require an adaptive step size; however, for a fixed final time T, one can choose a value of
p independent of n, by taking L = Ly, 7| f(. 0. Indeed, by the construction, M, 1 is upper bounded by My +T'|| f(-,0)]|s
for all n and h. Thus, one does not need any adaptive choice of p. This value can indeed be “pessimistic” compared to the
values that work in practice.

To prove Lemma 4.1, we first need the following result:

Lemma 4.2. Let € > 0 and fix n. Let u,); M e W L°(Q) be a solution of problem (13). Then, Hu;ﬁ“lnm <|lg(,u n+1)||oo for
allk=0,1,....

Proof. Let u;f{l € WnN L*(Q) be the weak solution of (13). We fix ¢ such that
i) 4 is strictly increasing on (0, +00)
i) ¥(s) =0 for s € (—o0,0].

Let 7 € Ry. We shall show that u < ||g(=, n+1)||oo on Q. Note that ¢ (u ;f{l — 1) € W. By plugging w(u;’f{l — 1) into (15),

we obtain
[t ottt = ryaotp [ a (o 0utt) Vol = e = [ oottt - de
Since € is a bounded open domain, we have
[t =i = ndet o [ @ (290 Dottt = rde = [ (o) - ek - .

Note also that
I = p/ a (x,Vu;’ﬁl) Vot — 7y de > 0,
Q

Indeed, we have
I=p /Q a (2, VugiTh) Vuph T (uh ! = r)ydo = pZ / o, IV T ) (Va2 (k]! - 7)o > 0,
as ¢(z,s) > 0 for (z,s) € N x (0,+00) and 7 is strictly increasing on (0, +o0). Thus, we have
[t = mt = e < [ glaaih) - Dot - e

By choosing 7 = ||g(=, u;’_]ﬁl)Hoo, we obtain

e,k e,k
9(@,uy ) = llg(@, ui ) |loo < 0.
As 1/1(quka1 llg(x, n+1)||00) > 0, it follows that
e, k+1 e, k+1 e,k e,k
(uryr = g, w3 ) lloe)¥(urdy = llg(a, ugiy) o) < 0.

Since si(s) > 0 for every s € R, the above inequality implies that

ok k k
(u;—&--{l - Hg(xDUiL—&-l)HOO)w(qu—i-Tl - ||g(x7un+1)||<>0) =0a.e. in (2.
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Therefore, u;_ﬁl < |lg(=, u;j_’il)Hoo ae. inQforall £ =0,1,2,.... The lower bound for u;_ﬁl is obtained by applying this
upper bound to u;_’f{l O
Proof of Lemma 4.1. Let ¢ > 0 and fix n. For £k = 0, we have HunHHOO = |JuS|loc < M, < Mp4+1. Assume that

||un+1||oo < My 41. We will show that ||u; [} " oo < M,11. By Lemma 4.2, we have

uflf_'fl‘ < ‘(1 h) )‘kun+1 + pf(z, )\kun+1) + hu
Note that 2 is the disjoint union of @ and Q~, where Q1 := {s € Q; p(s) > 2} and Q™ := {s € Q; p(s) < 2}.
First Step. Assume that z € Q.

Case 1. Let z € Q7 such that )\kufgil(o:) > 0.
From the assumption (f3), it follows that f(z, )\kufgﬁl(a:)) — f(z,0) < 0. By hypothesis (f1), we have

—pLar, s sty (2)) < p(f (e My (2)) — £(2,0)) < 0.
Therefore,
(1= 2 = pLat, ) sy () + £ (hf(2,0) + (@) < gl uflhy (0)) < (1= 2) Meighy (@) + 2 (0 f (,0) + i (a))-

So, we deduce that

gt ugy @) < max (|(1=2 = pLar, ) Wiy (@) + 2 (0 (2,0) + us (2)|

If

(1= 2) Meibs (@) + 20 f(,0) + (@)

9@, uis @) < (1= 2 = pLas,. ) Ak () + £ (f (2,0) + ()

)

then

‘u;’_]f_—{l(aj” S ‘1 - % - pLMn+1

Ml (@)] + 2| (2, 0) + uf, (o)

P €
‘1 — = pLag | Aellu oo + 7 (Pl f(,0)[loo + [lunlloo) -

h

2h
Asp < a0 e have [1 — £ — pLyy,,,| < 1— £. Therefore,

n+1

P
7Mn+1 < Mn+1'

€, p € p
i @) < (1= 2) s lloo + 2 (Bl F (@, 0)llow + o) < (1= £) Mass +

If [g(a,ugy (2)] < | (1= §) Wiy (@) + £ (f (2.0) + w5 (@), then

T @) < 1= 2| Ay @) + 2 (8, 0)] + iy (@)]) -

2h
Since p < ———— < h, we deduce that
2+ hL]w"Jrl

P
7Mn+1 < Mn+1'

€, p € p
T @) < (1= 2) s lloo + 2 (Bl F (@, 0)llow + o) < (1= £) Mass +

Case 2. Let = € QF such that \ui”, (z) < 0.
The assumption (f5) implies that f(x, )\kufﬁl(x)) — f(z,0) > 0. Following the same arguments as in Case 1, we obtain

‘ue k+1( )< My

Thus, from Cases 1 and 2, we conclude that for every x € QT, it holds that |uf{f{1(:r)| < Mpiq.

Second Step. Assume that z € Q™.

Using the same way as in the first step, we deduce that for every = € 2, it holds that |ufgﬁr1 ()] < Mpy1.

From the conclusion made in the first and second steps, it follows that ||u;’_’f{1 oo < Mp41, which completes the proof of

Lemma 4.1. O
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In what follows, we assume that M, is the same number as defined in Lemma 4.1. Note that L, ., is the Lipschitz

n+1
constant of f on [—M,,;1, M,,1]. Now, we have the following convergence result:

Theorem 4.2. Assume that conditions (3)—(6) and (9) hold. Let f : Q xR — R be a function satisfying conditions (f1)—(f5)-

2h
Then, < —
en, for p < SRS

n+1

the iterative scheme (13) converges:

kox .
Uiy = Uy in L%(Q), as k — +oo,

u;f{l — b, in LPO(Q)and a.e. in Q, as k — +oo

where uy, | satisfies (11). Furthermore,

[t g1 lloo < Mnt1 = [luollso + (n + 1) f(:, 0)|oo-

Proof. By Lemma 4.1, we can write (13) as

1 —e,k+1 75 k+1\ _ B —e,k B €
>\k+1 un+1 pva (‘T Vv +1 n+1 - (1 h,) n+1 + pf(xa un+1) hun7 (17)
where un+1 = )\kun+1 and uflﬁrl = )‘k+1un+1 We set Aju = —V.a(z, Vu). The operator 4y : L>*(Q}) — L*°(Q) is m-

accretive in L>°(Q2) with the following domain (for details, see [14, Proposition B.1]):
D(Ag) = {ue WNL>®(Q) | Agu € L=(Q)}.
Hence, (17) yields
(14 pao) (5wt ) = (1= £) aikhs + ortoaih) + s, as)
To complete the proof of Theorem 4.2, we use the following technical lemma:

Lemma 4.3. Let M, 1 be the same number as defined in Lemma 4.1. Set Cp,41 = {u € L*(Q), |ulloc < Myy1}. If

2h
p= 2+ hL]VInJrl
then the iteration operator
T(@) = (I +pA0) " (1= 2) i+ pf (2. @) + us,)
is an L*>®-non-expanding operator from C, 11 to Cyp11.

Proof. The fact that 7 maps from C,,; to C,,1 can be seen in the proof of Lemma 4.1, by replacing A, with 1. Now,
let (u,v) € C2,,. From the m-accretiveness of Ay in L>°, we conclude that (I + pAy)~! is a contraction in L> (see [1,4]).
Therefore,

17@) = Tl = |1+ pA0) (1= 2) @+ pflar.) + Pui) = (1 4+ pA0) (1= £ ) 0+ pf(a,0) + Fus)||

Ply- - _ _
< 1= 2]l = Bl + p 1@, 0) — £,
Since Q = QT U Q~, we complete the proof of the lemma in two steps.
First Step. Let z € Q.

Case 1. Assume that u(z) — v(x) > 0. Then, from (f3), we have f(z,a(z)) — f(x,v(x)) < 0. Since f(z,.) is locally Lipschitz
n [~ M1, M) and Ly

.11 is the Lipschitz constant, we have

(1= 2) (ala) = 0(2)) = pLa, ., (alw) = 0(@)) < (1= 2) (@) = 0(@) + p(f (@, u()) — f(2,0@) < (1= 2) (alz) - v(2))

and

(1 - p”’f) (a(@) = o)) < (1= 2) (a(2) = v(@) + plf (@, 6(2)) — f(z,0@) < (1= £) (alx) - o(2)).
For p < ﬁ < h, we have

n+1

(1= ) (@) o) < (1= 5) (@) = o) + (7o 0(0) = S,00) < (1(e) = 0(0),
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2h
Thus, fOI‘ 14 § m, we Obtain

(1= 2) (@) - v(@) + plf (@, (@) — £ (@, 0(@))| < (@) - o))
Consequently, we have
T (@) (z) = T(0)(«)| < ||~ oo
Case 2. Assume that @(z) — v(x) < 0. Then, from (f3), we have f(z,u(z)) — f(z,7(z)) > 0. Following the same arguments
) —

T(0) ()] < ||a— oo for p < gppfh—.

as in Case 1, we have |T'(a)(z
From Cases 1 and 2, it follows that |T(a)(x) — T(7)(z)| < ||z — 0|/« for every z € QF.

Second Step. Let z € Q.
Following the same arguments as in the first step, we deduce that |T(a)(z) — T(7)(z)| < |G — || for every z € Q.

Thus, from the first and second steps, it follows that
IT(w) = T(®) oo < [l = 0l|oo-
Hence, T is a contraction map from C’n+1 to Cy,+1. This completes the proof of Lemma 4.3. O

From (18), one has the iteration %" 7" = Ay 11 T(a$ ), where T is a non-expansive operator in L>°(12) defined in Lemma
4.3. To conclude the proof of Theorem 4.2, we set X = L>*°(Q) and C = C,,41, which is clearly a convex subset of L>°(2)
containing 0. Denote by u* the fixed point of 7. Then,

u

€
n-

u* —pV.a(z, Vu*) = (1 - %) u +pf(x,u”)+

>

Thus,
u* —hV.a(z,Vu*) — hf(z,u*) =u, in D'(Q). (19)

Equation (19) admits a unique weak solution u* € W N L>*(Q). Indeed, consider the energy functional J associated to (19)
by

Jh(v):%/Qv%lx—kh/QA(x,Vv)dx—/S]F(x,v)dx—/ﬂuflvdx, (20)

where F(z,k) = / f(x, s)ds. Under assumptions (f,) and (f5) (see [14]), for ¢ > 0, there exists a constant Cy = Cy(e, aoo)
0
large enough such that for any C* > Cy(s, oo ),

If(2,8) < O + (aoo +¢) |57 ~1 for any (z,s) € Q x R,

with a +& < yAP (p.)”, where

|f (@, s)|
Qoo :=sup lim sup —
weQlslo+oo T [s[PT

Thus, J, is well-defined and Gateau differentiable on W, and

(J;L(v),w):/vwdx—l—h/a(x,Vv).dex—/f(x,v)wda:—/uiwdz, Yo, w e W.
Q Q Q Q

Using standard arguments, we prove that J;, admits a global minimizer v € W, which is a weak solution of problem (19).
For C* > ( large enough, C*¢ and (—C'¢) are respectively supersolution and subsolution of problem (19), and hence, from
the weak comparison principle, we have u* € [—C' C*]. Therefore, u* € L>°(Q).

The uniqueness of the solution follows from the strict convexity of J,. By the definition of the mild solution, the fixed
point is uf, , ;. We also have

—Gk —6 k+1
e,k+1 n+1 n+1 5 —€,k =/ —€,k
s — _ -T s T )
||un+1 Upt1 oo = I A Aot (“n+1)+ (un—',-l)”OO
1 —e,k 1 —e,k+1 T —€,k
é A | n+1 )\kT( n+1)||00+ || n+41> )\k+1T(un+1)||00
1 ) N
< o (ks = Tty - T(u D)+ Tl )
1, ek 1
< ol = T Dl + (5 = 1) 1Tl



N. Rabo, U. Traore, and S. Ouaro / Electron. J. Math. 9 (2025) 38-55 47

By Lemma 2.1, we deduce that

lushy = w33 oo — 0 as b — oc. @1
By the uniform boundedness of (uf;_’f{l) %, there exists a subsequence denoted by (uf;_’f{l)k such that
e, k+1 NPy . (o)
Uy 5,1 in L™(Q2) as k — +o0. (22)

We choose ¢ = u;f{l as a test function in (15). Then, we have

2
e, k+1 e, k+1 e, k+1 _ e,k e,k+1
/Q (“n+1 ) dx —&—p/ﬂa ($,Vun+1 ) Nuy(7 de = /Qg(x,unﬂ)unﬂ dz.

By keeping in mind (2) and Theorem 2.1, we deduce that W, ") (Q) — L2(Q) with compact embedding. Since f(., Apust )

belongs to L4(£2), by conditions (f;) and (f2), we have g(., u;il) € L1Q). As g > pi, and 1 < p~ <p*t <d, we conclude that

L1(9Q) c ( LP*(-))/ (2). By Young’s inequality and the uniform boundedness of u;’_’f{l, we obtain

/Qa (m, Vuf{f{l) NVuF T dr < C'(n, Q).
From Remark 9, we deduce that

C'(n, Q) > /

€,k+1 €,k+1
Qa (amVunH ) Nuy vy de

> [ A, Vu:;_]ﬂ'l) dzx
Q

S— / VU L) g,
Q

pt—1
Therefore, (u;’_ﬁ'l) % is bounded in WO1 -p(@) (). There exists a subsequence (uf,j_’f{l)k such that
uM T~ ag ., in W) as k — 400,
u;f{l — a5, in LPV)(Q) and a.e. in Q, as k — +oo.
f+1

By choosing ¢ = u;/7" — 4, as a test function in (15), we deduce that

/Q (a <$>Vu5{ﬁrl) —-a ("E7Vﬂfz+1)) V(u;ﬁrl — ) da

.k ~ k1~ k1~
= [ (oot = oo ) (b1 — it do = [ @ik =) de

Because of the above convergences, we have

k——+oo

/Q (a (m,vu;ﬁl) —a (x,va;H)) VS — s, de — 0 (23)

Now, we show that

p(w)
/Q‘V(u;fjl —ﬁ;H)‘ dx — 0 as k — +o0.

To do this, we distinguish two cases.

Case 1. = € Q such that p(z) < 2.

We set ¢(z) = P@EC2@) ang define O~ as O~ := {z € Q: p(z) < 2}. Since vt ¢ , € WiP™(Q), by using Hélder
2 n+1 n+1 0

inequality we obtain

. p(z)

e,k+1
p(x) ~ ’v(un+1 - U’n-i—l)
| vt —wan[Ca < ¢

X

. e a(z)
(1wt + 1V 1)

e,k+1 ~ e a(z) LT @)
|V, 777 |+ [Vas, | Lﬁ(sr)

e k+1 . q(z)
(|Vun+1 |+ \Vun+1|> 1787 (@)
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Next, we set
e, k+1 ~¢ p(z)
.- ‘V(uh+1 — il )
= (|vu€,k+1| v |)Q(w)
n+1 n+1 L%(Q*)
IfII < 1, then we have
9 1supp(x)
e,k+1 ~¢ _
p(z) - ‘V(U 1 un+1)’ @
/ VA - )| de <Gy / . oy do (24)
- - e,k+1 ~¢
o O (19U + Vg l)
Using (5), we deduce that
‘V(ue’m'1 — )’2
n+1 n+1 € ~e € ~€
7/9, o 2_p(m)dx < /Q (a (J;,Vun’_]ﬂ'l) —-a (x,Vu,‘LH)) .V(un’_]f_'{l — Uy, 1) de. (25)
(‘VUZH |+ |vafm+1‘>
Thus, by combining (24) and (25), we obtain
ekl e p(z)
Si’V(u,H_1 —un+1)‘ dx — 0 as k — +o0.
IfII > 1, then we have
2 -
e, k+1 ~¢
. B p(z) . ’V(W{H - Un+1)‘
/ ‘V(un’f_‘{l — g,y q) dxr < Cy / . (@) dx (26)
- - € 1 ~¢
. O (1Vu T + Vi)
Using the same arguments as in the case when II < 1, we obtain
k1l e p(z)
o ‘V(UTH_I —un+1)‘ drx — 0as k — +oo.
Case 2. z € Q) such that p(z) > 2.
By the convexity of ®, we have
V(as, , + uskTt 1
‘/Q-F @(x’ |V'ﬂ,;+1|)dx S \/Q+ (D (x’ | (u7l+1 2 u7l+1 )‘ dx + 5 /£)+ a (:E,Vfl,;_,'_l) .V(QZ_H - u;’i‘{l)dw (27)
and
V(i +ugt Tt 1
/ D(x, |Vu;_]f{1 Vdz < / o (a:, V(@ 5 Ui )| dx + 5/ a (x,Vu;’_]ﬂ'l) V(u;ﬂ'l — Uy ) dz. (28)
Q+ Q+ Q+
By adding (27) and (28), we obtain
e, k+1 ~¢ e,k+1 ~¢
/ (a (x, Vu, 7 ) —a (z, Vunﬂ)) N(uy i1 = tpyq) de
Q
V(€ e,k+1
> 2/ ®(x, [Vu ) do + 2/ ®(x, | VLS, ,|) dz — 4/ o <x UGS ;“"“ 1Y e (29)
Q+ Q+ Q+
By applying Clarkson’s type inequality, i.e. v,w € W, @ (q),
/ <1>(x,|w)dx+/ ®(z, |Vul) de > 2/ o (xW(”“’)') dm+2/ o (xIV(v—w)l) iz,
Q+ Q+ Qt 2 Qt 2
to (29), we obtain
V(i L, 6k+1
/ (@ (. Vuit!) —a (v, Vi) ) Vgt - ) do >4 / o (x V(i1 i ) g, (30)
Q o+ 2
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From (30) and Remark 9, it follows that
€ ~€ €, ~€ 47 € ~e p(z)
/Q (a (w Wn’ﬁl) —a (z, Vun+1)) V(g =) do > Z Tt = 1) / Vit =g, de (8D
Thus, by using (23), we have
chAl e p(x)
V(u, {7 — 7,+1)’ dx — 0 as k — +o0.
O+
From Cases 1 and 2, it follows that
[ vt —a| e = [ (et | aer [ Vet - a0 i
Hence, we conclude that
(z)
/]v (uSh T = 4y) "y S5 0as k- oo (32)

Therefore,

Vuitt = vag,  in LPO(Q), as k — +oo,

u;f_J{l — 5, in WOI’I’(')(Q)7 as k — 4o0.
Finally, we have to show that
d
a (:c, Vu;fjl> —a (z,Vi, ) in (Lp“(’;)(Q)) as k — +oo.

From (32), we deduce that
[VuE T P |V, [P as k — +oo.

. k+1
Hence, there exists a subsequence (uf;1'); such that

Vui Tt = Vag  ae. in Q and |[Vui T PE < b e L1(Q).

From (7), we deduce that
m@v@ﬁwgwwﬁﬁWHgmﬁemm

Using the dominated convergence theorem, we conclude that

a (x,Vuf;El) —a (z,Vi,,) in (LPC(’“”)(Q))d as k — +o0.

Since A\, — 1 as k — oo and according to (21), we pass to the limit, in the distribution sense, in (13), to conclude that s, ,

is a weak solution of (11). By the uniqueness of the weak solution of (11), we deduce that
Uy yq = Up g

Therefore,

uGF T L, weakly * in L*(Q).

Since
ug% 1 lloo < Myt = |Juollse + (0 + 1| £(-,0)]|oc for every k,

passing to the limit in (33) as kK — oo, we complete the proof of Theorem 4.2.

(33)
O

Remark 4.3. For numerical tests, the simple choice p = h works, even if it may not satisfy the theoretical (sufficient)

assumptions of Lemma 4.1.

4.4. Convergence when ¢ — 0 toward a solution of problem (1)

We recall that, for a mild solution, convergence in time need not be shown explicitly, as it is inherent in the definition: once

convergence in k is achieved for v, |, then by the definition of the mild solution, it follows that v, ; approaches u*(t) on

(tn,tn+1] up to e. Consequently, our scheme converges to the mild solution when e goes to zero (since h < ¢).
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By choosing ¢ in such a way that h = ¢ (i.e. ¢ = min (¢,1/(2Lys))), we obtain the next result.

Proposition 4.1. Assume that conditions (3)—(6) and (8)—(9) hold. Let f be a function satisfying hypotheses (f1)—(fs). Let
up € WnN D(AO)L and u be the unique mild solution of (1). Then, u is a weak solution of (1). A weak solution is understood

to be a measurable function u € L>=(0,T; W) such that u; € L*(Q), f(-,u) € L>=(0,T, L*(2)) and for any ¢ € C5°(Q),

T T T
/ /utcpd;vdt—i—/ /a(;v,Vu).Vgodwdt:/ /f(:r,u)apdxdt,
0o Ja 0o Ja 0o Ja

Proof. Let u be the mild solution of (1). For n =0,...,N — 1, uf,; is the unique weak solution of (11). We have

and u(0,.) = ug a.e. in Q.

Uy — Uy, . )
/Q%tpdx—&—/ﬂa(x,VunH).V(pdx:/Qf(%unﬂ)% V(‘DEWDLOO(Q)

and

{0t0<t1<"‘<tN§T, SUChthattnftn_lihZE fOI'TL:L...7]V7
(34)

l[uo = u§ll Lo () < h-
We set u(t) = uf, . Vt € (tn,tny1], wheren =0,...,N — 1 and u°(0) = u§. By Lemma 4.1, Theorem 4.2, and (34), we have
[ @)l Lo @) < lluollLee() + NI (- 0)l[L=(q)
< "= luollL=(o) + TN f(,0)[| L= (-
By using the uniform boundedness of «° and conditions ( f;)—(f3), we obtain
|f(z,u ()] < max (|f(z, =C)],|f(z, C)]).

Therefore,
| f(z,u ()| 2) < C1.

Now, we define forn =0,...,N — 1 and ¢ € [t,, t,+1) the functions

t—1tn
up(t) =us, and a(t) = %(uzﬂ —up) +ug, (35)
which satisfy )
% —V.al(z,Vu,) = f(z,un) inQ. (36)
Thus, by the uniform boundedness of u°,
(up) and (@) are bounded in L*°(Q), uniformly with respect to h. 37

By taking (u,; — uf,) as a test function in (11) and summing up for n = 0 to N’ < N — 1, we obtain

N . e 2 N’ N

Up, — Up € € € € € €
Sh / (+h> s /ﬂa<x,wn+1>.v<un+l —uf)de =Y /Q Pl ul ) (1 — )
n=0 n=0 n=0

Hence, by using Young’s inequality and the convexity of u +— / A(z,Vu) dz, we obtain
Q

N’ 2 N’ v
1 € € .
§Zh/9 <u”+1hu”> dx-i—Z/QA(l‘,Vu;+1) — Az, Vug,)) dz < izh/gf(%u:wrl)g dz,
n=0 n—0 o]

N’ 2
1 Upyq — Uy v ¢ (z) ¢ 1 2
52 h/Q (h do+ 7 | Vo = | A, Vi) do < 51 £(w,ud)[Faq) < O

n=0
Therefore,

(%?) is bounded in L?(Q), uniformly with respect to h. (38)
h
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Consequently, () is equicontinuous in C([0,7T]; L"(Q2)) for 1 < r < 2. Hence, we conclude that
(up) and (@) are bounded in L*°(0,7, W), uniformly with respect to h. (39)

Thus, for h — 0%, there exists u,v € L>(0,T, W) such that (up to a subsequence)
ouy, N ou .

W E mn L2 (Q)7 (40)
Uy = win L0, T, W), wuj, = vin L>(0,T, W). (41)

From (38), it follows that
sup lun = anllzz) < max flung = upllzze) < CVh. (42)

We conclude from (42) that v = v. From (41), it follows that
Up, up, — win L7(0,T, W) for any r > 1.

By using the interpolation inequality and (37), we deduce that (@) is equicontinuous in C([0,T]; L"(Q?)) for any r > 1. By
using (39) and Theorem 2.1, and applying the Ascoli-Arzela theorem, we deduce that (up to a subsequence)

ap — win C([0,T); L"(2)) for any r > 1. (43)
Since (uy) is uniformly bounded in L*°(Q), condition (f;) implies the following:
1 Coun(t)) = fCu)llzz@) < Crllun(t) — @)l r2@)-

Hence, we deduce that
FCoun(®)) = f(ou(t)) in L0, T, L*(9)). (44)

Following the same arguments as given in Step 3 of the proof of Theorem 1.1 in [14], we obtain

a(z,Vuy) — a(z, Vu) in (ch<->(Q))d, where p.() = - 5. (45)

Additionally, by (34) and the convergence of the time discretization functions u, and @y, to w in C([0,T; L™ (Q2)) for r > 1, the
limit function u satisfies u(0, ) = ug in the weak sense. Finally, (40), (45), and (44) allow us to pass to the limit as h — 0T,
in the distribution sense, in (36) to conclude that u is a weak solution of (1). O

4.5. Numerical tests

4.5.1. Implementation

Note that solving (13) is equivalent to solve the following minimization problem for n =0,1,...,N —1land £ =0,1,...:
uflf{l = argmin, _ywJ(v), (46)
where,

W= {v e WO @) n L”(Q)}
and the functional J is given as
J(v) = 1/ v2dx+p/ Az, Vv)dz — (1 — B) )\k/ u;’ilv - B/ us v de —p/ f(oc,)\ku;’il)vd:v.
2 Ja Q h Q h Ja Q

We formulate a basic procedure for solving problem (46) by following the split Bregman technique (see [10]). We solve the
minimization problem by introducing an auxiliary variable b. We have

min{l/v2dx+p/A(m,b)dx— (1—8) )\k/ufgilvdaﬁ—ﬁ/u;vdw—p/ f(x7)\kufl’ﬁl)vdx Subjecttob:Vv}.
v (20 Q h Q h o Q an
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By adding one quadratic penalty function term, we convert (47) to an unconstrained splitting formulation as follows:

1 .
min{/dex—I—p/A(m,b)dx—&—fy/ |b—Vo|*dz— (1—7> )\k/ 7H_lvdx p/u;vdx—p/ f(a:,/\kuf;_]f_l)vdx}, (48)
1),b 2 O 9 2 Q h O Q

where v is a positive parameter, which controls the weight of the penalty term. Similar to the split Bregman iteration, we
propose the following scheme:

('L ) = argminvyb{%/Ude—i-p/ A(w,b)dm—i—%/ b — Vo — ' da
Q Q Q
p € €, 49
_ (l_ﬁ) )\k/ n+1vdx—ﬁ/unvdx—p/ f(ac,)\kunil)vdx}7 (49)
Q Q
5l+1 — (5l—‘rV’l)l+1 —bl+1.

Alternatively, this joint minimization problem can be solved by decomposing it into several subproblems.

4.5.2. Subproblem v with fixed b and §

Given the fixed variables b’ and §', our aim here is to find the solution to the following problem:

1
v'*! = argmin, 7/ vPdr+2 /|bl Vo—0'de— ( B) )\k/ u;’ﬁlvdx—g/ufludx—p/ f(x,)\kufil)vdx . (50)
2 Jo h Q h Ja Q

Note that solving (50) is equivalent to solving the following optimality condition:
v — yAv = AV.(8 — ) + (1 - E) sk 2 Pty + pf (o, M) (51)

Since the discrete system is strictly diagonally dominant with Neumann boundary conditions, the most natural choice is
the Gauss-Seidel method. Considering that § = (6,,9,), b = (bs,b,), and using « as discretization step for  and y, the
Gauss-Seidel solution to the subproblem (51) can be written componentwise as

A —— (0L, 1, +0l

1 1
2,7 I€2+4 — 0, — 0, —|—be 1]+b

y,8,J—1 Z,1,] Y1,

—b =0l )

y,1,5—1 T,1,] Y,i,J

2

(Whey ol g 4ol o )+“7 (g
Vit1,5 T Vi—1,5 T V41 T V551 9ij \Un+1,,5) >

+I€2+4’7 K2 + 4y

where

e,k 4 €,k
9i,j (un-l-l,i,j) = (1 - E) Akun-‘rl,ij h U, N + pf (Z ]’)\kun-‘rl z])

4.5.3. Subproblem b with fixed v and §

Similar to the previous section, we solve
b+ = argmin, {p/QA(x,b) dx + % /Q b— Volt! — de} . (52)
Solving (52) is equivalent to solving the following optimality condition:
a(r,b) +~(b—Voltt — ') =0. (53)

4.5.4. Applications

We take a (z,y, Vu) = |Vu(z,y,t)[P@Y2Vu(z,y,t). We set b = (b,,b,) and § = (6,,6,). Then, the resolution of (52) is
equivalent to solve the following optimality condition:

p|b|PEN=2h, 4+ (b, — Vot —6L) =0

(54)
p|b|p(z’y)_2by +7(by — vaH_l - 55) =0,
where Vv = (V,v, V,v). If b, and b, are not zero, then
+1 4 g
AT (55)

Vot oL



N. Rabo, U. Traore, and S. Ouaro / Electron. J. Math. 9 (2025) 38-55 53

By substituting (55) in (54), we obtain

sign (b, )T |by [P~ + y(b, — Vol —6l) =0, (56)

where
p(m,g)72

and sign is defined as follows:
1 if w >0,

sign(w) := 0 if w =0,
-1 if w <O
Note that
sign(b,) = sign(V,o' ™t + 6L) 57)
and
sign(b,) = sign(V,v' ™ + 5ly) (58)
So, (56) can be expressed as
sign(Vy o't + 60)T|b, [P0~ + (b, — V0! t! = 6L) = 0. (59)

Unfortunately, we cannot obtain the explicit solution of (59). However, we can use Newton’s method to obtain an approxi-
mate solution. If r, is solved, then r, can be easily determined using (55) and (57).
In the following numerical simulation, the iteration process stops when the following condition is satisfied:

k
lunts — a2
k+1

< stop := 1074, (60)
w2

where |.||2 is the Euclidean norm and u” , , is the vector approaching, at iteration k, the space-discretization of u,, 1. After

stopping the iterations at k = ks, we denote u, 1 = ufjj;-;f and switch to the next time step.

Note that for implementation, the finite difference method is used to approximate the partial derivatives. Moreover,
for the sake of simplicity, the domain ) will be a square. The domain 2 will be subdivided into N2 uniform squares.
For numerical simulation, we will use the following parameters:

N, =80 and h=0.002.

We recall that 4 is the time step. The space step is easily computed because of N, and (.

Initial Condition. ) )
Numerical solution at t=0.100

ZASIISS
BN
S
5 XSS RIN
OSSO
SN
"’:':“"‘:':‘::‘:‘ ST s
(XK %

A\
% S N 7
BB OSSN . K

% i
290%% T
QXXX
IS
iy "":‘:‘:‘:":":‘ 50 0%, wlut
. TR (XX ket
RS

Figure 1: Left: initial solution. Right: numerical solution at ¢t = 0.1.

Example 4.1. We take @ = (0,1) x (0,1), T = 0.1, p(z,y) = 1.95 — £, and f(z,u) = —|u|"@¥) =2y, where r(z,y) = 1.15 — 2%
As an initial condition, we set

ug(z,y) = sin(wx) sin(my).

As parameters, we take v = 0.003 and p = 0.002. We obtain Figure 1.
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Example 4.2, In this example, we present the numerical solution in the following case (see Figure 2). We set Q2 = (0,1)x (0, 1),
=0.1, p(z,y) = 1.01, and f(x,y,u) = 1= As an initial condition, we set

uo(z,y) = sin(7z) sin(my).

As parameters, we take v = 0.003 and p = 0.002.

Numerical solution at t=0.100

0.25

0.2

I \\\\\
//,lll'l,l,:,o"n’o'.'o' e ‘M \\ \\\\\\\ ‘

0
"0"00' i

‘ /

I \
A \“ \\\\\\

i

y 0 o . X

Figure 2: The numerical solution for the case considered in Example 4.2.

Example 4.3. Take Q = (—1,1) x (—1,1), T =0.1, p(z,y) = 1.3+ ‘Zﬂ, and f(z,y,u) = 1. As an initial condition, set
wo(a,y) = === _ 1,

As parameters, take v = 0.003 and p = 0.002. We obtain Figure 3.

Initial Condition. Numerical solution at t=0.100
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Figure 3: The solutions for the case considered in Example 4.3.

Example 4.4. We take Q = (0,1) x (0,1), T =1, p(z,y) =2, and f = zy(1 —z)(1 —y) + 2t((1 — y)y + (1 — x)x). As an initial
condition, we set

uo(z,y) = 0.

Then, the exact solution is u(zx,y,t) = tzy(1 — z)(1 — y). Figure 4 shows the numerical solution for v = 0.003 and p = h, and
the exact solution.
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Exact solution at t=1.000

Numerical solution at t=1.000
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Figure 4: The numerical solution for v = 0.003 and p = h, and the exact solution for the case considered in Example 4.4.

Denote by u; and v the numerical solution and the exact solution, respectively, of the problem considered in Example 4.4.

We obtain the following table concerning the error approximation:

t 0.1 0.2 0.3 0.4 0.5

un — ull; | 2.5090.10° | 5.6931.10 ° | 7.9781.10 ° | 1.0704.10 % | 1.331.10 *
t 0.6 0.7 0.8 0.9 1

un — ully | 1.6182.10 7 | 1.8924.10 % | 2.1658.10 7 | 2.4383.10 * | 2.7136.10
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