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Abstract

The Wiener index of a connected graph G is defined as the sum of distances between all unordered pairs of vertices of G. A
Halin graph is a plane graph consisting of a plane embedding of a tree T" of order at least 4 containing no vertex of degree 2,
and a cycle connecting all leaves of T'. The tree T is called the characteristic tree of the Halin graph. Denote by H, 4 the set
of all Halin graphs of order n with characteristic trees of diameter 4. In this paper, we determine the minimum Wiener index
of the graphs in H,, 4. We also find the corresponding extremal graphs.
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1. Introduction

All graphs considered in this paper are finite, undirected, connected, and simple. Let G = (V(G), E(G)) be a graph. As
usual, denote by V(G), E(G), |V(G)|, and |E(G)| the vertex set, edge set, number of vertices, and the number of edges of G,
respectively. For any v € V(G), let N (v) be the set of neighbors of v and dg(v) = |Ng(v)| be the degree of v. The distance
de(u,v) of two vertices u, v € V(G) is the length of a shortest u — v path in G. The greatest distance between any two
vertices in G is the diameter of G, which is denoted by diam(G). The eccentricity of v € V(G) is denoted by ¢(v) and is
defined as

= d .
c(v) = max do(v,u)

The Wiener index, proposed by Wiener [14] in 1947, is one of the most studied topological indices in chemical graph
theory. The Wiener index of a connected graph G can be defined as

W(G) = Z d(u,v).

{u,v}CEV(G)

Klavzar and Nadjafi-Arani [8] gave lower bounds on the difference between the Szeged index and Wiener index; afterward,
they improved lower bounds in [10]. Xu, Li, and Luo [16] established some comparative results between the number of
nonempty subtrees and the Wiener index of a graph. Das [4] presented upper bounds on the Wiener index of a graph with
certain given parameters. BoZovic et al. [2] presented extremum values of the Wiener index of trees with given parameters
and characterized the extremal trees. More results on the Wiener index can be found in [3,5,9,11-13,15,17].

A Halin graph G is a plane graph consisting of a plane embedding of a tree T of order at least 4 containing no vertex of
degree 2, and a cycle C connecting all leaves of T. The tree T (or T(G)) and the cycle C (or C(G)) are called the characteristic
tree and the adjoint cycle of G, respectively. Halin graphs were first introduced by Halin [6], and later they were studied
considerably in the mathematical literature [1,7]. Denote by H,, 4 the set of Halin graphs of order n with characteristic
trees of diameter 4. In this paper, we determine the minimum Wiener index of graphs in H,, 4 and find the corresponding
extremal graphs.

Let G € H,, 4, we use T'(G) and C(G) to denote the characteristic tree and the adjoint cycle of G throughout this section.
Note that G has only one vertex o of eccentricity 2. For a vertex v € N¢(0), if v € C(G) then v is called a hanging vertex,
otherwise v is called a support vertex. We use [n] to denote {1,2,...,n}. Suppose that G has m support vertices vy, vs, ...,
and Ng(v;) N C(G) = {v},v2,...,vi"}, where i € [m] and k; > 2. Let H/, , be the set of all those graphs of H, , that contain

no hanging vertex. Denote by H;, , the set of all those graphs of H,, 4 that contain at least one hanging vertex. Also, we
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denote by H', (respectively, H;?) the set of all those graphs of H, , that contain at least 3 (respectively, only 2) support

vertices. Let v¢ (i) be the numbers of those pairs of vertices of G that have distance i for i € [4]. Then
W(G) =va(1) +27¢(2) + 37a(3) + 4 (4). (1)

In Sections 2, 3, and 4, we give the minimum value of the Wiener index of the graphs belonging to the sets H, 4, H;‘Lh,

and H;ﬁl, respectively. Section 5 presents the main result of this paper, which not only gives the minimum Wiener index of
the graphs in H,, 4 but also provides the corresponding extremal graphs.

2. Graphsin H ,

Since a graph G' € H, , with m support vertices contains no hanging vertex and any vertex of degree 2, we have m > 3 and
n > 10. The characteristic tree T(G) is shown in Figure 2.1. Let E(C(G)) = {v/v! ™" - i € [m],j € [k — 1}}U{vfiv}+1 21 € [m]}.
Suppose that the number of k; with k; = 2 for i € [m] is ¢. By the relationship between the support vertices and their
neighbors, we have

m

|G|:n=m—|—1—|—Zki. (2)

i=1

Figure 2.1: The characteristic tree 7'(G) of G € H, ,.

Proposition 2.1. If G € H], , has m > 3 support vertices, then

W(G) =n"+(m-6n+2 >  kikj—(m+2)m+5-¢, (3)

1<i<j<m
with n > 10 and k; = |Ng(v;) N C(G)| > 2 for i € [m].

Proof. We consider the pairs of vertices at distance 7 and calculate the values of y4(¢) for every i € [4]. By Equation (2), we
have .
vo(1) = [E(G)|=m+2> ki=2n—m-—2. (4)
=1
In the following discussion, we assume that &;, v;, and vf have subscripts modulo m for i € [m]. There are three cases for
the pairs of vertices at distance 2.

ki

7

iki:nfm—l.
i=1

Case A2. Pairs of vertices contain support vertices v; for i € [m]: {(vi,v;) : i,7 € [m],i # j} and {(vi, v}14), (vig1, o) si € [m]}.
The number of these pairs is $m(m + 3).

2

Case Al. Pairs of vertices contain o: {(o0,v}), (0,v2) ..., (0,v?) : i € [m]}. By Equation (2), the number of these pairs is

Case A3. Pairs of vertices whose both vertices are in C(G): {(u,v) : i € [m],dg(u,v) = 2,u,v € Ng(v;) N C(G)} and

{(wF 02 ), (F 1 vl ) i € [m]}. By Equation (2), the number of such pairs is

m

I~ o 3 1, 5 1, 11
5;(1@) —§Zki+3m:§n —(m+§)n— Z kikj+§m +?m+2.

i=1 1<i<j<m
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Hence, by Cases Al, A2, and A3, we have

1 3
v6(2) = -n® = (m+ S — > kikj+m®+6m+ 1. (5)

2 2 —
1<i<j<m
For the pairs of vertices at distance 3, there are two cases.

Case B1. Pairs of vertices contain support vertices: {(v;,v) : v € U;epm \{J}{vl, TS B {vj 1, vfﬂ’ll},j € [m]} Gfj =1,
then we assume that v 77" is vkm). By Equation (2), the number of these pairs is

(m—l)Zki—2m:(m—l)n—m2—2m+1.
i=1

Case B2. Pairs of vertices whose both vertices are in C(G).
Subcase B2.1. {(v'"',v2.,) : i € [m]}. The number of these pairs is m.

Subcase B2.2. First, we consider the case when k; > 3 for i € [m]|. Then, we list such pairs of vertices as follows:
{(v;€ o) she ki) \ {1,2},5 € [m]} and {(v},,,0}) - h € [k;]\ {k; — 1,k;},5 € [m]}. By Equation (2), the number of such
pairs of vertices is
2> ki —4m =2n — 6m — 2.
i=1
However, if k, = 2, p € [m], and the rest k; > 3, then we note that a new pair of vertices {( v,"7" v, !.1)} with distance 3
has emerged, due to k, = 2 (if p = 1, then this pair of vertices is {(v},v})}). Obviously, all other situations still satisfy
our previous discussion. Recall that the number of k; whose value is 2 for i € [m] is £. Thus, the number of these pairs is
2n —6m — 2+ L.
Hence, by Cases B1 and B2, we have

ve(3) = (m+1)n —m? —Tm — 14 L. (6)

Finally, we consider the case when there are pairs of vertices at distance 4: {(u,v) : u,v € C(G),dg(u,v) = 4}. Then, the
number of these pairs is

vod) = Y kikj—2n+2m+2—L (7
1<i<j<m
Now, from Equations (1), (4), (5), (6), and (7), the required result follows. O

Lemma 2.1. Let x,, > z,_1 > -+ > x2 > x1 > 2 be n positive integers with Y., ©; = M. Define

@120, 20) = Z TiZy,

1<i<j<n

where i,j € [n]. Then f(x1,za,...,x,) attains the minimum value if and only if there exists | € [n] such that ©; = M —2(n—1)
and x; =2 for i € [n]\ {l}.

Proof. Suppose to the contrary that there exist two positive integers z; > z; > 3 for i, j € [n]. We replace z; and z; with
z; + 1 and x; + 1, respectively. Then

flx, oo zy—1, 2+ 1,000 ,mn) — f(z,20,. . 20) =2 —2; — 1 <0,
which is a contraction. Therefore, at most one z;,4 € [n], is greater than 2. O

Let G1,n, € H, , be a graph with m > 3 support vertices. Also, let
km =Y ki —2(m—1)=n—3m+1

and k; = 2 for i € [m — 1]. For an example, The characteristic tree T(G1 3) of G1 3 is shown in Figure 2.2.
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Figure 2.2: The characteristic tree T'(G1 3) of G1 3.

By Proposition 2.1,

—9m? 4+ (5n+ )m+n? —10n+10,  if kp, > 3,
W(GLm) - (8)
—9m? =+ (5n + 1)m + n? —10n + 97 if k,, = 2.

In the following, we give the graphs with the minimum Wiener index in H, ,.

Theorem 2.1. For any graph G € H;, ,, we have W(G) > Fi(n) and

81, if n = 10,
Fi(n) = 9)
n?+5n —68, ifn> 11,

where the equality W (G) = F1(n) holds if and only if G = G4 3.
Proof. Suppose that G € H, , has m support vertices and attains the minimum Wiener index. By Proposition 2.1,

W(G)=n*+(m—6n+2 > kikj—(m+2)m+5—1,
1<i<j<m
with n > 10, where k; = |Ng(v;) N C(G)| > 2 for i € [m] and ¢ is the number of k; with k; = 2 for i € [m]. Without loss of
generality, by Lemma 2.1, k,,, = Y."  k; —2(m — 1) =n—3m + 1 and k; = 2 for i € [m — 1] in G. Note that G = G ,,.
By Equation (8), we define the function

fi(x) = =922 + (5n+ 1)z forz € {37 VTH with n € N* and n > 10.

Note that f;(z) attains the minimum value if and only if = = 3. Hence, we conclude that W (G, ,,,) takes the minimum value
if and only if m = 3. Thus, G = G, 3. By taking m = 3 in Equation (8), we have W (G, 3) = Fi(n). O

3. Graphs in H}},

For a graph G € Hj, , with m support vertices, we now define some terms related to hanging vertices in G. In Figure 3.1,
there is a hanging vertex z; between the vertices vlk'l“ and vll1 +1; we call such a vertex the single hanging vertex in the
region [;. There are also at least 2 hanging vertices yi, ..., y}" between the vertices vf{‘ and v, ,; we call such vertices the
multiple hanging vertices in the region r;.

Figure 3.1: The characteristic tree T'(G) of G € H, ,.
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Suppose that G € H!, has m > 3 support vertices. Recall that if v; is a support vertex, then k; = [Ng(v;) N C(G)| > 2
for i € [m]. Let ¢ be the number of regions with a single hanging vertex and s be the number of regions with multiple
hanging vertices. Without loss of generality, suppose that there are ¢ single hanging vertices z1, z», ..., 2; in the regions
li,la,...,ly € [m]in G, respectively. Let {yi,v?, ..., o'}, {vd, 3, ..., v} ... {yl,v2,...,yP} be the sets of p1,pa,...,ps
multiple hanging vertices in the regions r1,72,...,7s € [m], respectively. Note that p;, > 2 for i € [s]. Let ¢ be the
number of p; with p; = 2 for i € [s] . Let o be the set of all hanging vertices and = = Y ]_, p; + ¢ be the number
of hanging vertices. Also, let ® = {iy,l3,...,l¢,71,72,...,rs} denote the set of regions with hanging vertices in G and
UV=0oU{ly+1,....4+1,r1+1,...,7s + 1}. Let X be the number of k; with k; = 2 for i € [m] \ U. Let

B(C(G)) ={v[v] " i € [m],j € [k — 1} U{vf ol i € m]\ @} U {20, 240y, i € [1]}

krp 14 j+1 i1 . . (10)
Ufvr g yiyl Y on i € D8] € [p — 1]}
By the relationship between the support vertices and their neighbors, we have
V(@ =n=m+1+> k+> pitt=m+1+Y k+uz (11)
=1 1=1 =1
Proposition 3.1. If G € H;h, then keeping in mind the concepts defined before this proposition, we have
W(G) =n>+(m—6n+2 >  kikj—(m+2)m+5-\
1<i<j<m
(12)

+33(Zki —m+3) —S—3t+Z(ki+ki+1) — €,
=1 ied

with n > 11 and m > 3.

Proof. We consider the pairs of vertices at distance i and calculate the values of v (i) for every ¢ € [4]. By Equation (11),
we have . .
'yg(l):|E(G)|:m+22ki+2t+22pi:2n—m—2. (13)
i=1 i=1
In the following discussion, we assume that %;, v;, and vf have subscripts modulo m for i € [m]. For the pairs of vertices at
distance 2, there are four cases.

Case Al. Pairs of vertices contain o: {(0,v}), (0,v?),..., (0, v}

) : 4 € [m]}. By Equation (11), the number of these pairs is

NE

ki=n—m-—1—x.
i=1

Case A2. Pairs of vertices contain support vertices and no hanging vertex:

{(vi,vj) si.j € Iml,i# 7} and {(vs,v74), (vigr,077) 26 € [m] \ @}

The number of these pairs is
m(m + 3)
2
Case A3. Pairs of vertices with no hanging vertices and whose both vertices are in C(G).

—2(t+ s).

Subcase A3.1. {(u,v) : i € [m],dg(u,v) = 2,u,v € Ng(v;) N C(G)}. By Equation (11), the number of these pairs is

1 — - 1 1 1
§Z(ki)2f%Zki+m: 57127 (erg)n Z kikj+§m2+gm+27n:v+512+ <m+2> x.
i=1 =1 1<i<j<m
Subcase A3.2. {(vf,v2.,), (vf " vly) i € [m]\ @} and {(v}*,v}y;) : i € {l1,l2,...,1;}}. The number of these pairs is

2m — 2s — t.
Case A4. Pairs of vertices contain hanging vertices.

Subcase A4.1. Pairs of vertices contain hanging vertices and support vertices:

{(Ziyvk) RS [t]vk € [m]} and {(yilvvk)7 (y?ﬂ)k); ) (yfi7vk) (i€ [S],k € [m}}

The number of these pairs is mz.
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Subcase A4.2. Pairs of vertices contain only hanging vertices: {(u,v) : u,v € 0,dg(u,v) = 2}. The number of these pairs is

1 1 >
§$2_§x—;pl+8

Subcase A4.3. Pairs of vertices contain both hanging vertices and the vertices in C(G):

kr. —1

. k
{(yilvvﬁ,l ! ,

. i — i . k‘lifl .
)7(yi27’u’f’7‘,1)7(yzp 71)7-1;—&-1)3(2'/? ’/U'Ei—&-l) S [S]} and {(Zi7vll )7(ziavl2i+1) S [t]}
The number of these pairs is 4s + 2t.

Hence, by Cases Al, A2, A3, and A4, we have

3

i)n— Z kikj +m?* 4+ 6m + 1+ 2% + (2m — n)x + s. (14)

1<i<j<m

1
V6(2) = §n2 — (m+

There are four cases for the pairs of vertices at distance 3.

Case B1. Pairs of vertices contain support vertices.

Subcase B1.1. {(v;,v) : v € U,c m\{J}{”w I }\{Uj+1a 521}, 7 € [m]} Gf j = 1, then we assume that v]J 1 is vkm).
By Equation (11), the number of these pairs is
(m—l)Zki—Zm: (m—1)n—m?—=2m+14+ (1 —m)z.
i=1

Subcase B1.2. {(v;,vj 1), (vj11, vf") : j € ®}. The number of such pairs is 2(s + ¢).
Case B2. Pairs of vertices with no hanging vertices and whose both vertices are in C(G).

Subcase B2.1. {(v' "', v?,;) :i € [m] \ ®}. The number of these pairs is m — s — t.

K2

Subcase B2.2. {(v}",v?,,), (v}, vl ,) 10 € {l1,lz,...,1;}}. The number of these pairs is 2t.

Subcase B2.3. First, we assume that k; > 3 for i € [m] \ ¥ . Then, we list such pairs of vertices:

{0 vip1) i € k] \{1,2},5 € [m] \ @} and  {(v],y,v}) :d € k] \ {k; — 1,k;}, 5 € [m] \ ).

By Equation (11), the number of the pairs of vertices mentioned above is

22]@ —4(m—8—t> — Z(k‘z +ki+1) = 2n—6m—2—|—4(8—|—t) —2.1'—2(]62‘ +ki+1>-
3 icd icd

As discussed in Proposition 2.1, the number of those k; whose value is 2 for ¢ € [m]\ ¥ is A. Thus, the number of these pairs
of vertices is

2 —6m—2+ A+ 4(s+t) =22 — Y (ki + kit).
1€EP

Case B3. Pairs of vertices contain a single hanging vertex. By Equation (11), for any & € [t], the number of pairs of vertices

{(zn, 07) i € [m]\ {ln; Inga }sp € [Ril} U{(zn, 07) € (R )\ ey, — 15K, 33 ULz o, 4) 2 p € R a] \ {1, 23}

is
m

Zkif4:n7mf5—z.

=1

Thus, the total number of such pairs is t(n — m — 5 — ).

Case B4. Pairs of vertices contain multiple hanging vertices. For any i € [s], we list these pairs of vertices as follows:

{(u,v}), (u,03), .. (uwf)me{y;,yf,...,% b€ Iml\ {rimi+ 131}
{(gh o) b€ (ke )\ {hr, — Lk 3y U2 00) € [ky, — 1))

{(u L) (u,v2),.. <uvii>-ue{yi,...,yl}\{y7,y7}}

(P k1) € (] \ {125 UL 08 0) 2 € Tl \ {13
(a0 ), (02 ) (o) e {yh Ly (ol b
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We note that if p, = 2, then there exists a pair of vertices (vfﬁ , vii +1); otherwise, the pair of vertices does not exist. Thus,
for i € [s], the total number of such pairs is

ijZki —6s+¢.
j=1 =1
Hence, by Cases B1, B2, B3, and B4, we have
v¢(3) = (m + 1)n —m? — Tm — 1+)\+x(2ki —m—1) +3t7572(ki +kit1) +e. (15)

i=1 S

For the pairs of vertices at distance 4, there is only one possibility: {(u,v) : u,v € V(C(G)) \ 0,dg(u,v) = 4}, where o is
the set of all hanging vertices. Hence,

ve) = > kikj—2n42m+2-A+20—3t+ D (ki + ki) — <. (16)
1<i<j<m i€d
Now, by using Equations (1), (13), (14), (15), and (16), we obtain the required result. O

Now, we consider a graph in HZM with the minimum Wiener index. For a graph G € H;‘:4 with m > 3 support vertices
and for any support vertex v;, recall that k; = |[Ng(v;) NC(G)| > 2 when i € [m]. Let t be the number of regions with a single
hanging vertex, s be the number of regions with multiple hanging vertices, x be the number of hanging vertices, and ¢ be
the set of regions with hanging vertices in G.

Figure 3.2: The characteristic tree T'(G3 3) of G 3.

Let Gy, € H}!, be a graph having m support vertices provided that k,, = >°;" | ks — 2(m — 1), k; = 2 for i € [m — 1], and
® = {1}. Let G3,, € H}!, be a graph with m support vertices such that k; = 2 for i € [m] and ® = {1}. For an example,
T(Gs,3) is shown in Figure 3.2.

Theorem 3.1. For any graph G € H};!,, we have W (G) > Fy(n) and

106, if n =11,
Fy(n) = { 133, if n =12, 17)
n? +3n —46, ifn > 13,
where the equality W (G) = Fz(n) holds if and only if G = G5 3.

Proof. Let G € H;h be a graph attaining the minimum Wiener index. Suppose that G has m > 3 support vertices. By
Proposition 3.1, we have

W(G) =n*+ (m —6)n+2 Z kikj—(m+2)m+5—)\+m(2kzi—m+3)—s—3t+Z(l€i+kJi+1)—5.

1<i<j<m i=1 icd

Since to k; > 2 for i € [m], all the hanging vertices of G should be in the same region provided that

> (ki + kit1) = min(kn + kny1)

i€D
for h € [m]. Without loss of generality, by Lemma 2.1, we have k,,, = > /" k; —2(m—1), k; =2fori € [m—1],and ® = {1} in
G. Note that G = G2 ,,,. By Proposition 3.1, we have the values of W(Gz ,,,), and W(Gs,,,). Note that W(G2 ) > W(Gs,m),
where the equality holds if and only if G5 ,,, = G3,,,. Next, we show that W (G35 ,,,) > W(Gs,3). For the graph Gs ,,, we have
three cases.
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Case 1. = > 3.
By Proposition 3.1, we have n = 1+ 3m + 2 > 13 and W(G3,,) = (2n — 17)m + n? — 3n + 5. Consequently, we have
W(Gs,m) > W(G3,3) and

W(G33) =n® + 3n — 46. (18)

Case 2. v = 2.
By Proposition 3.1, we have n = 3 + 3m > 12 and
5., 32

W(G&m) = g?’? — gn + 21.

If n = 12, then m = 3 and W (G3 3) = 133. However, if n = 3m + 3 > 15, then we have
%ff%n+ﬂ>nﬂﬂn7%.

Case 3.z =1.
By Proposition 3.1, we have n = 2 + 3m > 11 and

5 43

If n =11, then m = 3 and W(G3 3) = 106. However, if n = 3m + 2 > 14, we have

5 43
§n2—10n+§>n2+3n—46.

Therefore, G = G5 3 and we can obtain Equation (17). O

4. Graphs in H?,

Since every graph G € H;‘f4 has only 2 support vertices, we have ®(G) C [2], where ®(G) is the set of regions with hanging
vertices in G. Let G;; denote the set of all those graphs of H;ﬂ that contain multiple hanging vertices only in one region
and no single hanging vertex. Also, denote by G;» the set of all those graphs of ]Hl;kf4 that contain multiple hanging vertices
in two regions. Furthermore, we denote by G,3 the set of all those graphs of ij4 that contain single hanging vertices in
two regions. Moreover, let G;4 be the set of all those graphs of Hﬁl that contain a single hanging vertex only in one region
and no multiple hanging vertices. Finally, we denote by G5 the set of all those graphs of Hjﬁl that contain both multiple
hanging vertices and single hanging vertices. By the properties of the isomorphism, the set H,ﬁl can be divided into G;1,
Gi2, Gy3, Gua, and Gys. The E(C(G)) for G € H;?, is similar to Equation (10). Since the proofs of the following propositions
are similar to that of Proposition 3.1, we omit them.

Proposition 4.1. If G € G;; has two support vertices, then
63, if n =09,
W(G) = (19)
n? —3n — 7+ p1(ky + ko) + 2k1ko — e, if n > 10,

with ki,ke,p1 > 2 and n > 9, where ¢ is the number of p; with p; = 2 for i € {1} and T(G) is shown in Figure 4.1.

Figure 4.1: The characteristic tree T(G) of G € Gy;.
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Figure 4.2: The characteristic tree T'(G};) of G};.
Let G}, € Gy be a graph with k1 = k2 = 2. The graph T(G},) is shown in Figure 4.2.
Lemma 4.1. For any graph G € Gy, we have W(G) > F3(n) and
63, ifn=29,
n?+n—27, ifn>10,

where the equality W (G) = F3(n) holds if and only if G =2 G;.

Proof. By Proposition 4.1 we have W(G};) = F5(n). For any graph G € G;;, by Proposition 4.1 and Lemma 2.1, we conclude
that if n = 9 then W(G) = W(G},) = 63, and if n > 10 then
W(G) =n?—=3n—T4pi(ky + ko) + 2k1ky —
(ky+ ko) +4(k1 + ko —2) — ¢
=n?—3n—T4+pi(k1 +ko) +4(n—p1 —5) —¢
=n?4n—2T+pi (k1 +hky—4)—¢

2n2—3n—7+p1

> W(Gh)-
O
Proposition 4.2. If G € G has two support vertices, then
W(G) =n*=3n—8+ (p1 +p2 + 1) (k1 + k2) + 2ki ks — ¢, (21)

with ky, ke, p1,p2 > 2 and n > 11, where ¢ is the number of p; with p; = 2 for i € [2] and T(G) is shown in Figure 4.3.

Figure 4.3: The characteristic tree T(G) of G € Gya.

Lemma 4.2. For any graph G € Gys, it holds that W(G) > W (G},).

Proof. By Proposition 4.2 and Lemma 2.1, we have

W(G) =n®—3n—8+ (p1 +p2+ 1)(k1 + ko) + 2k1 ko — ¢
>n? —3n—8+ (p1 +p2+ 1) (k1 + ko) +4(ky + ko —2) —¢
=n?+n—27+ (p1 +p2)(k1 + ko —4) + (k1 + ko) — 1 —¢
> W(G}).
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Figure 4.4: The characteristic tree T'(G) of G € Gys.

Proposition 4.3. If G € Gy3 has two support vertices, then

64, if n=29,
W(G) = (22)
n? +2k1ky — 27, if n > 10,
with ky1,ke > 2 and n > 9, where T(G) is shown in Figure 4.4.
Lemma 4.3. For any graph G € Gy3, it holds that W(G) > W(G},).
Proof. By Proposition 4.3 and Lemma 2.1, if n = 9 then W(G) > W(G},), and if n > 10 then
W(G) =n? + 2k ko — 27
>n? 4 4(ky 4 ko —2) — 27
=n?+4(n—"7)—27

> W(GH)-
O
Proposition 4.4. If G € Gy has two support vertices, then
46, ifn =8,
64, ifn=29,
w(G) = (23)

n? —2n+2kiky — 12, ifn>10, ki =2o0rky =2,
n? —2n +2kiky — 13, ifn>10, ki #2and ky # 2,

with ky1,ke > 2 and n > 8, where T(G) is shown in Figure 4.5.

1)52 (%
Figure 4.5: The characteristic tree T(G) of G € Gy4.

Let G}, € Gy4 be the graph with n = 8.

Lemma 4.4. For any graph G € G4 with n > 9, it holds that W (G) > W(G};).
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Proof. By Proposition 4.4 and Lemma 2.1, if n = 9 then W(G) > W(G},), and if n > 10 then

W(G) > n? —2n 4 2k1ky — 13> n? —2n + 4(ky + ky — 2) — 13
=n?—2n+4(n—6)—13 =n*+2n — 37
> W(Gh)-

Hence, W(G) > W(G},) for n > 9. O
Proposition 4.5. If G € G5 has two support vertices, then
W(G) =n?2—3n—-10 + (p1 + 2)(k'1 + k‘g) + 2k1ko — €, (24)

with ki1, ke, p1 > 2 and n > 10, where ¢ is the number of p; with p; = 2 for i € {1} and T(G) is shown in Figure 4.6.

k1
U1 Uy

Figure 4.6: The characteristic tree T(G) of G € Gys.

Let G}; € G5 be a graph of order n = 10 in which & = ky = p; = 2.
Lemma 4.5. For any graph G € G5, we have W (G) > W (G},), where equality holds if and only if G = G,
Proof. By Proposition 4.5 and Lemma 2.1, we have
W(G) =n?—3n—10 + (py + 2)(ky + ko) + 2k1ks — €

(k1 + ko) +4(k1 + ke —2)—¢
(k1 4+ k2) +4(n—p1 —6) —¢
=n?4+n—2T+(p1 +2)(k1 + ke —4)+1—¢
> W(Gy),

>n?—3n—10+ (p +2
=n?—3n—10+ (py +2

)
)
)
(
where the equality W (G) = W (G}, ) holds if and only if k£, = k2 = p; = 2, that is, G = G};. O

Theorem 4.1. Let G € H}?,. If n =8, then G = G},. If n = 10, then W(G) > W (G},), where the equality holds if and only if
G=Glyor GG If n=9o0rn > 11, then W(G) > W(G},), where the equality holds if and only if G = G;.

Proof. By Lemmas 4.1, 4.2, 4.3, 4.4, and 4.5, we obtain the desired result. O

5. Main result
This section gives the main theorem of this paper, which is proved by using the results established in the previous three
sections.

Theorem 5.1. Let G € H,, 4 be a graph with the minimum Wiener index. If n = 8 then G = G}, if n = 10 then G = G4 3,
and if n =9 orn > 11, then G = G},. Also,

46, if n =8,
63, ifn =09,

W(G) = (25)
81, if n = 10,

n?+n-—27, ifn>11.

Proof. By Theorems 2.1, 3.1, and 4.1, we compare the values of W(G1 3), W(G33), and W (G}, ), and then we obtain the
required result. O
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