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Abstract

In the recent paper [Int. J. Quantum Chem. 124 (2024) #e27387], Tang, Li, and Deng proposed a novel vertex-degree-
based topological index, namely the Euler Sombor index. This index for a graph G is denoted by ES(G) and is defined as
ES(G) =3 vere) V/d2(u) + d2(v) + d(u)d(v), where d(u) is the degree of the vertex u in G and E(G) is the edge set of G.
In the present paper, we obtain sharp lower and upper bounds on the Euler Sombor index of maximal outerplanar graphs
with a fixed number of vertices. We also characterize the graphs attaining these bounds.
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1. Introduction

Let G be a simple connected graph with vertex set V(G) and edge set E(G). The number of vertices and edges of G are
called its order and size, respectively. The set consisting of all neighbors of v in G is denoted by Ng(v) (or N(v)). The
cardinality of N¢(v) is called the degree of v and is denoted by dg(v) (or d(v)); i.e., dg(v) = |Ng(v)|. The subgraph of G
obtained by deleting its vertex v and the edges incident to v is denoted by G — v.

An outerplanar graph is a planar graph that has a planar embedding such that all of its vertices lie on the boundary of
the unbounded face. An outerplanar graph is said to be maximal if its outerplanar property is affected by adding an edge
between two nonadjacent vertices. Consequently, it follows that a maximal outerplanar graph of order n has 2n — 3 edges
and at least one vertex with degree 2. The structure and properties of maximal outerplanar graphs have been studied in
several publications, see for example [6,7,9,10,16,17].

In 2021, Gutman [1] introduced a new topological index, namely the Sombor index, from a new perspective of geometry,
and obtained its basic properties. The Sombor index of a graph G is defined as

SOG) = > d(u)+d*(v).

uwweE(G)

Based on this index, many vertex-degree-based topological indices defined from a geometric perspective have been proposed
and extensively studied by scholars, see for example [2,4,5]. From the perspective of the elliptical area, Gutman, Furtula,
and Oz [4] recently proposed the elliptic Sombor index, which is defined as follows:

ESO(G)= > (d(u)+ d(v))\/d?(u) + d>(v).

weE(G)

In [4], the authors established some bounds on the elliptic Sombor index and determined the correlation between this
index and other topological indices. The extremal value problems of the elliptic Sombor index have attracted considerable
attention from scholars and many results on this topic have been obtained [8,11-13, 15].

Recently, the Euler Sombor index based on the perimeter of the ellipse was proposed [3,14], which is defined as

ES(G)= Y @)+ d(v)+d(u)d(v).

wveE(G)

In [14], the chemical applicability and mathematical properties of the Euler Sombor index were studied. The extremal
values for the Euler Sombor index and the corresponding extremal graphs among all (molecular) trees were also determined
in [14]. Gutman [3] established the relationship between the Euler Sombor index and the Sombor index.
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In this paper, we continue to study the extremal value problems of the Euler Sombor index. Particularly, we determine
the graphs attaining the extremal values of the Euler Sombor index over the class of maximal outerplanar graphs with a
fixed order.

2. Preliminaries

Denote by P? the graph obtained from the paths P, = vjvy---v, and P, = ujug - - - up, where a + b=nand 0 < b—a < 1, by
adding new edges v;u; and v;u;1; for

e i=1,2...,aandj=1,2,...,a— 1 whena=>,
* ;=1,2,...,aand j =1,2,...,awhena=5b— 1.

The graph P? is shown in Figure 2.1. Let Q,, be the set of maximal outerplanar graphs of order n whose every member G
satisfies the following two properties:

(i) there is a vertex v in V(@) such that d(v) = 2 and N(v) = {u, w},

(ii) for every vertex x € V(G)\{u,w}, either z € N(u) or x € N(w).

Uy ) U3 Vk—2 Vk—1 Uk U1 V2 U3 Uk—2 Vk—1
e o . @ e o .
uy U9 us U—2 Uf—1 Up, uy U us U—2 Uf—1 Uuj;
2 2
Py, Py

Figure 2.1: The graphs P}, and P}, .

For two vertex disjoint graphs G; and G, the join of G; and G5, denoted by G; V Gs, refers to the graph formed by
adding edges between every vertex of G; and every vertex of Go. Clearly, K1 V P,_1 € Q.

Lemma 2.1 (see [7]). Let G be a maximal outerplanar graph and v be a vertex in G with d(v) = 2 and N(v) = {u,w}. Then
wv € E(G).

Lemma 2.2 (see [7]). Let G be a maximal outerplanar graph with order n > 4 and v be a vertex in G with d(v) = 2 and

N(v) ={u,w}. Then |N(u) N N(w)| = 2.

Lemma 2.3 (see [7]). Let G be a maximal outerplanar graph with order n > 5 and v be a vertex in G with d(v) = 2 and
N() = {u,w}. Then 7 < d(u) + d(w) < n + 2, where the left and right equalities hold if and only if G|N(u) U N (w)] & P2
and G € Q,, respectively.

Lemma 2.4. Let f(z,y) = VA + 22+ 20+ /A + 2 +2y+ /22 + 2 +ay— (v +y—2)/(z - 1)2+ (y — 1)2 + (z — 1)(y — 1).
Then f(z,y) is strictly increasing for x,y > 2.
Proof. Since 2? + 2z +zy — 4[(z — 1)? + (y — 1)* + (z — 1)(y — 1)] < 0, we have

z+1 20 4+y—3 2z 4y
f:z:(x7y): ) - 3 3 + 2 B}
Va2 +22+4 2/(a—12+@y—-12+@ -1y —-1) 2/22+y2+ay

2z 4y _ 2r+y—3
V2P ey 2@ -1+ (- 12+ (- Dy - 1)

> 0.
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Thus, the function f(z,y) is strictly increasing for = > 2. Since f(z,y) is a symmetric function, the function f(z,y) is also
strictly increasing for y > 2. O

Lemma 2.5. Let g(v,y) = /22 + y% + xy—+/(v — 1)2 + y2 + (z — 1)y. Then g(z,y) is strictly increasing for x > 2 and strictly
decreasing for y > 2.

Proof. Since
2z +y)*[(z—1)?+y* + (@ -1yl — 2z +y—2)°2* +y*> +ay] =3y*(2z +y — 1) > 0,

we have
2v +y 2v+y—2
2\/J:2+y2+xy 2\/(33— D24+y2+(z—1)y

Thus, g(x,y) is strictly increasing for > 2. Since

> 0.

9o (2, ) =

(x4 29)%(z - 12+ 92 + (@ — Dy — 2z +y — 1)?[2® + 92 + zy] = (1 — 2)(3y* + 3zy) — 323° <0,

we have

T+ 2y 2v+y—1

— < 0.
22 +y2+ay 2/ (e —1)2+y2+ (z— 1)y

gy(2,y) =

Thus, g(x,y) is strictly decreasing for y > 2. O

Lemma 2.6. Let

1
h(x) = V4 + 2 + 20 + 5(\/332 +a2+az+/(z =12+ (a— 1)+ (a = 1)(z — 1)) + (z — 9)g(x,3) + g(z,2) + g(x,4),
where a is a constant. Then h(z) is strictly convex for x > 4.

Proof. We note that

Y 5 0.375a2 0.375(a — 1)2
h (x) = T T T T 3
(x2+2x4+4)2  (224ar+a?)z [(z—-12+(a@a—-1)(z—1)+ (a—1)2]2
223 + 922 + 33.75x _ 223 + 2% +19.75x — 34
(2 + 3z +9)3 (z2+2+7)3
4 12 15
- T — T — 5 > 0.
(x24+3)2 (22422 +13)2 (224 2z +16)%
Thus, h(z) is a strictly convex function for = > 4. O

Lemma 2.7. Let p(z) be a strictly convex symmetric continuous function on [a,b] and P(x,y) = p(z) + p(y). Then
P(z,y) < P(a,s —a)
forz+y=s.

’

Proof. Let z,y € [a,0],a <2’ <z <y <y <bandxz — 2’ =3y — y. Then there exists, A = j:f = =% ¢ (0,1], such that

<

y=Ax+(1-Ny and z=Xy+(1-N\)2'.
Since p(z) is strictly convex on [a, b], we have
py) =p(Az + (1= N)y') < Ap(x) + (1 = Np(y) M

and
p(z) = pAy + (1 —N)z") < Ap(y) + (1 — N)p(z'). 2)
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By adding (1) and (2), we have
p(@) +p(y) < Alp(z) + p(y)] + (1 = N)[p(z") + p(y')];
that is,
p(z) +ply) < p(@’) +py),

which implies that
P(z,y) < P(a'y).

Thus, we have
P(z,y) < P(a,s — a)

forz +y=-s. O

By Lemmas 2.6 and 2.7, we obtain the following corollary:

Corollary 2.1. Let ¢(z,y) = h(z) + h(y) and z +y € [4,n + 2]. Then
Pz, y) < o(4,n —2)
with equality if and only if x = 4,y = n — 2.
3. Main results
Theorem 3.1. Let G be a maximal outerplanar graph with order n > 6. Then

ES(G) > 4(2n — 11)V3 + 4V7 + 2v19 + 4V/37

with equality if and only if G = P2.

TN

H =KV P

Figure 3.1: Non-isomorphic maximal outerplanar graphs with order 6.

Proof. We prove ES(G) > ES(P2) by induction on n > 6. If n = 6, then G is one of the graphs H;, Hs, and Hj, shown in
Figure 3.1. By direct calculations, we have

ES(H;) = 6v3 + 2V19 + 2v/39 + 21 ~ 52.60,
ES(Hy) = 12v/3 + 127 ~ 52.53, and
ES(H3) = ES(PZ) = 4V3 + 4V7 + 2V19 + 4V/37 ~ 50.56.

Clearly,
ES(G) > ES(P?).

Assume that the result holds for all maximal outerplanar graphs with order n — 1 > 6. Let G be a maximal outerplanar
graph of order n with the minimum Euler Sombor index. There must be a vertex v with degree 2 in G. Let Ng(v) = {u, w}
and d(u) < d(w). By Lemmas 2.1 and 2.2, vw € E(G) and there is a vertex p € N(u) N N(w). By Lemma 2.3, we have
d(u) > 3,d(w) > 4 and there is a vertex ¢ € N(w)\{N(u) N N(w)}.
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Let G’ = G —v. Then dg: (u) = d(u) — 1,dg (w) = d(w) — 1, and the degree of the other vertices remains unchanged. Let
No(u) = N(u)\{v,w} and No(w) = N(w)\{v,u}. For d(u) > 3 and d(w) > 4, by Lemmas 2.4 and 2.5, we have

ES(G) = )+ d2(v) + d2(u )+ d2(v) + d(w) + d(v)d(w)

+ /() + &(w) + d(u)d(w) — \/dg, () + d2, (w) + d2, (u)d2, (w)

+ 0> (\/d2 + d2(u;) + d(u \/d2 )+ dZ, (wi) +der (u )dG/(uZ—))
u; € No(u)
(\/d2 )+ d2(wy) + d(w)d(w;) — \/d% (w) + d% (w)) + de (w )dG,(wj)>
w; € No(w)
= ES(G') 4+ /22 + d2(u) + 2d(u) + /22 + d%(w) + 2d(w)

wd? )+ & (w) + d(u)d(w >—¢<d<u>—1)2+<d<w>—1>2+<d<u>—1><d<w>—1>

+ > (VP F P + dwyd(u) — /(dlu) = 17+ & (ws) + (@) — D) )

u; € No(u)

5 (Vo) + ) + dtwdtu) - fidtw) — 107+ ) + () — Vi)

w; € No(w)

> ES(G') 4+ /4 + d2(u) + 2d(u) + /4 + d?(w) + 2d(w)

+ V(W) + @(w) + d(u)d(w) — /(d(u) = 1)% + (d(w) = 1) + (d(u) — 1)(d(w) — 1)
+ V2 (u) + d(p) + d(w)d(p) — /(d(u) — 1)2 + d?(p) + (d(u) — 1)d(p)
+ V2 (w) + d(p) + d(w)d(p) — v/(d(w) — 1) + d>(p) + (d(w) — 1)d(p)

+ V2 (w) + d(q) + d(w)d(q) — /(d(w) = 1) + d*(g) + (d(w) — 1)d(q).

Thus,
ES(G) — ES(G') = f(d(u),d(w)) + g(d(u), d(p)) + g(d(w), d(p)) + g(d(w), d(q))
> f(3,4) +9(3,d(p)) + g(4,d(p)) + 9(4,d(q))

with equality if and only if d(u) = 3 and d(w) = 4. By inductive hypothesis, we have

ES(G') > 4(2n — 13)V3 + 4V7 + 2V19 + 4V/37
with equality holds if and only if G’ = P?_,|, G[N(u) U N(w)] = P2, and d(p) = d(q) = 4. Consequently, we have

ES(G) > ES(P? )+ f(3,4) +g(3,4) + g(4,4) + g(4,4)
= 4(2n — 11)V3 + 4V7 4 2V19 + 4V/37.

This completes the proof. 0

Theorem 3.2. Let G be a maximal outerplanar graph with order n > 4. Then

ES(G) <3(n—4)V3+2V19+2Vn2 +3+(n—3)vVn2+n+7

with equality if and only if G 2 K1V P, _1.
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Proof. We prove ES(G) < ES(K; V P,_1) by induction on n > 4. If n = 4, then there is only one maximum outerplanar
graph K; V P;. Thus, the result holds for n = 4. Assume that the result holds for all maximal outerplanar graphs with
order n — 1 > 4. Let G be a maximal outerplanar graph of order n with the maximum Euler Sombor index. There must
be a vertex v with degree 2 in G. Let N¢g(v) = {u,w} and d(u) < d(w). By Lemmas 2.1 and 2.2, uw € F(G) and there is a
vertex p € N(u) N N(w).

Let G* = G — v. Let No(u) = N(u)\{v,w} = {u1,uz,...,us,p} and No(w) = N(w)\{v,u} = {wy,wa,...,we, p}. Also, let
s =d(u) — 3 and t = d(w) — 3. For d(u) > 3 and d(w) > 4, by Lemma 2.5, we have

ES(G) = ES(G*) + /d2(v) + d?(u) + u) + \/d2(v) + d2(w) + d(v)d(w)

+ V2 (u) + d(w) + d(u)d(w) — \/d%; (u) + dZ. (w) + d%. (u)dZ,. (w)

+ Z (\/d2 + d?(u;) + d(u \/d2 )+ d%. (u;) + dg-(u )dG*(ui)>
u; €No(u)
(\/d2 )+ d2(wy) + d(w)d(w;) — \/d. (w) + d. (w)) + dg- (w )dG*(wj))
w; € No(w)

= ES(G*) + /22 + d2(u) + 2d(u) + /22 + d2(w) + 2d(w)

V() + P (w) + d{w)d(w) — /(d(w) = 1 + (d(w) = 17 + [du) - )(dw) - 1)
+ > (VP + @) + dwd(u) — /(dw) = D2 + & (ug) + (du) — d(us) )

u; €No(u)

5 (V) + )+ dtwhit) — ) — U+ ) + (@) — D))

w; € No(w)

= ES(G*) 4+ /22 + d2(u) + 2d(u) + /22 + d2(w) + 2d(w)

+ V@) T @ w) + d(wd(w) — /(du) — 12 + (@d(w) — 12 + (d(w) — D(d(w) — 1)

+ Y gddw)+ S gldw), d(w)).

w; €No (w) w;€No(w)

p Wy Wt () w1

Figure 3.2: The maximal outerplanar graph with order » and d(u) = 3.



Y. Hu, J. Fang, Y. Liu, and Z. Lin / Electron. J. Math. 8 (2024) 39-47

45

Next, we consider two cases in terms of the degree d(u).

Case 1. d(u) = 3.
In this case, we have Ny(u) = {p}, see Figure 3.2. By Lemma 2.5, we obtain

ES(G) = ES(G*) + V19 + /4 + d2(w) + 2d(w) 4+ /9 + d2(w) + 3d(w)

—VA+ (dw) - 12 +2(d(w) = 1) +93,dp) + Y gld(w),d(w;))

w; €No(w)

< BS(G*) + V19 + V4 + d&2(w) + 2d(w) + /9 + d2(w) + 3d(w)

— VA + (d(w) — 1) +2(d(w) — 1) + ¢(3,3) + g(d(w),2) + (d(w) — 3)g(d(w), 3)

= BS(G*) + V194 3V3 — 5+ /9 + d2(w) + 3d(w) + 2g(d(w), 2) + (d(w) — 3)g(d(w), 3),
with equality holds if and only if d(p) = 3, d(w1) = 2, and d(w;) = 3, where j € {2,3,...,¢}. Let
=9+ 22+ 32+ 2g(x,2) + (z — 3)g(z,3).
Then ¢(x) is strictly increasing for 2 > 2. By the inductive hypothesis and 4 < d(w) < n — 1, we have

ES(G) < ES(G*) 4+ ¢p(n—1)+V19+3V3 -5

<ES(K1V Py 2)+V19+3V3 -5+ 9+ (n—1)2+3(n—1)
+29(n—1,2)+(n—1-3)g(n—1,3)
=3(n—4)V3+2V19+2vVn2 +3+ (n—3)Vn2 +n+7,

the equality holds if and only if G* = K; V P,_5 and d(u) = 3,d(w) = n — 1, which means G 2 K; V P,,_;.

Figure 3.3: The maximal outerplanar graph with order n and d(u) > 4.
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Case 2. d(u) > 4
In this case, the graph G is illustrated in Figure 3.3. By Lemma 2.5, we have

ES(G) < ES(G*) + /4 + d?(u) + 2d(u) + /4 + d2(w) + 2d(w)

+ V& (u) + B (w) + d(u)d(w) — v/(d(u) = 1)? + (d(w) — 1) + (d(u) — 1)(d(w) —1)
+ (d(u) — 4)g(d(u),3) + g(d(u),2) + g(d(u),4)
+ (d(w) = 4)g(d(w), 3) + g(d(w),2) + g(d(w), 4)

= ES(G*) + h(d(u)) + h(d(w))

with equality if and only if d(p) = 4, d(u1) = d(w1) = 2, and d(u;) = d(w;) = 3, where i € 2,3,...,sand j € {2,3,...,t}. By
Lemma 2.3 and Corollary 2.1, we have

ES(G) < ES(GY) + ¢(d(u), d(w)) < ES(G™) + ¢(4,1 = 2),

where the equality holds if and only if d(u) = 4 and d(w) = n — 2. Since

on—1)—¢(4,n—2) =9+ —-1)2+3(n—-1)+29(n—1,2) + (n—1—-3)g(n —1,3)

VT —\A+(n—22-2(n—2)+ 16+ (n —2)2 + 4(n — 2)

V94 (n—3)2+3(n—3)

>V9+(n—1)2+3(n—1)+ /16 + (n —2)2 +4(n - 2)

—VA+(n—-22-2(n—-2)—+/9+ (n—3)2+3(n—-3)
> 0,
by the inductive hypothesis, we have
ES(G) < ES(G™) + ¢(4,n —2)
< ES(Ky1V Py,_3)+ ¢(4,n—2)
< ES(K1V P,_2)+en—1)
< ES(K1V P,_4).
By combining the above arguments, we have

ES(G) <3(n—4)V3+2V19+2vn2 +3+ (n—3)Vn2 +n+7

with equality if and only if G = K; Vv P,,_;. This completes the proof of the theorem. O
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