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Abstract

This paper is concerned with the general eccentric distance sum index and the general degree eccentricity index of graphs.
Bounds on the difference between these indices are presented for graphs of diameter 2. A relation between the mentioned
indices, in terms of the graph’s order and minimum degree, is also established. Additionally, an upper bound on the general
eccentric distance sum for graphs of order at least 2 is presented. Furthermore, all the graphs attaining the bounds are
identified, which demonstrates that the obtained bounds are optimal.
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1. Introduction

In this paper, we focus on connected simple graphs. We examine certain topological indices of such graphs that are crucial
in graph theory and its applications. The number of vertices and edges in a graph are referred to as the order and size of
the graph, respectively. The degree of a vertex v in a graph G is denoted by deg(v). The minimum degree of G is defined as

§(G) = min d
(@) ,uin eg(v),

and the maximum degree of G is defined as

A(G) = vgxl/a(}é) deg(v).

The eccentricity of a vertex v in G is defined as the maximum distance from v to any other vertex of G. The diameter
of G is defined as

(@) = .
(@)= B, ee)

For undefined terms from graph theory, we refer the reader to [18].

The present study focuses on the generalized versions of the following two eccentricity-based topological indices: the
degree eccentricity index (DEI) and the eccentric distance sum (EDS) index. The DEI and EDS index of a graph G are
defined as follows:

DEI(G) = > ecc(v)deg(v) and EDS(G)= Y  ecc(v)D(v),
veV(Q) veV(G)

respectively, where
D(v) = Z d(v,u)
ueV(QG)
represents the sum of the distances from the vertex v to all other vertices of G.

There exists an excellent correlation between several physical/biological properties of chemical substances and
certain eccentricity-based topological indices [8,14]. These indices also have strong predictive power in determining phar-
maceutical properties, such as the anti-HIV activity, of chemical compounds [5]. The mathematical properties of these
indices have extensively been studied; for example, see [1-3,9-11,19,22].

Bounds on the EDS index for various graph classes have been presented in [4, 7,12, 13,20]. Similarly, bounds on
the ECI for different graph types have been provided in [6,21-24]. The relationship between the EDS index and other
distance-based indices has been explored in [7].
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The general degree-eccentricity index [11] is defined as

DEI,(G) = Z ecc(v)® deg(v)®.
veV(G)

This general form allows us to obtain the general eccentric connectivity index [17] by setting ¢ = 1, and the classical
eccentric connectivity index by setting a = b = 1. By setting « = 0 and b = 1, we obtain the total degree, which is equal to
twice the size of the graph. While, with the choice a = 1 and b = 0, we obtain the total eccentricity.

The general eccentric distance sum index [15] is defined as

EDS.,(G) = Y ecc(v)"D(v)",
veV(G)

The topological index EDS, ;, encompasses several existing eccentricity-based topological indices, such as the ordinary EDS
index and the total eccentricity index.

Sharp bounds on DEI, ;(G) for different types of graphs and graph parameters have been provided in [1,9-11]. Sharp
bounds on EDS, ,(G) for various graph types and parameters have been reported in [2, 3,15, 16].

In this paper, we provide bounds on the difference between EDS,, ; and DEI, ; for graphs of diameter 2. We also establish
arelation between these indices in terms of the graph’s order and minimum degree when b = 1. Additionally, we present an
upper bound on EDS,, ; for a graph of order n > 2 containing at least two vertices of degree n — 1 when b = 1. Furthermore,
we identify all extremal graphs, demonstrating that our bounds are optimal.

2. Results

For any graph of diameter 2, we establish bounds on the difference EDS, ; — DEI, ; in Theorems 2.1 and 2.2, by utilizing
the following known result:

Lemma 2.1 (see [22]). Let G be a graph with diameter 2 and n = |G|.

(). If A(G) =n — 2, then |E(G)| > 2n — 4.

(ii). If A(G) = n — 3, then |E(G)| > 2n — 5.
(iii). If A(G) <n—4and 6(G) < 3, then |E(G)| > 2n — 5.
Theorem 2.1. Let G be a graph with diameter 2 and |G| =n > 3. For a > 0,

EDS, 1(G) — DEL, 1 (G) > 22,
with equality if and only if G is K,, — e, where e € E(K,,).
Proof. Let C = {v € V(G) : ecc(v) = 1}. Since d(G) = 2, we have
D(v) = deg(v) +2(n — 1 — deg(v)) = 2(n — 1) — deg(v). (@8]
We complete the proof by discussing two possible cases.
Case 1. A(G) =n — 1.
For v € C, we have ecc(v) =1 and D(v) =n — 1. For v € V(G) \ C, we have ecc(v) = 2 and
D) =2(n—1) — deg(v).

Then,

EDS,1(G) =[Cl(n—1)+ > 2%(2(n—1)—deg(v)), and
vEV(G)\C

DEL,1(G) = [Cl(n—1)+ > 2*deg(v).
veV(G)\C
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Thus,
EDS,1(G) = DEL,1(G) = > 2%2(n—1)— deg(v) — deg(v))
veV(G)\C
= 9gotl Z (n—1—deg(v))
veV(G)\C
= 2 ((n-Dm-|C) - Y deg(v) |
veV(G)\C
Since
2E(G)| =) deg(v)+ >  deg(v),
veC VeV (G)\C
we have
Y. deg(v) =2[E(@)|—[C|(n—1).
veV(A\C
Therefore,

EDS,1(G) = DEL,1(G) = 27! ((n = 1)(n — |C]) = (2|E(G)] = |C|(n — 1))) = 2" (n(n — 1) = 2| B(G)]).
Case 2. A(G) <n—2.
Since d(G) = 2, we have ecc(v) =2 and D(v) = 2(n — 1) — deg(v) for all v € V(G). Hence, we have

EDSq1(G) = > 2°[2(n—1) — deg(v)]
veV(G)

=2 (an—l Z deg(v )

veV(G)
=2(2n(n —1) - 2|E(Q))

=2 (n(n —1) — |E(G)]), and
DEL,1(G) = ) 2%deg(v) =2*(2|E(G)|) =2 E(G)].
veV(G)

Therefore,
EDS,1(G) — DEL,1(G) = 2*"! (n(n — 1) — |E(G)) — 2*T1E(G)| = 2T (n® —n — 2|E(G)]) .

Since d(G) = 2, the size of G cannot be greater than (g) —-1,1i.e.,

E(G)) < (Z) S1=nont?

Consequently, we have

EDS,1(G) — DEI, 1(G) > 29+ <n —n—2 ("2_2”_2» @)
_ gat2
The equality in (2) is achieved if and only if
B = (5) -1
that is, if and only if G is K, — e. O

Let S’ (or Si*) be a graph obtained by connecting two (or two pairs of) pendant vertices of S,, with an edge (or two
edges), respectively.

Theorem 2.2. Let G be a graph with diameter 2 and n = |G| > 7. Then for a > 0,
EDS,1(G) — DEL,1(G) < 2*™ [n? —3n + 2],

with equality obtained if and only if G = S,,.
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Proof. First, we calculate EDS, 1(G) —DEI, 1(G) when G € {S}*, S¥, S, }. We recall that S}* is obtained from S,, by adding

n o n?

two edges. These two new edges may or may not share a vertex. If the two new edges of S;'* share a vertex, then
EDS,1(S;")=2%[2n—5)+22n—4)+ (n—4)(2n —3)] + (n — 1),
DEL,1(S;") =2*34+2(2) + (n—4)] + (n— 1),
EDS,,1(55*) — DEL, 1 (S5%) = 2% [2n® — 6n — 4] = 27! [n* —3n — 2]

If the two new edges of S;'* do not share a vertex, then

EDSq1(5;) =2[4(2n —4)+ (n —5)(2n — 3)] + (n — 1),

DEL,1(5,") =2 [4(2) + (n = 5)] + (n — 1),

EDS,,1(55*) — DEL, 1 (S5%) = 2% [2n® — 6n — 4] = 27! [n* —3n — 2]
Therefore, in either case, we have
EDS,1(S;*) — DEL, 1 (S;*) = 2" [n® — 3n —2].

For the graph S}, we have

EDS.1(S;) =222n—4)+ (n—3)(2n—3)] + (n — 1),

DEL, 1(S;) =2%[2(2) + (n —3)] + (n — 1),

EDS,,1(S;) — DElL,1(S};) = 2% [2n® — 6n] = 2°*! [n® — 3n].
Also, for the star S,,, we have
EDS,.1(Sy) = 2°(n — 1)(2n — 3) + (n — 1),
DEIL,1(Sn) =2%(n—1)+ (n—1),
EDS,1(Sn) — DEIL,1(S,) =2 [n* = 3n + 2] .
Since n? — 3n — 2 < n? — 3n < n? — 3n + 2, we have
EDS,1(S;") —DEIL, 1(S;") < EDSq1(S;) — DEIL, 1(S;;) < EDS,1(Sn) — DEIL, 1(S,).

Next, we show that
EDS, 1(G) — DEIL, 1(G) < EDS,1(S;;*) — DEL, 1(S;;")

for any graph G with diameter 2 such that n > 7and G ¢ {S,,, S}, S*}. Let C = {v € V(G) : deg(v) = n — 1}. Since G has

nsy n? n

n > 7 vertices and diameter 2, from Theorem 2.1, we get
EDS,1(G) — DEIL,1(G) = 2**! [n® —n —2|E(G)]] .

Case 1. A(G) =n—1.
If |C] =1, then
AEG) >n—14+2(n—1)>2(n—1)+6=2(n+2),
ie, |[E(G)| > n+2. If |C| > 2, then deg(v) =n — 1 for v € C and deg(v) > |C| for v € V(G) \ C.
2B(G)| =) deg(v)+ Y deg(v)

veC vEV(G)\C

> 1Cl(n = 1) +|C|(n — |C])

— (2n - 1)|C| - |CP?

>2(2n—1)—4 (because |C| > 2)
=4n—-6=2n+2n—06

>2n+4=2(n+2), because2n—6>4forn >7.
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Thus, in general, it holds that |E(G)| > n + 2. Hence, we have

EDS,1(G) — DEL, 1 (G) = 2**! [n® —n — 2|E(G)|]

=EDS,1(S;") — DEI, 1(S;").
Case 2. A(G) <n-—2.
Case 2.1. A(G)=n—-20or A(G)=n—-3
Using the first two parts of Lemma 2.1, we have |E(G)| > 2n — 5.
Case 2.2. A(G) <n—4.

In this case, we discuss two further possibilities.
e If §(G) < 3, the by Lemma 2.1(iii) we have |E(G)| > 2n — 5.
¢ If 6(G) > 4, then 2|E(G)| > nd > 4n, i.e., |E(G)| > 2n > 2n — 5.
In either of the cases Case 2.1 and Case 2.2, we have |E(G)| > 2n — 5. Thus,

EDS,,1(G) — DEI,1(G) = 2**" [n® —n — 2|E(G)|]

| /\

[
1[712—71—2 2n—5)}
[
[

+1

n® —5n + 10] = 2°"" [n® — 3n — 24+ 12 — 2n]

< 2T [n* —3n—2], because 12 —2n < 0forn > 7.

Thus, we have
EDS,.1(G) — DEI, 1(G) < EDS,1(S;;*) — DEI, 1 (S").

Therefore, for a > 0 and for any graph G with diameter 2, we have

EDS,1(G) — DEl, 1 (G) < EDS,1(S,) — DEL, 1(S,) = 27 [n* = 3n + 2] .

O
Theorem 2.3. Let G be a graph on n > 2 vertices. For a,b € R where b > 0, we have
EDS, ,(G) < (n — 1)’ DEL,14,0(G).
Equality holds if and only if G = K,,.
Proof. From the definition of the eccentricity of a vertex, we have d(v,u) < ecc(v). Thus,
Z d(v,u) < Z ecc(v) = (n — 1)ecc(v). 3)

ueV(G) ueV(QG)

Equality in (3) holds when the vertex u is one of the vertices furthest from v in G, i.e., ecc(v) = d(v, ). For b > 0, we have

(D(v))" < ((n = 1ece(v))".
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Thus, we have

EDS,5(G) = Y (ecc(v)*(D(v))’

veV(G)
< Y (eee(v)*((n = Dece(v))
veV(Q)
=(n—-1)° Z (ecc(v))*t?.
veEV(G)

Consequently, we have
EDS,4(G) < (n — 1)’ DEI445,0(G),

where

DEl 44,0(G) = Z (ecc(v))®t?.
veV(G)

We note that the equality in (3) holds if and only if G & K. O

Theorem 2.4. Let G be a graph of order n > 3. For a,b € R with b > 0, the following inequality holds:
EDS,;(G) > (n — 1)’DEI, (G),
with equality if and only if G = K,,.

Proof. For any v € V(G) and b > 0, we have D¢ (v) > n — 1. Thus,

and hence,

Summing over all vertices of G, we obtain

Y (ecca(v)'(Dg(v)’ = Y (eceq(v)*(n—1)".

veV (@) veV(G)
Therefore,
EDSo4(G) > (n—1)" Y (ecca(v))® = (n = 1)’DELy14,0(G).
veV(G)
Equality follows from D¢ (v) > n —1 and ecc(v) = 1 for all v € V(G), i.e., G = K,. O

From the proof of Theorem 4.2 in [7], we have Lemma 2.2, which we use to prove our next result (that is, Theorem 2.5).

Lemma 2.2 (see [7]). Let G be a graph with order n > 5. For any vertex v in G, it holds that eccg(v) < n — deg(v), with
equality if and only if G is obtained by deleting k pairwise independent edges from K,, where k =0,1,2,...,|%].

Theorem 2.5. Let G be a graph with order n > 2 with minimum degree 6. For a,b € R with b > 0, we have
EDS, 4(G) < n(n —1)(n — 8)**",
where the equality holds if and only if G = K,.
Proof. Let (di,ds,...,d,) be the degree sequence of G such that d,, = §. From (3), for any v € V(G), we have
D(v) < (n —1)ecc(v).

Hence, for b > 0, it holds that
(D))" < ((n— Vece(v))".
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Therefore, we have

EDS,;(G) < Z (ecc(v))?((n — 1)ecc(v))®

veV(G)

= (=1 Y (eee(w)?

veV(G)

<(n-1)° Z (n — deg(v))*™®, by Lemma 2.2.
veV(G)

IfG2K,,thend; =n—1foreachi=1,2,...,n. Thus,n —d; =1, ecc(v) = 1, and D(v) = n — 1. We have
EDS, ,(K,) = n(n —1)°.

For any v € V(G), the inequality § < deg(v) holds and hence n — deg(v) < n — §. Hence, we have

n

EDS,(G) < (n—1)"> " (n — deg(v))***
i=1

<(n-1)° Z(n —8)2t = n(n —1)°(n — §)*+P.
i=1
Equality holds if and only if G = K. O
Theorem 2.6. Let G be a graph of order n > 2 containing at least two vertices of degree n — 1. For a > 0, we have
EDS,1(G) <2(n— 1)+ 2 (n — 2)%,
with equality if and only if G is Ky + (n — 2)Kj.

Proof. Let ® = {v € V(G) : dg(v) = n — 1}. Then |®| > 2 and d(G) = 2. For v € &, we have eccg(v) =1 and Dg(v) =n — 1.
However, for v € V(G) \ ®, we have eccg(v) = 2 and Dg(v) = 2(n — 1) — dg(v). Hence, we have

EDS,1(G) = Y (eccg(v))*Da(v) + > (ecca(v))*Da(v)

veP veV(G)\P®

=[@[(n-1)+ > 2'Dg(v)

vEV(G)\®

=[2|(n—1)+ Y _2mmlv € V(G)\ 2°(2(n — 1) — da(v))
[

= |®[(n—1)+ (n— [@))2°(2(n - 1)) —2* Y da(v)
VeV (G\®

= [®[(n = 1)+ (n = [®])27(2(n — 1)) = 2°2|E(G)| = (n — 1)[®]]
=[®|(n — 1)(1+2%) + (n— |@[)(n — 1)2°7" — 2°(2| E(G)]). (4)
Note that degg(v) > |®| for v € V(G) \ . By the Handshaking lemma, we have
20E(G)] = (n = 1)|®| + (n — [2])|2]. (®)
Therefore, from (4) and (5), it follows that
EDS,1(G) <[®|(n = 1)(1+2%) + (n— [@[)(n — 1)2°7 — 2°[(n — 1)|@[ + (n — |@[)| D] (6)
— [®](n — 1) + (n — |])(n — 1)2*+" = 2°||(n — |@])
Equality in (5) holds if and only if degg(v) = |®| for all v € V(G) \ ®. Thus,

G K‘q>| + (n — |®]) K.
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Consequently, we have

EDSq,1(G) < [®|(n —1) + (n — |@[)(n — 1)2°7" = 2°]®|(n — |®])

[@[(n = 1) +2%(n — [®])[2(n — 1) — |®[]
<2(n—-1)4+2%n-2)2(n—1) — 2] (7
=2(n—1) + 2T (n - 2)2

Equality in (7) holds if and only if |®| = 2. Therefore, equality EDS, 1 (G) = 2(n — 1) + 2" (n — 2)? is achieved whenever G
is K2+(7’L—2)K1 O

3. Open problems

Some open problems related to the present study are listed below:
1. Find graphs with the largest and smallest EDS, ;, among trees of a given order and number of branching vertices.
2. Find bounds on EDS, ; for trees of a given order and number of segments.
3. Establish relations between EDS, ; and other general topological indices for general graphs.

We suggest studying the above three problems for either both general values of a and b, or one general value and the other
equal to 1.
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