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Abstract

Let G = G(V, E) be a simple connected graph with vertex set V' and edge set E. The elliptic Sombor index of G is defined as
ESO(G) =3, ep(d(u) +d(v))\/d?*(u) + d*(v), where d(u) denotes the degree of vertex u. In this paper, the maximal value
of the elliptic Sombor index of trees with a given diameter or matching number or number of pendent vertices is determined.
The extremal values of the elliptic Sombor index of unicyclic graphs are also found. Furthermore, those trees and unicyclic
graphs that achieve the obtained extremal values are characterized.
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1. Introduction

Let G be a simple connected graph with vertex set V(G) and edge set E(G) such that n = |V(G)| and m = |E(G)|. The
degree of a vertex v in G, denoted by dg(v) (or d(v)), is the number of its neighbors. A pendent vertex is a vertex of degree
one. If the vertices v and v are adjacent, then the edge connecting them is labeled as e = uv. The cycle and path of order n
are denoted by C,, and P,, respectively. The distance between vertices v and v in G, denoted by dg(u,v) (or d(u,v)), is the
length of a shortest path between u and v. The diameter of G is the number max,, ,cv () da(u,v).

Numerous vertex-degree-based (VDB) graph invariants — also known as “topological indices” — have been put forward
and thoroughly examined in the literature on mathematical chemistry [5-9, 13]. A general formula for such topological
indices is given as follows:

TIG) = Y F(da(u),da(v)),
weE(G)
where F'(x,y) is a function with the property F(z,y) = F(y, z). In the standard formulation of the theory of VDB topological
indices, T1(G) depends on the vertices of G, so that the single parameter associated with each vertex is its vertex degree.
An alternative interpretation of VDB indices has been offered in [6]. Based on a geometric interpretation, Gutman [6]
introduced the following index, namely the Sombor index, and established its basic properties:

SOG) = Y yJdi(u) +dZ(v).

uveE(G)

Numerous studies have so far been conducted on the Sombor index, including those on its chemical applicability [10,12],
the extremal values of the Sombor index of trees with specified parameters [2], and the extremal values of the Sombor
index of unicyclic and bicyclic graphs [3]. The existing bounds and extremal results related to the Sombor index and its
variants were collected in [11].

Recently, a novel geometric method for constructing vertex-degree-based topological indices was proposed by Gutman,
Furtula, and Oz [8]. This method is based on an ellipse whose focal points represent the degrees of a pair of adjacent
vertices. The area of the ellipse induces the following vertex-degree-based topological index of remarkable simplicity,
which was referred to as the elliptic Sombor index:

ESO(G) = Y (do(u) +da(v)y/dZ(u+ dZ(v). 1)
weE(G)

In [8], the main mathematical properties of the elliptic Sombor index, particularly its relations to some earlier known
indices, were established and its potential applications were analyzed.
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For an edge subset M C E(G), if every pair of edges in M has no common endpoint, then M is called a matching of G. A
matching M is a maximum matching if there is no other matching M’ of G such that |M| > |M’|. The number of edges in
a maximum matching of G is called the matching number of G, denoted by 5(G). A maximum matching M with |M| = 8
is also known as a S-matching. If M is a matching, the ends of every edge of M are called matched under M, and every
vertex incident with an edge of M is known as an M -saturated.

In this paper, we give the maximal value of the elliptic Sombor index of trees with given (i) number of pendent vertices,
(ii) diameter, and (iii) matching number. We also determine extremal values of the elliptic Sombor index of unicyclic graphs.
Furthermore, we characterize those trees and unicyclic graphs that achieve the obtained extremal values.

2. Preliminaries

In this section, we give some lemmas that will be used in the subsequent sections.
Lemma 2.1. Let g(x,y) = (z + y)\/22 + y? for £ > 0 and y > 0. The function g(z,y) is strictly increasing in © and in y.

Proof. Since

0 0
99 _ Jrr g Y o oana Y g YERY)
Oz N Oy /22 + 32
for z > 0 and y > 0, the lemma holds. O

Lemma 2.2. Let p(z,y) = /22 + 132 + 2@ yith ¢ > 0 and y > 0. The function p(x,y) is strictly increasing in x and in y.

Proof. Since

T 2z +y) (22 +y?) — 23 (x +y 223 + 3zy? + 9
paly) = ylornle ty) —slaty) 2 AIway
Vi +y? (2% +92)> (2% +42)>
and
y w(@® +y?) —ay(r+y) _ yP+ad
py(a:,y): 3 3 =73 o3 >0
Va2 +y? (22 +y?)2 (22 +y?)2
for z > 0 and y > 0, the lemma holds. O

Lemma 2.3. Let G be a graph and P = vyvs, .. .,v; be an induced sub-path in G, where dg(v1) > 2 and dg(v,) > 2. Let
G =G—{vgw: w € N(vg)\{vg—1}}+{viw: w € N(vg)\{vk—1}}. The process of transforming G into G' is called path-lifting
transformation, see Figure 2.1. It holds that ESO(G) < ESO(G").

G G

Figure 2.1: The path-lifting transformation.

Proof. Let ¢(z,y) = (24+2)V4 + 22+ (2+y) V4 + 2 — (2 +y+1)\/4+ (x +y —1)2—3v/5, wherexz > 2andy > 2. Ifz -1 >0
and y — 1 > 0, then by Lemma 2.2 we have

op(x,y) 5, T2+2) —5 . @ty+De+y-1) B B
. =vVid+z +7\/4+7x2 44+ (z+y—1) R a— g9(x,2) —glz+y—1,2) <0

Ay VA + 2 44+ (x+y—1)2

Hence, the function ¢(z,y) is strictly decreasing in z > 2 and in y > 2. In the following discussion, for convenience, let
dg(v1) =2 >2and dg(vg) =y > 2.
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Case 1. k > 2.
By Lemma 2.1, we have

ESO(G) — ESO(G') =2+ x)Va+ 2>+ Y (z+dg(w))y/a? + d&(w)
wEN (v1)\{v2}

+2+y)Va+y?+ Z (y + da(w))y\/y? + d& (w)
wEN (v {vk-1}
= 3 (z+y— 1+ do(w)y/(z +y — 1)? + d(w)

wEN (v1)UN (vi)\{v2,vk—1}
—(z+y+DVaA+(z+y-1)2-3V5

=Q2+2)Vi+22+2+y)vi+ i —(@+y+D)Va+ (e +y—1)2 -

+ ) ((z+dG(w)) x2+d'g(w)(x+y1+dG(w))\/(x+y1)2+d’g(w))
weN (v1)\{va2}

b (et ) - 4y 1 do()y - D ) )
weN (vi)\{vk-1}

<@2+)VaA+22+ 2+ yVaA+2—(z4+y+1D)VaA+ (z+y—1)2—-3V5 (by Lemma 2.1)

<¢(2,2) <0.

Case 2. k = 2.
Since 1 + (z +y —1)?2 — 2?2 —y?> =2(2y —x —y) + 1 > 0 for x > 2 and y > 2, by Lemma 2.1 we have

ESO(G) - ESO(G) =(z+y)Va2+y2+ Y (z+de(w))\/a? + d%(w)
weN (vi)\{v2}

+ Y (Hde)y /12 +dg(w) — (@ +y)V1+ (@ +y—1)?
weEN (va)\{v1}

- 3 (z+y — 1+ do(w)y/(z +y — 12 + d(w)
wEN (v1)UN (v2)\{v1,v2}

<(z+y) (\/x2+y2— V1t (@z+y—1)? ) <0.
In both cases, we have ESO(G) < ESO(G’). O

If G is a graph and P = vyv; is an induced sub-path in G, then the path-lifting transformation in Lemma 2.3 is also
known as the edge-lifting transformation. Any tree T with n > 4 vertices may be transformed into the star S,, (or the path
P,) by using the edge-lifting transformation (or its inverse, respectively). This observation provides the following result
established in [8].

Theorem 2.1 (see [8]). If T is a tree with n > 2 vertices, S,, is the n-vertex star, and P,, is the n-vertex path, then
ESO(P,) < ESO(T) < ESO(Sy),

where the left and right equalities hold if and only if T = P, and T = S,,, respectively.

3. Elliptic Sombor index of trees

In this section, we determine the maximal value of the elliptic Sombor index of trees with a given number of pendent ver-
tices, diameter, or matching number. Let 7" be the set of trees with n vertices and k pendent vertices. Let Spider(n, na, ..., ng)
be the starlike tree (that is, a tree having exactly one vertex of degree greater than 2) such that the length of its i-th branch

is n;, where ny > ny > --- > ny, > 1. It is obvious that Spider(ny,na,...,n;) € TF if and only if Ele n; = n — 1. The tree
Spider(ny,na,...,ny) is illustrated in Figure 3.1.

Lemma 3.1. If f(z,y) = (z+y—2+a)\/ (o +y—2)2+a® — (z+a)Va? +a? — (y + b)/y2 + b2 with z,y > 3and a > b > 1,
then the function f(x,y) is strictly increasing in x and in y.
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L

Figure 3.1: The tree Spider(ny, na,...,ng).

Proof. Sincexz +y—2>z>3and a > b > 1, by Lemma 2.2 we have

folz,y) = <\/(x+y_2)2+a2+(£B+y—2)(x+y—2+a)> _( x2+a2+x(x+a)>
p

VE+y—2)2+a2 Va2 + a?

fy(z,y) = \/(I+y_2)2+a2+(x+y2)(I+y2+a)) _< y2+b2+y(y+b)>

V(e +y—2)2+a? Vy? + b?

= p(x+y—2,a) = p(y,b) = p(z +y —2,0) — p(y,b) > 0.
Thus, the lemma holds. O

Lemma 3.2. If h(z,y) = (x + 1+ y)\/(x+1)2 +92 — (z + y)\/22 + y? with x,y > 3, then the function h(x,y) is strictly
increasing in x and in y.

Proof. Since x +1 > z > 3, by Lemma 2.2 we have

ha(z,y) = ($+1)2+y2+(x+1+y)(‘r+1)_\/W_M

CERVEENT VR

=p(x+1,y) — p(z,y) >0,

(+1+y)y (z+y)y
hy(z,y) = V(@ +1)2+y? + ——— . — a2 42 —
Jew) = V@ T o —
=p(y,xz+1) — p(y,z) > 0.
Hence, the lemma holds. O

Lemma 3.3. Let k(z,y,2) = (x+ 2)vVa? + 22 — (y+ 2)/y? + 22 with x,y > 3 and 1 < z < 2. Then, the function k(z,y, z) is
strictly increasing in z if x > y and strictly decreasing in z if x < y.

Proof. Since

(x+2)z (y+2)z
ko(z,y,2) = Vo + 22 + Nl Vy? + 2% - N = p(z,2) = p(2,9),

the lemma holds. O

Lemma 3.4. If G € T* has the maximum elliptic Sombor index, then G contains at most one vertex with the degree greater
than 2, where k > 3.

Proof. Suppose to the contrary that there are at least two vertices v and v with the degree greater than 2 in G. Let
d(u) =z and d(v) =y, where z > y > 3.

Case 1. d(u,v) = 1.

Let N(u) = {u1,u2,...,up—1,v}, N(v) = {v1,v2,...,0y—1,u}, d(u1) = a,d(vi) = band a > b > 1. In addition, we define
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G' =G —{vv, : vy € Nw)\{v1}} + {wvg : v € N(v)\{v1}}, see Figure 3.2. Then, dg/(u) = z + y — 2 and dg'(v) = 2. By
Lemma 3.1 and Lemma 3.2, we have

Escmaﬁ-—Esoawza(wawuy+dcww> 02, (u) + @2, (v) + (e (u) + e (un)) [ () + 2, ()
+Mm@+mﬂmb<%®H%é@n)—0ﬂw+ﬂw)d%0+¥w

+ (d(u) + d(ur))vd?(uw) + d?(uy) + (d(v) + d(v1))/d?(v) + d?(v1) )

:((x+y—2+2)\/(m+y—2)2+22+(x+y—2+a)\/(x+y—2)2+a2
TRV )~ (@+ V@ + 17 + @+ Ve + @+ (y+ )V P )
>(@+y—2+a) ety -2 +a? - (@ +a) Va2 +a? - (y+b)\/y? + 1 )
+(240)V22+ 12

= F@y) + 2+ 0)V22+12 > [(3,3) + 2+ 0)V22 + 12

=[@+a)VI6+a— (3+a)Vo+a| - [(3+)VI+ 1 - (2+5)V2E 2]

= h(3,a) — h(2,b) > h(2,a) — h(2,b) > 0,

a contradiction to the choice of G.

[
E——
u €1
€3 e
v
€3

G
Figure 3.2: The transformation G — G' = G — {vvy, : v, € N(v)\{v1}} + {vvg : v, € N(v)\{v1}}.

Case 2. d(u,v) > 2.

By Case 1, P = wu, ...vyv is an induced sub-path in G. Let N(u) = {uj,u2,...,up—1,uz}, N(v) = {v1,02,...,0y_1,0y},
d(uy) = a, d(vy) = b, and d(Ug) =c,thenl1<a,b,c <2 Let G’ =G — {vvy, : v € N(v)\{v1,vy}} + {uvg : vp € N(v)\{v1,vy}},
see Figure 3.3. Then, dg(u) =z +y — 2 and dgr (v) = 2.

Uy
63

€y v

G G//
Figure 3.3: The transformation G — G’ = G — {vvy : vi, € N(v)\{v1,vy}} + {wvg : vi € N(v)\{v1,vy}}.
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By Lemma 3.3, we have

ESO(G') ~ ESO(G) > ((dG“ () + de () @0 () + A (1) + (A (1) + dr () B () + (1)

+ (dgr (v) + den (vy))\/ g (v) + dg (vy) + (dar (v) + dar (vl))\/ g (v) + dg (v1)

+ (dor (w) + e (v2))\/d (u) + 0 (v2) )

- ((d(U) +d(u1) vV d*(u) + d*(ur) + (d(u) + d(uz)) v/ d*(u) + d*(us)

+ (d(v) + d(vy))y/d?(v) + d?(vy) + (d(v) + d(v1))\/d?(v) + d?(v1)

T (d(v) + d(v2)) V/P() T B (o) )

~(@+y-2+ V=274 + (@ +y 242ty - 27+ 2

+(2+2)vV22+224+(2+0) 22+b2+(x+y—2+c)\/(x+y—2)2+02)
—((:c+a) 22+ a?+ (z+2)vVa? + 22+ (y+2)Vy? + 22+ (y + b)Vy? + b2
+(y+c)\/y2+c2)

=k(x+y—2,z,a)+ k(2,y,b) + k(x +y — 2,y,¢)

tary)V/ @ty 22 +4+8V2— (z+2)Va2 +d— (y+2)Vy2 +4
>k(r+y—2,2,1) +k(2,9,2) + k(z +y —2,y,1)

Fary)V/ @ty 22 +4+8V2— (z+2)Va2 +4— (y+2)Vy2 +4
:((x+y—1) (w+y—2)2+1—(x+1)\/W)+<8\/§—(y+2)\/3m>
+(@+y- D)ty 22 +1- g+ 1)V +1)

Fa+V @ty —22+4+48V2— (z+ 2Vl +4— (y+ 2V +4
=2@x+y-Dy@E+y—-22+1+(@+yV@+y—202+4—(z+1)VvVa2+1

— @+ 2V +4 -2+ 2V +4— (y+ D2 +1+16V2.
It is easy to check that the function

2z +y—1)/ (@ +y—22+1+ (z + y)V/ (@ + y—2)2+4—(z + DV22+1— (2 + 2)Va2 +4—2(y + 2)V/y2+4— (y + 1)/y2+1
is strictly increasing in = and in y for z,y > 3. Hence, we have
ESO(G") — ESO(G) 210V17 4 12V/5 — 4V/10 — 15V/13 — 4V/10 + 16v2 > 0,
a contradiction to the choice of G. O
Lemma 3.5. Let G = Spider(ni,...,n;,...,n;j,1,...,1) € T¥ such that n; > 3and n; > 1 (1 <i < j), then
ESO(Spider(ni,...,ni,...,n;,1,...,1)) < ESO(Spider(ni,...,n; —1,...,n;,2,...,1)).

Proof. Let v € V(G) be the unique vertex with the maximum degree k. Let vu, uz and vw be three edges in G such that
dg(u) = da(z) = 2 and dg(w) = 1. Take No(v) = N(v)\{w,u} andlet G' = G —3_, _n () VVi + 20, e Ny (0) Wi S€ Figure 3.4.
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Figure 3.4: The transformation G = Spider(ni,...,n;,...,n;,1,...,1) = G’ = Spider(ni,...,n; — 1,...,n;,2,...,1).

Note that G’ = Spider(ny,...,n; —1,...,n5,2,...,1), dg'(v) = 2 and d¢ (u) = k. By Lemma 3.2, we have
ESO(G') = ESO(G) = (dg (v) + dgr (w))\/ dgy (v) + dg (w) + (der (u) + dar (v))/ d2 (u) + dg (v)
— (d(v) + d(w))v/d?*(v) + d*(w) — (d(u) + d(2))v/d*(u) + d*(2)
— e+ 2)VEE 22— (k+ 1)VE2 + 12+ 3V5 — 82
=h(1,k) 4+ 3V5 — 8V2
>5vV13 — 4v10 + 3v5 — 8V2 > 0,

as desired O

Lemma 3.6. If G = Spider(ni,na,...,nk) € TF withny > ny > -+ > ny, > 2, and G' = Spider(n},nh,...,n}) € TF with
ny =nbh>---=2n) =2 then ESO(G) = ESO(G).

Proof. Note that
ESOG) =k(k+2)Vk2+ 22+ k(14+2)V12+22+ (n—1—2k)(2+ 2)\/22 + 22

=k(k+2)Vk2 +4+3kV6 +8(n — 1 — 2k)V2 = ESO(G").
O

Theorem 3.1. If G € T has the maximum elliptic Sombor index, then G = Spider(ni,na, ...,ny), where Zle ni=n-—1
andny 2ne =2 ---2n 2 L Ifk>|n/2|then 1 <n; <2andifk < |n/2] then n; > 2.

Proof. By Lemma 3.4, there is only one vertex with degree greater than 2 in G and hence G = Spider(ni,ne,...,ng). If
k > |n/2], then by Lemma 3.5 we have 1 < n; < 2 and hence there is only one graph with the maximum elliptic Sombor
index. If k& < |n/2], then by Lemma 3.5 we have n; > 2 and hence by Lemma 3.6, the tree with the maximum elliptic
Sombor index is not unique. If n is even and k& = n/2, then by Lemma 3.5 the graph Spider(2,2,...,1,1) is the tree with
the maximum elliptic Sombor index and it satisfies 1 < n; < 2. Finally, if n is odd and k£ = (n — 1)/2, then by Lemma 3.5
the graph Spider(2,2,...,2) is the unique tree with the maximum elliptic Sombor index. O

Let C? be the set of trees with n vertices and d diameter. Let C(ty,...,ts_1) be the caterpillar illustrated in Figure 3.5.
It is obvious that C(ty,...,tq_1) € C¢ifand only ift; +to +---+t43 1 =n—d— 1.

t to ti—2  tg-1
—— —— —— ——
o 01 Uy T a2 Ug1 * V4

Figure 3.5: The caterpillar C(¢y,...,t4-1).

Lemma 3.7. Let d > 4. If G = C(ty,...,t4_1) € C? has the maximum elliptic Sombor index, then t; = 0 and t;_; = 0.

Proof. Suppose to the contrary that t; # 0. Let i, i # 1, be the least integer such that ¢; # 0 and the corresponding vertex

is Vi.
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Case 1. d(vy,v;) = 1.
In this case, we have v; = vo. For convenience, let d(v;) = y. Certainly, y > 2. Define

G =G — {v1vg, : v € N(v1)\{vo,v2}} + {vovy : vp € N(v1)\{vo,v2}},

see Figure 3.6.

td 2 fd 1 t1+to ta—2 tg—1
— /—M —— ——
Uy U1 Vg—2 Ud—1

G G’

Figure 3.6: The transformation G = C(t1,ts,...,tq—1) = G' = C(0,t2 + t1,...,tq-1)-

Note that G’ = C(0,t3 + t1,...,tq_1) € C%, dg(v1) = 2, dg/(v9) = to + 11 + 2, and the degrees of other vertices remain the
same. Thus, we have

ESO(G") — ESO(G) = ((dcl (v1) + dgr (vo))\/dé, (v1) + d2, (vo) + (de (v2) + dG/(m))\/d%;, (v2) + dZ, (v1)

+ (dgl (’02) + dG/(’Ug))\/d%, (’02) + d%/(’t}g) + (tg + tl)(dg/(vg) + 1) d2G, (”Ug) + 12 )

- ((d(vl) +d(vo)) v d?(v1) + d?(vo) + (d(v2) + d(v1)) v/ d?(v2) + d*(v1)

+ (d(’UQ) + d(U3))\/ d2(vg) + d2(1)3) + tl(d(vl) + 1) d2(’U1) + 12

+ ta(d(vg) + 1)\/d?(vs) + 12 )

:<3\/5—|—(t2+t1+4)\/(t2+t1+2)2+4+(t2+t1+2+y)\/(t2+t1+2)2+y2

F(tatt)(ta+t+3)/ o+t +2)2+1 ) - ((t1 +3)/(t + 22 + 1

+(t b+ 4Vt +2)2+ (L2 +2)2+ (2 + 2+ y)V/(t2 + 2)2 + ¢
bty + 3V + 22+ 1+ tats +3)V/(t2 + 2)2 + 1 )

>3Vh 4t/ (ta +t1 +2)2 + 92 + 2t1ta/(ta + 11 +2)2+1 — (t1 +3)/(t1 +2)2 + 1

>3V5 + 2t1t0y/(ta + 11 +2)2 + 1 — 3/ (t; +2)2 + 1.

It is easy to check that the function 2t¢¢, \/(tg +t +2)2+1— 3\/(t1 +2)2 + 1 is strictly increasing for ¢;,¢; > 1in ¢; and
in t. Hence, we have ESO(G’) — ESO(G) > 3v/5 + 2/17 — 3\/10 > 0, a contradiction to the choice of G.

Case 2. d(vi,v;) > 2.
In the present case, we have d(v;) = 2 with 2 < j < i — 1. For convenience, let d(v;+1) = y. Evidently, y > 2. Now, we take
G' =G — {v1v : v € N(v1)\{vo,v2}} + {vivg : vk € N(v1)\{vo,v2}}, see Figure 3.7.

L+1 ti+t;  tit1 ta—1
—— ——
Vo U1 02 Uz 1 Vi Vi+1 Vp V1 V2 Vi—1 U Vi+1 Vd—1 Ud
G G’

Figure 3.7: The transformation G = C(¢1,0,...,0,t;,...,tq—1) = G ' =C(0,...,0,t; +t1,...,t4-1).
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Note that G’ = C(0,...,0,t; +t1,...,tq_1) € C, dg/(v1) = 2, do' (v;) = t; + t1 + 2, and degrees of other vertices remain the
same. Hence, we have

ESO(G') — ESO(G) = ((dG/ (v1) + dor (v0))y/ 02 (v1) + 42, (v0) + (de (v2) + der (01)) 1/ (v2) + @2, (1)

+ (dor (1) + dar (vi-1)) B (03) + B (0im1) + (der (v3) + deor (vig1)) B (v0) + A (vi)

(s + 00 (dor (vr) + Dy (07) + 12 ) - ((dm) + d(vo)) v/ (or) + (o)

+ (d(va) + d(v1))v/d?(v2) + d2(v1) + (d(vi) + d(vi1))v/d?(v;) + d?(vi1)

+ (d(vi) + d(vis1) VP (v;) + P (vig1) + t1(d(01) + 1)/ (v1) + 12

+ ti(d(v;) + 1)/ d?(v;) + 12 )

:(3\/5+8\/§+(ti+t1+4)\/(ti+t1+2>2+4+(ti+t1+2+y)\/(ti+t1+2)2+y2

ittt 3+ 22+ 1 ) . ((tl +3)V/(t +2)2+ 1
+t+ )Vt +22+4+ G+ DV +2)2 4+ G+ 2+ y)V (i +2) + P
+t1(t1+3)\/(t1+2)2+1+ti(ti+3)\/(ti+2)2+1)

>3V5+8V2 +t1/(ti + 11+ 2)2 +y2 + 25t/ (i + 1 +2)2+ 1 —2¢/(t +2)2 + 4

(ti +2)2+4— (1 +3)V/(t1 +2)2 + 1

>3VE 4+ 8V2+ 2t/ (ti + 11 +2)2 + 1 —2/(t1 +2)2 +4—2/(t; +2)2+4 -3/ (t1 +2)2 + 1.

It is easy to check that the function 2¢;t1/(t; +t1 +2)2 + 1 —2¢/(t1 + 2)2 + 4 — 21/(t; + 2)2 + 4 — 3y/(t1 + 2)? + 1 is strictly
increasing for ¢1,¢; > 1 and hence we have

ESO(G') — ESO(G) >3v5 + 8V2 +2V17 — 2v/13 — 2V/13 — 3V/10 > 0,
a contradiction to the choice of G. O

Lemma 3.8. Let d > 4. If G = C(ta,...,t4_2) € C has the maximum elliptic Sombor index, then there is only one t; # 0.

Proof. Suppose to the contrary that there are ¢;,¢; # 0. Let ¢, i > 2, be the least integer such that ¢; # 0 and suppose that
the corresponding vertex is v;. Then, we have d(v;_1) = 2. Similarly, take j, i + 1 < j < d — 2, such that ¢; # 0 and suppose
that the corresponding vertex is v;.

Case 1. d(v;,v;) = 1.
Here, we have v; = v; 4. For convenience, let d(v;42) = y > 2, and define

G' =G — {vivg 1 v € N(0)\{vi—1,vip1}} + {vig1vk : e € N(vi)\{vi—1,vi1}}
see Figure 3.8.

ittt liy2 td—1

Vo V1 “Ui—l Uj Vit+1 Vig2 Vdg—1 Vd Vo V1 Vi—1 U Vit+1 Viy2 Vd—1 Vg
G G’
Figure 3.8: The transformation G = C(0,...,0,t;,ti41,...,t4-1) = G' = C(0,...,0,t;41 + iy ..., ta—1).
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Note that G’ = C(O, e 00t 2, atd—l) e c?

ni

dgr(vi) =2, dgr(vit1) = tiy1 +t; +2, and degrees of other vertices remain
the same. Thus, we have

ESO(G') - ESO(G) = ((dc/m) g (1) @2 () + @2 (0i1) + (der (03) + dar (vig1)) B (03) + 2 (Vi)

+ (der (vi1) + dor (vi2))\ By (vi1) + B (vi42)

(t 4 i) (e (visn) + Dy (vrg) + 12 ) - ((dm) T (o)) E () T (o)

+ (d(vi) + d(vie1))Vd? (v5) + d?(vig1) + (d(Vis1) + d(vig2) VAP (Vig1) + d?(vira)

+ ti(d(vi) + 1)/ d?(vs) + 12 + ti11(d(vigr) + 1)/ d?(vig1) + 12 )

= (8\/§+ (ti +tivs + 4V (tigr +ti +2)2+ 4+ (tigr +ti 2+ 9)V/ (tigr + 1t +2)2 + 42

4 (tig1 +ti)(tigr + i +3)V/ (tig1 +t: +2)2 + 1 ) - ((ti +4)v/ (i +2)2+4

+ (ti+1 +t; + 4) \/(ti+1 + 2)2 + (ti + 2)2 + (ti+1 + 2+ y) (ti+1 + 2)2 + y2

+ti(ti +3)V (i +2)2+ 1+t (b1 +3)V (ti1 +2)2 + 1 )

>8V24ti/(tiv1 +ti +2)2 4+ y2 + 2t 1t/ (tig1 +ti +2)2 + 1 — (L +4)\/(t; +2)2 + 4

>8V2 4 2tiati/(tigs + 1 +2)2+1— 4/t +2)2 + 4.

It is easy to check that the function 2t; 1t;\/(tix1 +t;i +2)2 + 1 — 4,/(t; + 2)2 + 4 is strictly increasing for ;;1,¢; > 1 and
hence we have ESO(G’) — ESO(G) > 8V/4 + 2/17 — 4y/13 > 0, a contradiction of the choice of G.

Case 2. d(vy,v;) > 2.
In this case, we have d(v;) = 2 with i + 1 < k < j — 1. For convenience, let d(v;41) = y. Define

G' =G — {vivg : vk € N(v)\{vic1,vit1}} + {vjvr v € N(vi)\{vi—1,vit1}},

see Figure 3.9.

t; j
—
\/ V51 V51

Vo V1 Vi—1 Vi Viy1 Uy Vj+1 Vq Vo U1. @'—1 Ui Uz‘+i
G G’
Figure 3.9: The transformation G = C(0,...,0,¢,0,...,0,t;,...,t4—1) > G =C(0,...,0,t; + t;, ..., t4_1).

Note that G’ = C(0,...,0,t; +t;,...,ta—1) € C, de/(v;) = 2, dar(v;) = t; +t; + 2, and degrees of other vertices remain
the same. Thus, we have

ESO(G') — ESO(G) = ((dG/ (03) + der (vim)) B (00) + @ (vim1) + (deor(v3) + de (vi41))\ 0 (03) + B (vi21)

+ (dor (v)) + dor (Uj—l))\/d?;/ (v) + d& (vj-1) + (dor (v;) + dG/(le))\/d%;, (v5) + dg (v41)

T (b + £5)(dor (v5) + Dy (07) + 12 ) - ((dw T d(ve) VB T o)

+(d(vi) + d(vig1))V @ (03) + B (vis1) + (dlvy) + d(vj,l))\/d%vj) +d?(v51)

+(d(w3) + d(vg )\ A2 (05) + d2(0541) + (d(03) + 1)/ vg) + 12

+t;(d(vy) + 1)/ d?(v;) + 12 )
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Consequently, we have

ESO(G') — ESO(G) = (8\/§+8\/§+ (bt + 406+ 1+ 22+ 4+ (4 +249)y /(i H 1 +2)2 4+

+(ti+tj><ti+tj+3>\/(ti+tj+2)2+1)_((ti+4) (ti +2)2+4
+ i+ DV +2)2+4+ (1t +4) /(G +2)2+4+ (5 +24+y)y/(t +2)% + 32

it +3)V/ (L + 2)2 + 1+ t5(t; +3)y/ (¢ +2)2 + 1 >

>16xf2+ti\/(ti+tj +2)2 4y +2titj\/(ti+tj +2)24+1—(t; +8)/(t; +2)2+4

216\/§+2t¢tj\/(ti +t;4+2)24+1-8/(t; +2)2 + 4

Note that the function 2¢;t; \/ (ti+t;+2)2+1— 8\/ (t; +2)2 + 4 is strictly increasing for ¢;,¢; > 1 and hence

ESO(G') — ESO(G) >16V2 + 2V/17 — 813 > 0,

which is a contradiction of the choice of G. O
Consider the set C¢. If d = 2 then the tree with the maximum elliptic Sombor index is S,, and if d = 3 then by Theorem
3.1, the tree with the maximum elliptic Sombor index is Spider(2,1,...,1). In the following, we consider d > 4.

Theorem 3.2. Let d > 4. If G € C? has the maximum elliptic Sombor index then G = C(0,..0,t;,0,...,0), t; =n —d — 1,
2<i<d—2, and

ESOG)=n—d—1)(n—d+2)y/(n—d+1)2+1+2n—d+3)\/(n—d+1)2 +4+8(d—4)vV2+6V5.

Proof. Let G € C¢ be the graph with the maximum elliptic Sombor index. By Lemma 2.3 (the edge-lifting transformation),
we have G € C(t1,t2,...,tq). By Lemma 3.7 and Lemma 3.8, we have G = C(0,..0,¢;,0,...,0), where t; = n — d — 1 and
2<i<d—2. O

Let T,, s be the set of trees with order n and matching number 3. Let 7} be the tree obtained from the star S,,_s.1 by
subdividing its 3 — 1 pendent edges. It is obvious that 7% € T7 and it has a perfect matching for n = 23. The trees T)? and
TQB 5 are illustrated in Figure 3.10. Firstly we give some useful lemmas which will be used in next.

e S

B8
7} Ty
Figure 3.10: The trees 7 and TQBB with order n and matching number 3; in the second tree, n = 2.

In the following, we discuss extremal values of the elliptic Sombor index of trees with a given matching number.

Lemma 3.9 (see [1,4]). (). If T € To5 3 and 5 > 2, then T contains a pendent vertex whose unique neighbor has degree 2.
(). If T € T,, g and n > 20, then there is a -matching M and a pendent vertex v such that M does not saturate v.

Lemma 3.10. Let T € X, s be a tree with the maximum elliptic Sombor index and M be a 5-matching of T.
(). If e = uwv € M, then e is a pendent edge of T.

(ii). If v is not a pendent vertex of T, then v is M-saturated.

(iii). The tree T contains at most one vertex of degree greater than 2.

Proof. (i). Suppose to the contrary that e = uvv € M but it is not a pendent edge of T'. Let
T'=T — {uw : w € Nr(u)\{v}} + {vw : w € Np(u)\{v}}.

It is clear that T’ € T,, 5. By Lemma 2.3, we have ESO(T") > ESO(T), a contradiction to the choice of T'.
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(ii). If T = S, then the result follows immediately. If T % S,, and if the vertex v is not a pendent vertex in 7, then
there is a vertex v € Np(v) such that u is not a pendent vertex. Since v is not M-saturated, we have uv ¢ M. Let
T" =T —{uw: w e Np(u)\{v}}+{vw: w € Nr(u)\{v}}. Note that T € T,, 5. By Lemma 2.3, we have ESO(T"") > ESO(T),
a contradiction to the choice of T'.

(iii). Suppose to the contrary that there are at least two vertices of degree greater than 2 in 7. By (i) and (ii), there must
be an edge uv such that each of the two vertices u, v, has a degree greater than 2 and is adjacent to a pendent vertex in T'
(see Figure 3.11).

T T///

Figure 3.11: The transformation used in part (iii) of Lemma 3.10.

Let Np(u) = {u1,u2,...,up—1,v}(x > 3), Np(v) = {v1,v2,...,0y—1,u}(y > 3) and dy(u1) = dr(v1) = 1. Let
T" =T —{vv; |i=2,...,y =1} +{uv; | i=2,...,y — 1},

see Figure 3.11. Note that 7"’ € ¥, 3. Also, we have dr(u) = z, dr(v) =y, drv(u) = z +y — 2, dpwv (v) = 2, and degrees of
other vertices are not changed.

Let ¥(7,y) = (1+2)VI+a2+ (1 +y)/1+9y2 - (z+y— 1)/ (r+y—2)2+1-3V5for x,y > 3. Since x +y — 2 > z, by

Lemma 2.2 we have

Ip(x,y) _ r(l+z) —s @+ty-—D@+y—2)
9 _\/1+$2+m 1+ (x+y—2)? I r—

Zp(x,l)—p($+y—2,l)<0

and

I(z,y) :m+y(l+y) 1+(x+y_1)2_(I+y*1)(fv+y*2) <o

Oy m_ L+ (z+y—2)?
Hence, the function ¢(z, y) is strictly decreasing in = and in y. Since (z +y —2)? + 4 — (22 — y?) =22y — 4(x +y) + 8 > 0,
we have
ESO(T) — ESO(T") < (x + Va2 + > + 1+ 2)V1+ 22+ 1+ y)vV/1+ 92 - 3V6
—@+y-1)V(@r+y—=2>2+1—-(z+y)/(@+y—2)?2+4
<Y(z,y) <¥(3,3) <0,
a contradiction to the choice of 7. O

Theorem 3.3. If T' € Ty 3, then
6v/5+8(28 — 3)v2 < BSO(T) < (B+1)V1+ 52+ (8- 1)((B+2)VA+ 52 +3V5 ),

where the left equality holds if and only if T = Py, while the right equality holds if and only if T = TQﬁB (see Figure 3.10).

Proof. Since P2p € Tap 3, by Theorem 2.1 we have ESO(T) > 6+/5 + 8(28 — 3)v/2 with equality if and only if T = Ps. If
T € Ty 5 has the maximum elliptic Sombor index, then by Lemma 3.10 we have

ESO(T) < (8+1)V1+ 82+ (8- 1)((8+2)VA+ 82 +3V5)

with equality if and only if 7' = Tfﬂ. O
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By using Lemma 3.10, we also obtain the following result directly.

Theorem 3.4. Let T € T, 5(n > 25), then
ESO(T) < (n =28+ 1)(n— B+ )V/I+(n— B2+ (8- 1)((n—B+2)VA+ (n—H)? +3V5)

with equality if and only if T = T? (see Figure 3.10).

4. Elliptic Sombor index of unicyclic graphs

In this section, we determine the extremal values of the elliptic Sombor index of unicyclic graphs with order n. Let U,, be
the set of unicyclic graphs with n vertices. Let U, (t1,1o,...,tx) € U, be a unicyclic graph with circuit Cy, = vivy---viv1
such that every component of G — E(C},) is a star and the component containing v; has ¢; + 1 vertices, where : =1,2,--- | k
andty +to+ -+t =n—k.

Lemma 4.1. Let G = U, (p,¢,7) withp>qg>r>1landp+q+r=n—3. Let u,v,w € V(G) with N(u) = {v,w,u1,...,up},
N@) ={u,w,v1,...,94}, and N(w) = {v,u,w1,...,w}. If G’ = G —{ww; : w; € N(w)\{u,v}} + {vw; : w; € N(w)\{u,v}},
see Figure 4.1, then ESO(G') > ESO(G).

Figure 4.1: The transformation used in Lemma 4.1.
Proof. Note that dg: (u) = p+r + 2, de (w) = 2, and degrees of other vertices remain the same. Hence, we have
ESO(G') — ESO(G) = ((dc/ (u) + dar (w)y/ d (u) + dg (w) + (dr (w) + der (v)y/ A2 (w) + dg, (v)
+ (der (u) + dar (v)/ dgy (u) + dgy (V) + (p + 1) (der (w) + 1)y / g (u) + 12
+alder () + 1/ )+ 12 ) = ((dlw) + d(w) V) + )
+ (d(w) + d(v)) v/ d?(w) + d*(v) + (d(u) + d(v))/d?*(u) + d*(v)
+ p(d(u) + 1)\/d2(u) + 12 + r(d(w) + 1)\/d2(w) + 12 + q(d(v) + 1)y/d?(v) + 12 )

=((p+r—|—4) (p+r+2)2+4+(g+4)v(g+2)* +4

+(p+qg+r+DVp+r+22+@+22+@+r)p+r+3)V/p+r+2)2+1

+q(g+3)vV(g+2)2+1 ) - ((p+7‘+4)\/(p+2)2+(7’+2)2

+(q+7+DV(@+22+ (T +224+(p+q+DV(p+2)2+ (¢+2)2
+p(p+3) (p+2)2+1+r(r+3)\/(r+2)2+1+q(q+3)\/(q+2)2+1)

e/l +r+2°2+ (@ +22+ 2o/ (p+r+22+1

+ (@ +DV(q+2)2+4—(g+r+D)V(g+2)2+ (r+2)2

>2pr/(p+ 7+ 22+ 1+ (¢ + V(@ + 27 +4— (g + V(g + 2 + (r +2)
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Note that the function 2pr/(p + 7+ 2)2 + 1+ (g+4)\/(g+ 2)2 + 4— (¢+4)\/(¢ + 2)2 + (r + 2)? is strictly increasing inr > 0
and hence it attains the minimum at r = 0. Therefore,

ESO(G") = ESO(G) >(¢+ 4/ (q+2)* +4— (¢ +4)V(¢+2)? +4 =0,
as desired. 0

Lemma 4.2. Let G = U,(p,q,0) withp > ¢ > land p+q = n— 3. Let u,v,w € V(G) with N(u) = {v,w,u1,...,Up},
N@) = {u,w,v1,...,04}, and N(w) = {v,u}. If G’ = G — {vv; : v; € N(w)\{w,w}} + {uv; : v; € N(v)\{u,w}}, see Figure 4.2,
then ESO(G’) > ESO(G).

G G’

Figure 4.2: The transformation used in Lemma 4.2.

Proof. We note that dg/ (u) = p+ g + 2, dev (v) = 2, and degrees of other vertices remain the same. Hence, we have

ESO(G')ESO(G)—((dG/deG/(v» @2, (w) + @2, (v) + (de (u) + der ()2 () + &, (w)

e (0) + dor )y B (0) 4 0y (0) + 1+ ) ) + a8 () +12 )

— () + () /() + () + (d(w) + d(w)) VB w) T E(w)

+ (d(v) + d(w)) VP (©) + P (w) + pld(u) + DV () + 12 +q(d(v) + 1) VP 0) + 12 )
= (20 +a+ DV Ha+ 27 T4+8V2+ (p+a)(p+a+3) (p+q+2)2+1)
(0t g+ VT DT @ D2+ VD7 T A (a4 (g T 2P T

p+3)V o+ 27+ 1+ala+3)v(g+27+1)
>20v/(p+ 4+ 22+ 1+8V2—2/(p+22+4—-2/(q+2)% +4

Note that the function 2pg\/(p + ¢ +2)2 +1 —2/(p +2)2 + 4 — 2,/(q + 2)2 + 4 is strictly increasing for ¢ > 1 and attains
its minimum at ¢ = 1. Hence,

ESO(G') — ESO(G) = 2p\/(p +3)2 + 1 +8V2 — 2¢/(p +2)2 + 4 — 2V/13.

The function Qp\/ (p+3)2+1-— 2\/ (p + 2)? + 4 is strictly increasing for p > 1 and attains its minimum at p = 1. Therefore,

ESO(G") — ESO(G) > 217+ 8V2 — 2V/13 = 213 > 0,

as desired. O

Theorem 4.1. If G € U,, is a unicyclic graph with the maximum elliptic Sombor index, then G = U, (n — 3,0,0) and

ESO(G)=2(n—1)y/(n—1)2+4+n(n—3)/(n—1)2+1+8V2.

Proof. By Lemma 2.3 (edge-lifting transformation), G is of the form U,,(p, ¢,7), withp > ¢ >r > 0andp+q¢q+r =n—3. By
Lemma4.1 and Lemma 4.2, ESO(U,,(p,q,7)) < ESO(U,(p+r,q,0)) and ESO(U,(p,q,0)) < ESO( (p+q,0,0)), respectively.
Therefore, G = U,(n — 3,0,0). O
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b b

G G

Figure 4.3: The cycle-expanding transformation used in Lemma 4.3.

Lemma 4.3. Let G € U, be a graph and C}, be its unique cycle. Let v € V(C}) be a vertex of degree 3 in G such that
N(w) = {a,b,v1}, where a,b € V(Cy). If P, = vvjva... vy, t > 1, is an induced sub-path in G and if G' = G — vb + v1b (see
Figure 4.3), then ESO(G’") < ESO(G).

Proof. For convenience, let d(a) = a and d(b) = b. Certainly, a,b > 2.

Casel.t=1.
Note that d(v1) =1, dg/(v) = 2, and dg (v1) = 2. Hence, we have

ESO(G) — BSO(G') = ((d(v) + d(@)) /@ (v) + &(a) + (d(v) + d(w))v/P(0) + & (01) + (d(v) + () VP (0) + (D) )
- ((dcf(v) +dar(a)\) gy (v) + dg (@) + (der (v) + dgr (v1))/ s (v) + dg (v1)

+ (dar(v1) + de (b))\/ 2, (v1) + dZ, (D) >

= ((a+3)M+4\@+(b+3)\/b2+9)— ((a+2)\/a2+4+8\f2+(b+2)\/M)
>(a+3)Va2+9— (a+2)vVa2+4+4/10 — 8v2 > 0.

Case 2.t > 3.
In this case, we have d(v,) = d(v2) = 2, dg:(v) = 2, and dg (v1) = 3. Hence,

ESO(G) — ESO(G") = ((d(v) +d(a))\/d?(v) + d?(a) + (d(v) + d(v1))\/ d?(v) + d?(v1)

o+ (d(02) + d(02)) VP (or) + P (ea) )

- ((dG' (v) + dar (a))/ dg (v) + dgy (a) + (dor (v) + dar (1)) dE (v) + dE (v1)

e (00) + der (02 (00) + 8 (02) )
=(a+3)Va2+9— (a+2)Va2+4+8V2—-5/13
> 5V13 — 8vV2+48V2 - 5V13 = 0.

Case 3. t = 2.
Note that d(vi) = 2, d(v2) = 1, dg/(v) = 2, and dg/(v1) = 3. Hence, we have

ESO(G) — ESO(G") :<(d(v) +d(a))\/d?(v) + d?(a) + (d(v) + d(v1))/d?(v) + d?(v1)
o+ (d(2) + d(02)) VP (or) + P lea) )

— (e (0) + dar(@)) 22, (0) + @2 () + (A (0) + g () 2, (0) + 2, (00)

+ (o (vn) + o (1)) 2 (1) + @2, (v2) ).
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Consequently, we have

ESO(G) ~ ESO(G') = ((a+3)Va? + 9+ 5V13+3v5 ) = ((a+2)v/a? + 44 5V13 + 4V10
>(a+3)Va2+9— (a+2)vVa2+4+3V5—4V/10 > 0.

In all three cases, we obtained the desired inequality. O
Theorem 4.2. If G € U, is a unicyclic graph with the minimum elliptic Sombor index, then G = C,, and ESO(G) = 8n/2.

Proof. By Lemma 2.3 (path-lifting inverse transformation) and Lemma 4.3 (cycle-expanding transformation), C,, is the
graph with the minimum elliptic Sombor index in U,. O
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