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Abstract

The first and second general Zagreb indices, M{* and My, are the sum of the terms §(u)*+d(v)* and 6 (u)*-§(v)?*, respectively,
over all pairs of adjacent vertices u, v of a graph, where §(z) is the degree of the vertex z, and « is a real number. For a =1,
M7 and MS' are equal to the ordinary first and second Zagreb indices. For some other values of o, M{* and M3 reduce to a
variety of other, earlier considered, topological indices. In this paper, we establish expressions for M{* and M3 for several
types of composite graphs, and give examples pointing at possible applications of these expressions.
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1. Introduction

Throughout this paper, we consider simple finite connected graphs. The vertex and edge sets of a graph G are denoted
by V(G) and E(G), respectively. The degree of the vertex u € V(G) is the number of edges incident with this vertex and
is denoted by d;(u). In the mathematical and chemical literature, numerous graph invariants defined in terms of vertex
degrees are being studied [8,22]. Of these, the oldest and most thoroughly investigated are the first and second Zagreb
indices [5, 6,9, 19], defined as
M(G)= > daw)?= Y [da(u)+dc)]

vEV(G) weE(G)
and

My(G)= > da(u)da(v),

weE(G)

and the Randi¢ connectivity index [16,21], defined as

1
RE= 2 Twiem
All these three indices were invented in the 1970s [11, 12, 20].
In the present work, we are concerned with the generalized version of the first Zagreb index, defined by Li and Zheng [17]
as
MG = > da()*™ = > [dau)+dc(v)?] 1)
vEV(G) wEE(G)

and with the generalized second Zagreb index,

Mg(G) = > [ba(u)da(v)], @)

wveE(G)

first considered by Bollobas and Erdés [4]. In formulas (1) and (2), « is a pertinently chosen real number.

Evidently, for o = 1, the first and second general Zagreb indices reduce, respectively, to the ordinary first and second
Zagreb indices. In addition, for o = 2, a = 3, and o = 4, M{¥(G) coincides with the forgotten topological index [7], the
Y-index [2, 3], and the S-index [18], respectively, that all have been separately investigated in the earlier literature. The
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so-called zeroth-order Randi¢ index is equal to M (G) for « = —3/2[15]. Therefore, M (G) is sometimes referred to as the
“general zeroth-order Randi¢ index” [10, 15].

The Randié connectivity index is the special case of M$(G) for o = —1/2, whereas M$(G) for o = 2 is the second hyper
Zagreb index [14].

In the subsequent sections, we obtain relations for M{(G) and M$(G) of several types of composite graphs. For partic-
ular values of the parameter o, these relations are then applicable, as special cases, to all above-mentioned degree-based
topological indices.

In the next section, we start by considering a simple composite graph. Before that, we introduce an auxiliary vertex-
dependent quantity.

Definition 1.1. Let G be a graph and let “a” be a vertex of G. If vi,va, ..., vy, are the vertices of G that are adjacent to “a”
(see Figure 1), we set

k
Ag(a)a = ng(vi)a.

Figure 1: The vertices of the graph G, adjacent to the vertex “a”.

2. Gluing of two graphs at a vertex

Let H, and H be two graphs. If a; and a, are vertices of H,; and H,, respectively, define a new graph G by gluing H; and
H, at a vertex “a” that corresponds to a; in H; and as in H,. To simplify our discussion, we keep the same notation “a” for
both a; and a; (see Figure 2), and we set 0 = dy, (a) and 7 = dp, (a).

=
H, H, G

Figure 2: Gluing of two graphs at a vertex.

Proposition 2.1. Let H, and H> be two graphs, and let G be the graph obtained by gluing H, and H, at a vertex “a” that
corresponds to a1 in Hy and as in Hy. Then

MO(G) = MO(Hy) + MO (Hy) + (o + 1)t — gotl = potl
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Proof. We have

M(G) = Yoo @+ YD 0T W)+ (Gm(a) + (@)

veV (H1)\{a} veV (Hz)\{a}
= M (Hi) = 65 (a) + M (Hz) — 655 (a) + (6m, (@) + Om, (a)) !

= Mf(Hl) —|—M1Q(H2) + (0- +7.)a+1 _ gt _ patl

Proposition 2.2. Let the notation be same as in Proposition 2.1. Then
M3 (G) = M3 (Hy) + My (Hz) + (A%, (a) + A%y, (a)) (0 + 7)% — ARy (a)o® — Af, (a)7".

Proof. Let {uj,us,...,u.} be the set of vertices of H; that are adjacent to ¢ in H; and let {vi,vs,...,vs} be the set of
vertices of H, that are adjacent to a in H,. We have

M3 (G) = Yo @+ Y 65, (u) 5, (v)
weEE(H1\{a}) wEE(Hs\{a})
+ (Z 5H1 uz + ZaHz Vi ) 5H1 ) + 5H2 (a))a
= MQ Hl <Z§Hl ul ) )+M2 HQ <Z§H2 vl ) 5H2 )
+ (Z 5H1 ul + ZéHz UZ ) 6H1 ) + 6H2(a))a

= M3 (Hy)+ M3 (Hz) + (A%, (a) + Afy, (@) (0 +7)% — ARy, (a)o® — Ay, (a) 77

O

“ »

Corollary 2.1. Let H be a graph and C,, be a cycle, and let G be the graph obtained by gluing H and C,, at a vertex
that corresponds to ay in H and ay in C,, (see Figure 3). Then

(1)  MMG) = MXH)+ (m—1)2°T" + (o +2)H — oot
(2)  M5(G) = Mg (H)+ (m—2)4" + (Af(a) +2°7) (0 + 2)* — A (a)o”.
2 .
m >3
o =dyla)
vmil T=2

Figure 3: A graph by gluing a graph H and a cycle C,,.

Corollary 2.2. (a) Let C,, and C,, be two cycles, and let G be the graph obtained by gluing C,, and C,, at a vertex “a” (see
Figure 4). Then
MMG) = (n+m—2)2°Tt +4°TY and M (G) = (n+m —4)4~ +4 -8
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Figure 4: A graph obtained by gluing two cycles.

(b) Let C,,,i = 1,2,3,...,p, be cycles, and let G be the graph resulting by gluing them at a common vertex v. Set
n=>y"_n; Then
MX(G) = (n—p+p*T)2°Tt and M (G) = (n—2p+ 2p>T1)4 .
If we take ny,ng, ..., n, = min Corollary 2.2(b), then the general Zagreb indices of the Dutch windmill graph D?, [1,13]
are given by:
M (DP) =p(m —1+p*)2°tt and M$(DE,) = p(m — 2+ 2p*)4*.

Corollary 2.3. If G, is the chain graph obtained by gluing n > 2 copies of a regular graph H (see Figure 5), then

(1) M&(Gn) = nME(H) +2(n — 1)(2° = D)o and (2) M (Gn) = nMS(H) + 2(n — 1)(2* — 1) A% (a)0® .

ai as Qn-1

a; =a2 = ...=a

o = du(a) foreachi

Q4

Figure 5: The chain graph G,, obtained by gluing n > 2 copies of a regular graph H.

Proof. (1) If n = 2, then

MM Gy) = 2M{P(H)+ (20)*T — oot — gttt
= 2M{(H) — (207 — 2)gt!
= 2MY(H) —2(2* —1)o“t.
Suppose that M (G,,—1) = (n — 1)M{(H) 4 2(n — 2)(2% — 1)0**! and let us prove it for n.
M (Gn) = M{(Gp-1)+ MY (H)+ (20)*T — 202!
= (n—1)MXH)+2(n—2)2% — 1)o* + MM(H) + (2> - 2)g>*!
= nMXH)+2(n—-1)(2% - 1)e*tL.

(2) If n = 2, then

MS(Gs) = 2MS(H) +24%(a)(20)* — 249 (a)o®
= 2ME(H)+2(2* — 1) A% (a)0®.

Suppose that

M3 (Ghoa) = (n = M3 (H) +2(n — 2)(2% — 1) Af; (a)o®
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and let us prove it for n.

M35 (Gn) = M3 (Gn1)+ My (H) + 2A%(a)(20)" — 243 (a)o”
= (n—1)MS$(H)+2(n—-2)2%-1)AY(a)o® + MS(H) +2(2* —1)AY (a)o®
= nM$(H)+2(n—-1)2%-1)A%(a)o“.

If H is a cycle in Corollary 2.3, then
M (Gy) = (nm —2n +2)2°T 4 (n — 1)4*™ and  M$(G,) = (nm — 4n + 4)4% + 4(n — 1)8°.
3. Joining of two graphs by a path
Definition 3.1. Let G be a graph and let “a” be a vertex of G. Then for convenience, we set
Ag(a) = (0c(a) +1)* — 65 (a).

Let Hy and H, be two graphs. Let a and b be vertices of H, and Hs, respectively. Define a new graph G by joining H, and
Hs by via a path with the starting vertex “a” of H, and the ending vertex “b” of Hs, (see Figure 6).

H, ) G

Figure 6: Joining two graphs by a path.

Proposition 3.1. Let H, and H, be two graphs, and let G be the graph obtained by joining H, and H> by a path with a
starting vertex a and an ending vertex b (see Figure 6). Then

M (G) = M{*(Hy) + M{*(Hz) + A?‘gl(a) + A‘I’gl(b) + (dg(a,b) —1)2°Ft.

Proof. Let m = d(a,b) > 1. Then there is a path (a,v1,v2,...,v,, = b) from a to bin G. Set 0 = dy, (a) and 7 = dp, (b),
(see Figure 7). Let H{ be the graph that results by gluing H; to the path (a, vy, vs,...,v,,) into a, (see Figure 8). In view of
Proposition 2.1, we have

MY(H}) = MY (Hy) + (m —1)20T 4107 g0t 4 (g 4 7)ot — gt qoft
Notice that G is the graph that results by gluing H{ and H, into b = v,,,. Once again, by Proposition 2.1, we get
MY (G) = M{(H{) + M{*(Hs) 4 (7 + 1)*Ft — pott — ot
Thus,

M{X(G) M{X(Hl) 4 (m _ 1)2(x+1 + 1(x+1 + (0, 4 1)a+1 _ O,oc—i—l + M{X(HQ) 4 (7_ 4 1)(x+1 _ T(x—f—l _ 1a+1

M{(Hy) + M{(Hy) + Ay (a) + AG (D) 4+ (m — 1)20F



A. Ayache, I. Gutman, A. Alameri, and A. Ghallab / Electron. J. Math. 6 (2023) 66-81 71

Figure 7: A graph used in Proposition 3.1.

U1 V2 Um

Figure 8: Gluing of a graph and a path by one vertex.

Proposition 3.2. Let H, and Hs be two graphs, and let G be a graph obtained by joining H, and Hy by a path with a
starting vertex a and an ending vertex b (see Figure 6). Set 0 = dy, (a) and 7 = dg, (D).

(1) If dg(a,b) = 1, then
ME(G) = Mg (Hy) + Mg (Hz) + A%y (@) A%, () + A%y, (A%, () + (0 + 1) (1 +1)°.
(2) Ifdg(a,b) > 1, then

M3 (G) = M3 (Hy) + M3 (Hz) + A%, (a) A, (a) + Afy, (D) A%, (0) +2%[(0 + 1)* + (7 + 1)%] + (dg(a,b) — 2)4™.

H',

[P

Figure 9: Gluing of a graph H and an edge at the vertex “a”.

Proof. (1) Suppose that dg(a,b) = 1 (see Figure 9). Let H] be the graph obtained by gluing the graph H; and the edge av;
at the vertex “a”. By Proposition 2.2, we have

M3 (Hy) = M3 (Hy) + 1717 + (A%, (a) + 1%)(0 + 1) — ARy, (a)o™ — 171,

that is,
Mg (Hy) = M3 (Hy) + Agy, (a)Afy, (a) + (0 +1)%.



A. Ayache, I. Gutman, A. Alameri, and A. Ghallab / Electron. J. Math. 6 (2023) 66-81 72

Let G be the graph obtained by gluing the graphs H| and H, via v; = b (see Figure 10). According to Proposition 2.2, and
because of A%, (v1) = (o +1)%, we have

M3(G) = My(Hy)+ Mg (Hz) + (0 +1)" + A, (0)(1+7)% — (0 +1)* — Ag, ()7

= M3'(Hy) + M3 (Hz) + A%y (a)A%, (a) + Ag, (b)AS, (b) + (0 + 1)* (1 +1)*.

Figure 10: Joining two graphs by an edge.

[ {2

(2) Let H be the graph obtained by gluing H to the path a, vy, vs, ..., v, at the vertex “a”, where m = dg(a,b) > 2, (see
Figures 11 and 12). Let G be the graph obtained by gluing the graphs H; and H at the vertex b. Then

M$(H')) = My(Hy) +1-2%+1-2%+ (m — 2)2% - 2% + ( ?{1(a)+2°‘)(0—|—1)°‘— ;}l(a)ao‘—2a~1,

that is,
M3 (Hy) = M3 (Hy) + A% (a)A% (a) +2%(0 + 1) + 2% + (m — 2)4° .
It follows that
M3 (G) = Mg (H'y)+ Mg (Ha) + ((2% + Ag, () (1 +7)% — 2% -1 — Afy, (b)7*

= M3 (Hy) + A%y, (a)Afy, (@) +2%(0 + 1) + 2% + (m — 2)4% + 2%(7 + 1)* + A%y, (0)Afy, (b) — 2% + My (Hs)

= M;'(Hy) + M3 (Hz) + Afy, (a) ARy, (a) + ARy, (0) A%y, (0) +2%[(0 + 1) + (7 + D] + (m — 2)4%.

—_——
H',

Figure 11: Gluing of a graph and a path at the vertex “a”.

Figure 12: Joining two graphs by a path.
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Corollary 3.1. Let H and C,, be a graph and a cycle, respectively. Let G be the graph obtained by joining H and C,, via a
path (see Figure 13). Then

(1) M{(G) = MP(H) + A% (a) + (dg(a,b) +m — 2)20+1 4 3o+,
(2) If dg(a,b) = 1, then
M$(G) = M§(H) + (m — 2)4* + A% (a)A%Y (a) + 3%[(o + 1) +2T1].

If dg(a,b) > 1, then
M3 (G) = M3 (H) + (d(a,b) + m — 4)4% + A% (a)A%(a) + 3 - 6% + 2% + 1)*.

a b
dg(a,b) > 1 Cm
G

Figure 13: Joining of a graph and a cycle by a path.

Corollary 3.2. Let C,, and C,, be two cycles. Let G be the graph obtained by joining C,, and C,, via a path (see Figure 14).
(1) MMG) = (n+m+dg(a,b) —3)29HL 4 2. 30+,
(2) Ifdg(a,b) =1, then M$(G) = (n+m —4)4*+4-6*+ 9% If dg(a,b) > 1, then M$(G) = (n+m+dg(a,b) —6)4* +6-6“.

'a b
G

Figure 14: Joining two cycles by a path.

Corollary 3.3. Let G,, be the graph obtained by joining n > 2 copies of a regular graph H (see Figure 15). Concerning
the graph G,, (shown in Figure 15), define the following notation: a; = a,b; = b,0 = dy(a;), 7 = du(b;) for each i, A% (a) =
X A% (D) = pand dg, (a;,b;) = d for each 1.

GTL

Figure 15: The graph G,, obtained by joining n > 2 copies of a regular graph H.
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1) M(Gn)=nM(H)+ (n—1)[(c+ 1)~ 4+ (n - 1)[(r + 1) — 79 + (n — 1)(d — 1)2%FL,
(2) Ifd=1, then
M3 (Gn) =nM3z(H)+ (n—DA[(c + 1)* =0+ (n = Dp[(r +1)* =7+ (n = 1)(c + 1)*(7 + 1)*.

If d > 1, then

MG =n—DA(c+1)* =]+ (n—Dp[(t+1D*=7*+2%Mm - D[(c+ 1)+ (r+1)* +nMs'(H) + (n — 1)(d — 2)4*.

Proof. (1) For n = 2, Proposition 3.1 ensures that

MP(Ga) = 2M7(H)+ A% (a) + AT (B) + (d - 1)2°™
= 2MP(H) +[(o+ 1) — o [(r+ 1)*H = 70H ] 4 (d - 1)27F1

Suppose that
M (Gp—1) = (n = HMP(H) + (n = 2)[(0 + )T = 0]+ (n = 2)[(7 + 1) = 797 4 (n = 2)(d — 1)27.
Now, we evaluate M¥(G,,) as follows:

M (Gn) = M{(Gnor) +M{(H) +[(0+ 1) — o+ [(7 + 1) — 797 4 (d — 1)2°F
= aMXH)+ (n—1D[(c+ 1) =0 4 (n - D[(r + DT — 79T 4 (n — 1)(d — 1)2*.

By using Proposition 3.2 and induction on n, we prove part (2).

4. Inserting a path between two vertices of a graph

Let H be a graph and let a,b be two of its non-adjacent vertices. We define a new graph G by inserting a new path

(a =v1,v2,...,v, =0b) between a and b (see Figure 16).

U2

Vm—1

G

Figure 16: Inserting a path between non-adjacent vertices a, b of the graph H.

Proposition 4.1. Let G be the graph obtained by inserting the path (a = vy,vs,...,v, = b) between the vertices a,b of a

graph H. Then
M{(G) = M{(H) + A% (a) + AF () + (m — 2)27F 1,

Proof. Since 641" (a) = (6 (a) +1)**! and 621 (b) = (61 (b) + 1)**!, we have

My (G) = > o ) + 081 (@) + 55T (B) + (m —2)20
veV (H)\{a,b}

= M (H)+0g" (a) = 05 (a) + 05" (0) = 85 (b) + (m — 2)2°

= MP(H)+ A% (a) + AR (0) + (m —2)20F
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Proposition 4.2. Let G be the same graph as in Proposition 4.1.
(1) Ifdg(a,b) >1and m > 3, then

M3 (G) = M3 (H) + A% (a)A%(a) + A (D) A% (b) +2%[(0 + 1)* + (7 + 1)%] + (m — 3)47.
©2) Ifdy(a,b) =1and m > 3, then
M3 (G) = M3 (H) + (A% (a) — 7%) A% (a) + (A% (b) — 0®)A (0)+2%[(0 + 1) +(7 + 1)*]+(m — 3)4%+ (0 + 1)* (7 + 1)* =07
(3) Ifdy(a,b) > 1and m =2, then
M3(G) = M3 (H) + A% (a) A% (a) + Az (D) A% (b) + (0 + 1) (7 + 1)*.
Proof. (1) Suppose that dy;(a,b) > 1 and m > 3. Then

Ms'(G) = Z 0 (u) o (v) + A (a) (o +1)* + AL () (T + )% 4+ (m — 3)2%2% + 2%(c + 1)* + 2%(7 + 1)*
w€E(H);u,vg¢{a,b}

=M (H)+ Ay (a) (o + D)+ ALZO) (T + 1D)* + 2%+ D)+ 2%(7 + 1)* — A% (a)o® — A% (D)7 + (m — 3)4”
= M3 (H) + A% (a) A% (a) + AL (B)AY (D) + 2%[(6 + D) + (7 + 1)*] + (m — 3)4°.
(2) Suppose that dg(a,b) = 1 and m > 3. Then

M3 (G) = >, 677 (u) 0 (v) + (A% (a) = 7%) (0 + 1) + (AF (b) — o) (T +1)°
weE(H);u,vZ{a,b}

+ (0 4+ 1) (1 + 1) + (m — 3)292% 4+ 2%(0 + 1) + 2%(7 + 1)°

= MS(H) + (A% (a) — 7)(0 + 1)® + (AL (B) — 0°) (7 + 1) + (m — 3)4% +2°[(0 + 1)® + (7 + 1)°]

+ (04 1) (r + 1) — (A (@) — 7)(0)* — (A (b) — 0°)(r)° — 0°7°.
Thus,
Mg(G) = Mg (H) + (A% (a) — 7)A% (a)+ (A% (b) — 0®) A% (b)+2°[(0 + 1)*+ (7 + 1)*]+(m — 3)4%+ (0 + 1)° (7 + 1)* =7
(3) If dyy(a,b) > 1 and m = 2 (see Figure 17), then

M3 (G) = Z 0 (u) 05 (v) + A% (a) (e + D) + AZ (D) (7 + 1) + (0 + 1)¥(7 + 1)
u,v¢{a,b}

=MJH)+ Az (a)(c+ D)+ AFO) (7 + D)+ (e + D)*(7+ 1) — AF(a)o™ — AF(b)T7,

which implies that
M3 (G) = M3 (H) + Af(a) A% (a) + AF (D) A% (0) + (0 + D) (r + 1)

1 edge

G

Figure 17: The case dy(a,b) > 1 and m = 2.
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Corollary 4.1. Let G be the graph obtained by inserting the path (a = vy, va,. .., v, = b) between two vertices a,b of a cycle
Cp, where m > 3,n >4, or m = 2if d(a,b) > 1 (see Figure 18).

(1) M&(G) = (m+n—4)20+! 4 2. 30+1,

(2) Ifd(a,b) > 1and m > 3, then M$(G) = (n+m—"7)4%+6°TL. Also, if d(a,b) = 1, then M$(G) = (m+n—6)4%+4-6%+9°.
Moreover, if d(a,b) > 1 and m = 2, then M$(G) = (n — 4)4% +4 - 6% + 9°.

V2

Um—1

Figure 18: The graph used in Corollary 4.1.

5. Joining two graphs by several paths

Let H; and H> be two graphs. Let {a1, as, ..., a,} be the set of vertices of H; such that §y, (a;) = o foreachi € {1,2,...,n},
and let {b1,b2,...,b,} be the set of vertices of Hy such that 6y,(b;) = 7 for each i € {1,2,...,n}. Let G, be the graph
obtained from H; and H, by joining each pair of vertices (a;, b;) via a path of length d = dg(a;, ;) (see Figure 19).

Figure 19: Joining two graphs by several paths.

Proposition 5.1. If G,, is the graph defined at the start of this section (see Figure 19), then

M{(Gy) = M{(Hy) + MY (Hy) +n[(c + 1) — 0T £ n[(7 + 1) — 72T £ n(d — 1)2*.

Hy H,

Gy

Figure 20: Joining two graphs by a single path.
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Proof. We use the induction on the number n of paths and utilize Proposition 3.1. If n = 1 (see Figure 20), then we have
M (Gy) = M{(Hy) + M{(Hs) + [(0 + 1)*T — o 4 [(7 + 1) — 72F] 4 (d — 1)22T1 .
Suppose that
M (Gpo1) = M{(Hy) + M{(Hs) + (n — D[(o + 1) — 0 4+ (n = )[(r + 1)*T — 72T+ (n — 1)(d — 1)2*T".
Now, we prove the formula for n. By Proposition 4.1, we have
M (Gr) = MY (Gpo1) + [(0+ 1) — oM 4 [(7 + 1)t — 7o) 4 (d — 1)2% 7!
because G, is the result of joining a,, and b,, in G,,_; by a path of length d. Hence,
MP(Gn) = M{(Hy)+ M7 (Hz) + (n = 1)[(0 + 1) — o+ (n = 1)[(r +1)*7 — 70]
+ (= DA =12+ (o + DT =0T 4 (7 + DT =7 T 4 (d - 1)2
= MY(Hy) + MX(Hy) +nl(o+ 1) — oM (7 + 1) — 79 ] 4n(d — 1)2°FL.

Suppose that H; and H, satisfy the hypotheses of Proposition 5.1. In addition, suppose that d(a;,a;+1) = d(b;,bi+1) = 1
and d(a;,a;) > 1,d(b;,b;) > 1if i and j are not successive (see Figure 21). Since d, (a;) = o and 6g, (b;) = 7 for each i, we
have A% (a;) = (0 +1)* — 0% and AYy, (b;) = (7 +1)* — 7. O

Figure 21: Joining two graphs by n paths according to the proof of Proposition 5.1.

Proposition 5.2. Let G,, be the same graph as in Proposition 5.1. Set A = (o + 1)t —o“*tland p = (7 + 1)*+! — roFL,
(i) Ifd > 1, then

Mg (Gy) = Mg (Hy) + M (Hy) + A (i A (ai)> +u (zn: A%, (bi)> +n2%(0 4+ 1) + (7 + 1)) +n(d — 2)4% + (n— 1)(A2 + p2).

i=1 i=1

(i) Ifd =1, then

M3 (Gn) = Mg (Hy) + Mg (Hs) + A (Z Afy, (a») +h <Z Afy, (bi)> +(n =1\ + ) +n(o + 1) (r +1)*.

=1

d
ay b
1
[25] b2
Hl HE
Ap b,
G,

Figure 22: Joining two graphs by a path.
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Proof. (i) Suppose that d > 1 (see Figure 22). By Proposition 3.2(2), we have

M3 (Gr) = My (Hy) + M3 (Hz) + MGy, (a1) + pAfy, (01) +2°[(0 + D)% + (7 + 1)) + (d — 2)4°.

Figure 23: Joining two graphs by n — 1 paths.

Suppose that for G,,_; (see Figure 23), it holds that

i=1

M2a (anl)

+ (n=12%(c+ D)+ (T + 1%+ (n—1)(d—2)4" + (n — 2)(\* + %) .

Figure 24: Joining two graphs by n paths.

Let G,, be the graph obtained from G,,_; by joining a., to b,, by a path (see Figure 24). By Proposition 4.2(1), we have

M3 (Gn) = M5'(G) = M3 (Gna) + AG,, , (an)AG, (an) + AG,  (02)AG, , (ba) +2%[(0 + 1) + (7 + 1)?] + (d — 2)47,

1

where A%n,l (an) = (0 + 1) =0 =], A((l;n,l (bn) = (T+1)* —71% =1, A%n,l (an) = A?{l (an) + (0 +1)* =0 = A?Jl (an) + A,
and A%, (bn) = A%, (bp) + (T + 1)* — 7% = AY_(b,) + p. Therefore,

n—1 n—1
M3 (Gn) = M3 (Hi)+ M3 (Hz) + A <Z At (%)) +u (Z A, (bi)>
=1 i=1
+ (n=12%(c+ 1D+ (1+ 1)+ (n—1)(d —2)4% + (n — 2)(\* + u?)
+ (A%, (an) + M)A+ (Ag, (bn) + p)p+2%[(0 + 1) + (1 + 1)*] + (d — 2)4°

= ME(H) + Mg (Ha) + X (ZA%l<ai>> +a (ZA%“’”)

+ n2%[(c+1)*+ (1 +1)9] +_n(d — 2)4% 4+ (n — 1)\ + p?).
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d=1
by
b,
H>
bn
Gy

Figure 25: Joining two graphs by an edge.

Figure 26: Joining two graphs by n — 1 edges.

(ii) Suppose that d = 1 (see Figure 25). By Proposition 3.2(1),
M3(Gy) = Mg (Hy)+ Mg (Ha) + AAg, (a1) + pAg, (b1) + (o + 1) (1 + 1)

Suppose that for G,,_; (see Figure 26), we have

ME(Gar) = MECHY) + M (Hy) + (i A3, (an) o (Z A?ﬁ(bi))

i=1

+ (=10 +1)* (1 + 1)+ (n—2)(\ + ).

Figure 27: Joining two graphs by n edges.
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Let G,, be the graph obtained from G,,_; by joining a,, to b,, via an edge (see Figure 27). By Proposition 4.2(3), we have

M3 (Gn) = M3 (Gro1) +AG,_ (an)AG, _ (an) + AG, _ (bn)AG, _, (bn) + (0 + 1) (T +1)*
n—1 —
= Mg (Hy) + M§(Hs) +)\<ZAH1 a; ) <Z >
+ =2V +p)+ -+ +1D)*+(c+ 1Dt +1)° + MAg, (an) + X) + u(Ag, (bn) + 1)

= M$(Hy) + M (Hs) +>\<iA ) u(iA i>+(n1)(/\2+M2)+n(0+1)0‘(7+1)a

=1

n<r

n <S8

Figure 28: Joining two cycles by several paths.

Corollary 5.1. Let G be the graph obtained by joining two cycles C, and C, through n paths, where n < r and n < s (see
Figure 28).

(1) MPMG)=(r+s—n—n+nd—n)2°" + 203" = (r + s+ nd — 3n)2°+ + 2n 32T,

(2) Ifd > 1, then M$(G) = (r+s+nd —4n — 2)4* + 2(n + 2)6* 4+ 2(n — 1)9% If d = 1, then

MS(G)=(r+s—2n—2)4“+4-6%+ (3n — 2)9™.

6. Concluding remarks

In the previous four sections, formulas for calculating general first and second Zagreb indices, M{* and M, are established
for a variety of composite graphs. For o = 1, these formulas reduce to the ordinary first and second Zagreb indices; whereas,
for some other values of «, the obtained formulas yield several other, earlier proposed, topological indices including the
Randi¢ index, the zeroth-order Randié¢ index, the hyper Zagreb index, the forgotten index, the Y-index, and the S-index.
Corollaries illustrating the applicability of derived formulas show that sometimes chemically interesting results can be
obtained; that is, the considered topological indices of chemically relevant (molecular) graphs can be calculated.
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