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Abstract

The Wiener index of a connected graph G is defined as the sum of distances between all unordered pairs of vertices of G. It
is one of the most-studied topological indices in mathematical chemistry. Determining the minimum Wiener index among
all connected graphs of order n with a given girth and maximum degree is an open problem proposed by Chen and Li in the
paper [MATCH Commun. Math. Comput. Chem. 88 (2022) 683—703]. The main goal of the present paper is to provide a
partial solution to this open problem by characterizing the graphs attaining the minimum Wiener index among all unicyclic
graphs of order n with girth 3 and maximum degree 4.
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1. Introduction

Let G be a graph with the vertex set V(G) and edge set F(G). The degree dg(v) of a vertex v € V(G) is the number of
vertices adjacent to v. The maximum degree of G, denoted by A(G) or A for short, is the maximum degree of its vertices.
The distance dg(u, v) between the vertices v and v in a connected graph G is the length of any shortest path in G connecting
u and v. The girth g(G) of a graph G with at least one cycle is equal to the length of any shortest cycle in G. As usual, we
denote the complete graph, path, and star of order n by K,,, P,, and S,,, respectively.

The Wiener index W (G) of a connected graph G is defined by

WG = > da(uv). (1)

{uv}CV(G)

The Wiener index is one of the most-studied topological indices in mathematical chemistry. It was introduced by Wiener
in 1947 to analyze some aspects of branching by fitting experimental data for several properties of alkane compounds. It
is known that the star S, and path P, have the minimum and maximum Wiener indices, respectively, among all trees
of order n. Also, the complete graph K, and path P, have the minimum and maximum Wiener indices, respectively,
among all connected graphs of order n. There are many known results of this type for more specific classes of graphs; for
example, see [1-11]. Particularly, the readers interested in known mathematical properties of this index are referred to
the surveys [2,5,10].

In [1], Chen and Li determined the graphs that have the maximum Wiener index among all connected graphs of order
n with girth ¢ and maximum degree A, and proposed the following open problem:

Problem 1.1 (see [1]). Determine the minimum Wiener index among all connected graphs of order n with given girth and
maximum degree.

In this paper, we attempt to solve Problem 1.1 for unicyclic chemical graphs with girth 3. A connected graph G is a
unicyclic graph if G has a unique cycle. The graph G is said to be a chemical graph if A(G) < 4. Let €G(n, 3) be the set of all
unicyclic chemical graphs of order n and girth 3. A graph G € €§(n, 3) is said to be a Wiener-minimal graph of C§(n, 3) if
G has the minimum Wiener index in C9(n, 3). A characterization of Wiener-minimal graphs of CS(n, 3) is given in this paper.
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2. Preliminaries

Lemma 2.1 (see [7]). Let Gy be a connected graph and uy,us € V(Gy). Let G be the graph obtained from G by attaching
k1, ko pendant edges to uy,us, respectively. Let G; be the graph obtained from G by attaching ki + ko pendant edges to u;
(¢ = 1,2). Then, either W(G1) < W(G) or W(G3) < W(Q).

Let T'=T,,(d, A) be a tree of order n and maximum degree A as shown in Figure 1, which is defined in [3], where A > 3,
d <A,

(1) all vertices of T" lie on some line R; for 0 < i < k + 1;
(2) the vertex w is the root of T and dr(w) = d;

(3) if V(R;) is used to denote the set of the vertices on line R;, then |V (Ry)| = [{w}| = 1, |V(R;)| = d(A — 1)1 for
i=1,2,...,k,and |V(Rp1)| =n—1—d X" (A —1)""1; and

(4) if |V(Rpy1)] = m(A —1) +r for some 0 < r < A — 1, and V(Ry) = {v1,v2,...,0ga—_1)+-1 } such that v; lies left of v; on
line Rk- for i < j, then dT(UZ') =Afor1l <1< m, dT(Um+1) =7r+ 1, and dT(UZ‘) =1form +2 <1< d(A — 1)k71.

For convenience, we say that k+1 is the height of T}, (d, A) and the vertices of V' (Rj1) are the last-layer vertices of 7,,(d, A).
We also say that 7,(d, A) is a (d, A)-tree of height k + 1.

NV N N

Um+1  Um42 *°° Vga—1)k—1

Figure 1: The tree T = T, (d, A).

Lemma 2.2 (see [3]). Let T be a tree of order n and maximum degree at most A (A > 3). Then
W(T) = W(Tu(A, A)),
where the equality holds if and only if T = T,,(A, A).

Now, let us consider the (2, 4)-tree T,,(2,4) of height k£ + 1 as depicted in Figure 1 with d = 2 and A = 4. Note that

k k
SIVR) =1+ 237" =3 [V(Rey1)| =n—3*, and 3" <n <31
=1

=0

If n = 38+, then we say that T,(2,4) is saturated; otherwise, we say that it is unsaturated. Let us use T%*1(2,4) to denote
a saturated (2,4)-tree of height k + 1.

Lemma 2.3. Let T = T*t'(2,4) be a saturated (2,4)-tree of height k + 1 with root w as depicted in Figure 1, and let
x € V(Rk+1). Then

1
> dr(w,y) =3 (3M1(2k + 1) + 1), (2)
yeV(T)
> dr(z,y) =2k 3F 4k + 3. (3)
yeV(T)

Proof. Note that |V (R;)| =2-3""!fori=1,2,...,k+ 1. Then

k+1

Z dr(w,y) = Zl V(R =

yeV(T)

(B 2k+1)+1).

N | =
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Thus, (2) holds.

Take x € V(Ryy1). Let P = wxqxs ... zx be the path of T from the root w to x, where z; € V(R;) fori =1,2,... k. Then
T — E(P) has k + 2 components Ty, T4, ..., Tk+1, where w € V(Ty), z; € V(T;) fori = 1,2,...,k, and ¢ € V(Tj11). It is easy
to see that Ty = T%+1(1,4) with the root w, T; = T*~*1(2, 4) with the root z; fori = 1,2, ..., k, and Ty, = {z}. Let us take
2o = w. Then

k k
S dr(ay) Z Yo odr(wy) =D D (dr(w@)+dr(wi,y))

yeV(T) =0 yeV(T;) =0 yeV (T;)
k
:Z (k+1—9)|V(T;)| + Z dr(zi,y)
i=0 yeV(Ty)
Note that )
|V(T0)| - 5(3k+1 + 1)) |V(T‘7)| = 3k7i+1’ v = 1727 o '7k7
and by (2),
1
> dr(xo,y) =3 (3" 12k +1) +1),
y€eV (To)
1 )
Z dr(zi,y) = 3 (B 2k —2i+1)+1),i=1,2,...,k.
yeV(Ty)
Thus,
1
> dr(z,y) (k + 1) 1)+ 1 (3" (2k + 1) + 1)
yeV(T)
b 1
k+1—q)-3kF 4 Z (3=l 2 — 2+ 1)+ 1
+;((+ Q) +2( ( i+1)+1)
=2k - 31y k4 3.

Hence, (3) holds. O

Lemma 2.4. Let T = T,(2,4) be a (2,4)-tree of height k + 1 with root w as depicted in Figure 1. Let x be the right-most
vertex on line Ry1. Then

1.
1
> dT(w,y):5(3k(2k—1)+1)+(k+1)(n—3k). (4)
(2). The equation |V (Ry41) \ {z}| = n — 3F — 1 can be rewritten as
n—3k—1=> p;- 3" (5)

i=1

where0 < s<k+1,0<p1 <1,0<p; <2fori=2,....,s—1,and 1 < ps < 2. Also

> dr(z,y) =352k — 1) + k + 2, (6)
yeV(T)\V (Ri+1)
S dp(wy) =) 2k —i+2)p; -3 432k — 1) + k+2. (7
yeV(T) i=1

Proof. (1). Note that |[V(R;)| =2-3""! fori=1,2,...,k, and |V (Rj41)| = n — 3*. Then

k+1
S dr(wy) = i V(R = % (3(2k — 1) + 1) + (k + 1)(n — 3%).
yev(T) i=1

(2). Let x be the right-most vertex on line R;; and z* be the neighbor of z. Take V; = V(Ry11)\{z}. Since |V (Rj41)| = n—3*
and 3* < n < 3! wehave 0 < |[Vj] =n—3F -1 <2-3% andsothereare 0 < s < k+1,0<p; < 1,0 < p; <2for
i=2,...,s—1,and 1 < p; < 2 such that (5) holds. Note that s = 0 only if |V;| = 0.
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By (5), there are p; -3*+1~7 vertices in V; such that the distance between = and these verticesis 2(k—i+2) fori =1,...,s.
Then

S

> dr(a,y) = 2(k—i+2)p; -3

yeVy i=1

Note that [V(T) \ V(Rk11)| = 3. By (3), replacing k with k — 1, we get

> dp(z*,y) =2k —1) -3 + k + 2,

yeV(T)\V (Ri+1)
and so,
> dr(z,y) = [V(T)\ V(Ri41)| + 3 dr(a*,y) = 3%(2k — 1) + k + 2.

yeV(T)I\V (Rt1) yeV(T)\V (Rk11)

Thus,
> dr(z,y) =) dr(e,y) + > dr(z,y)
yeV(T) yeEWVS yEV(T)\V (Ri41)
=3 20k —i+2)p; - 3T 4 3F 2k — 1)+ k+ 2.
=1

Hence, the lemma follows. O

3. Some basic properties of Wiener-minimal graphs of CG(n, 3)

In this section, we give some basic properties of Wiener-minimal graphs of €S(n,3). For any G € €G(n, 3), it is easy to see
that G is a graph as depicted in Figure 2, where C3 = wiwsws is the only cycle of length 3, G; is a chemical tree of order
ng, w; € V(G,;), and dg, (w;) < 2 fori=1,2,3, and ny + na + n3 = n.

Figure 2: A graph G € €Y(n, 3).

Lemma 3.1. Let G € CG(n,3) be a graph as depicted in Figure 2, with n > 25. If G is a Wiener-minimal graph of C3(n, 3),
then G, =T,,(2,4) with n, > 3 fori=1,2,3.

Proof. By Lemma 2.2, we only need to prove that n; > 3 for i = 1,2, 3. Suppose to the contrary that there is 1 <i < 3 such
that n; < 2. Without loss of generality, assume that ny, < 2. Then, ni + n3z = n — ny > 23. So, we assume that n3 > n, and
3k < ny < 351 where k > 2.

Let z € V(G,) be the right-most vertex on the line Rj.,. Let 2* be the vertex adjacent to z. Let G’ = G — x*z + waz,
G| = G1 — z, G5 = G2 + waz, and G4 = G3. By Lemma 2.4, we assume that

s
ny — 3k —1= Zpi . 3k+1_i, (8)

i=1

where 0 <s<k+1,0<p; <1,0<p; <2fori=2,...,s—1,and 1 < p, < 2, and we have

> da(wy) =) 2k —i+2)p -3+ 3M 2k - 1) + k+ 2,
yeV(Gr) i=1
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Y dalmy) = Y, +de(wny) =2V(GDI+ D da(wi,y)

yeEV(GY) yeV(GY) yeV(GY)

=2(m —1)+

:(k+3)zpz .3k+1 7

=1

(38(2k —1) + 1) + (k+ 1)(ny — 3F — 1)

N =

(3"(2k+3)+1).

M\H

Thus,

i
H

=1 \yeV(G:) yeV(GY)

S
= (k—2i+1)p; - 3F17" ¢

i=

(3%(2k — 5) + 2k + 3) + (k + L)na + kna. 9

-
N =

Case 1. k > 3.
By (9), we have
k+1

1 ; 1
W(G) - W(G") >3 (3%(2k —5) + 2k +3) + ) 2(4—2i)- 3" 2k + 1= 3 (3%(2k —7) + 10k +7) > 0,

i=3
a contradiction.

Case 2. k = 2.
If p; = 1, then by (9), we have

3
(3%(2k —5) + 2k +3) + 35+ 23— 2i) - 3" 42k +1=1.

=2

W(G) - W(G') >

l\D\»—l

If py = 0, then by (8), ny — 10 < 3p, + p3 < 8, and so n; < 18, and ny + ng > 7. By (9), we have
3
W(G)—W(G&) > 2(3’%(%—5 )+2k+3) +> 23 —2i) 3T 4 k41 =2,
=2

Therefore, W (G) > W(G'), which again a contradiction. O

In the following, we always assume that n > 25 and G € €G(n, 3) is a graph as depicted in Figure 3, where G; = T,,(2,4)
with n; > 3fori = 1,2,3, n1 + no +n3 = n, 3F < ny < 381, 3t < ny < 311, and 3¢ < ng < 31, Also, we denote
G = (G1,n1,k; Gayna,t; Gs,ng, l),or G = (G1; Ga; G3) or G = (ny; na; ng) for short.

Let T =1T,(2,4) be a (2,4)-tree of height k£ + 1 with root w as depicted in Figure 1. Now, we introduce the concept of a
(2,4)-subtree of T

Let z € V(R;) (1 <4 < k—1)and Nr(z) = {z*, 21,29, 23}, where z* € V(R;_1) and 21, 22,23 € V(R;41). Consider
T — z*z — zz; (1 < j < 3); observe that its component containing the vertex z is a (2, 4)-tree of height k£ — i + 1 or £ — ¢ with
the root z. We call such a (2,4)-tree a (2,4)-subtree of T'. It is clear that for each vertex z € V(R;) with 1 <i <k —1, T has
three different (2, 4)-subtrees with the root 2.

Lemma 3.2. Let G € CS(n,3) be the graph obtained from a unicyclic graph Gy and two (2,4)-trees Ty and Ts of height
m+ 1, where m > 1, V(T1) NV (Go) = {wr}, V(T2) NV (Gy) = {wa}, and V(T1) NV (Tz) = ¢; see Figure 4. If both Ty and T,
are unsaturated, then G is not a Wiener-minimal graph of CS(n, 3).

Proof. Suppose that both 77 and 7, are unsaturated (2, 4)-trees of height m + 1. Let V; be the set of all vertices on line
lpy1 of T; for i = 1,2. Then 0 < |V;| < 2-3™ for i = 1,2. Take V; = V(G) \ (V1 U V2). Note that for any x;,2, € V; and
Y1,Y2 € V2, we have dG(.’El,yl) = dG(.’EQ,yg) and

Y da(wr,2) = da(w,2), Y dalyr,2) =Y da(ys, 2)
zeVh zeVp zeVp zeVp

For simplicity, let us take d = dg(7,y), D1 = >_ .oy, da(z,2), and Dy = 3y, da(y, z) for any z € V; and y € Vo. Then
d > 2(m + 1). Without loss of generality, we assume that D; > Ds.
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Figure 4: The graph G € C§(n, 3) used in Lemma 3.2.

We will prove that there is a graph G’ € €G(n, 3) such that W (G) > W (G’). We prove it by induction on the height of T}
and T5.

If the height of 77 and Ty is 2 (that is, m = 1), then by Lemma 2.1, we assume that 3 | |Vi| or 3 | |V;|. Take G’ =
G — wiv1 — waus + wilg + woV1, then G’ € (‘39(71,3) If “/2| <3and |V1| <3, then

W(G) = W(G") =[Vi| (D1 + d|Va|) — [Vi| (D2 + 4|V2[) = [Vi| (D1 — D2) + |Vi|[V2| (d — 4) > 0.
If |V2| < 3 and |Vi| > 3, then 3 1 |V4], and so 3 | |V|; that is, |V2| = 3. Hence,

W(G) = W(G") =3 (D1 +A(|Vi| = 3) + d|[Va|) — 3 (D2 + d([Vi] = 3) + 4|V2

) =3(D1— D2) +3(d—4) (V2| + 3 — [Vi]) > 0.

If 3 < |V2] < 6, then by Lemma 2.1, |V;| = 3, and hence

W(G) = W(G") =[Vi| (D1 + 3d) + (|Va| = 3) (D2 + 12) — |[Vi| (D2 + 12) — (|V2| = 3) (D1 + 3d)
=(6 — |V&|) (D1 — D2) + (6 — |Va|)(3d — 12) > 0.

Thus, the result holds when the height of T} and 75 is 2.

Next, we suppose that m > 1 and that the result holds when the height of 7} and 75 is less than or equal to m. We will
prove that the result is true when the height of 7} and 75 is m + 1.

Consider all the (2,4)-subtrees with the root v; or vy of T} and (2,4)-subtrees with the root u; or us of Ty. By the
inductive assumption, at most one of these (2, 4)-subtrees is unsaturated. This implies that either 3™ | |V;]| or 3™ | |V3]. Let
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G' = G — wyv1 — waug + wius + wavy. Then G € €5(n, 3). If |Vo| < 3™ and |V;| < 3™, then
W(G) = W(G") =[Vi| (D1 +d|Va|) — [Vi[ (D2 + 2(m + 1)|V2|) = [Vi] (D1 — D2) + [V1|[V2| (d — 2(m + 1)) > 0.
If V5] < 3™ and |V4| > 3™, then 3™ 1 |V4|, and so 3™ | [V3]; that is, [V2]| = 3™ and hence
W(G) = W(G") =3 ((2m + 1)(|V1] = 3™) + D1 +d|Va|) — 3™ (D2 + (2m + 1)[Vo| + d(|V1| — 3™))

=3" (D1 — D3) +3"(d —2(m + 1)) (|Va] + 3™ — |V4]) > 0.

If |Va| > 3™, then 3™ 1 |V, and so 3™ | |V4|; that is, |V1| = 3™. Thus,

W(G) = W(G) =[Vi[ (D1 +3™d) + ([V2| = 3™) (D2 + 2(m + 1)3™) — [Vi| (D2 + 2(m + 1)3™) — (|Va| = 3™) (D1 + 3™d)
—(2-3™ — |Val) (D1 — Da) + (2- 3™ — [Va)3™(d — 2(m + 1)) > 0.
Therefore, the result holds when the height of 7} and 75 is m + 1. O

Lemma 3.3. Let G = (G1,n1,k; Ga,na,t; Gs,ns,l) be a Wiener-minimal graph of C5(n,3) as depicted in Figure 3 with
3t < my < 3HHL

(). If k =t, then n, = 3F+1,

(2). If k > t, then 3+ | (ny — 3F).

3). If k=t+1, then ny =2 - 3% or 38+1,
Proof. (1). It follows from Lemma 3.2.

(2). Let k > t. If ny = 31 then n; — 3" = 2-3%, and so 3'*! | (n; —3%). We now assume that 3* < n; < 3**!, By Lemma 3.2,
for any vertex v on line R;_; of G, each (2,4)-subtree with the root v of G, is saturated. This implies that 3'*! | (n; — 3%).

(8). If k =t + 1, then by Part (2), 3* | (n; — 3F), and so n; — 3¥ = 3% or 2- 3. O

4. Some operations

In this section, we introduce three operations that are very useful to prove the main results.

Operation I

Let G = (Gy,n1,k; Ga,na,t; Gz,nz,€) € €G(n,3) be a graph as depicted in Figure 3 with 3* < n; < 3**! and 3¢ <
ny < 371, and X be the set of m vertices on the line Ry, of G; with 1 < m < min{n; — 3¥,3"*? — ny}. Let G’ be the
graph obtained from G by moving all vertices of X from G; to G2 such that G’ remains in the form of Figure 3. Then,
G' = (Gy,n1 — m,k'; Ghyyne +m,t; G, ng,l) € €G(n,3), where £/ = k or k — 1. We say that G’ is obtained from G by
Operation I (moving m vertices from G; to G,).

Lemma 4.1. Let G' = (G},n1 — m,k; Gy, na + m,t'; Gs,ng,l) € C5(n,3) be the graph obtained from G by Operation I
(moving m vertices from G to G3). Then

W(G)-W(G")=m (; (3F(4k +1) = 3'(4t + 1)) + (k + t + 3)(n2 — ny +m) + (k — t)(ng + 1)>

+ Z (d(;(J?,y) —dcl(ﬂ?,y))+ Z (dG('rvy) _dG’(x’y))

z,y€V (Rer1)\X z,yeV (R, ,)
+ Y (alzy) —da(@y)+ DY delwy)— Y dalwy) (10)
r,yeX reX reX
YEV (Rp+1)\ X yeV (R, ;)

Proof. For any vertex z € X, by Lemmas 2.3 and 2.4, we have

> de(z,2) =372k — 1) + k + 2,
z€V(G1)\V (Ri+1)
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Z dg(z, 2) = Z (da(z,w2) + da(we, 2))

zeV(G2) z€V(G2)

(k+2|V(Ga)l+ Y do(ws,2)
z€V(G2)

=(k + 2)ny + % (3'(2t = 1) + 1) + (t + 1)(n2 — 3")
=(k+t+3)(n2 — 3" + % (3'(2k +2t +3) +1),

Z de/ (z, 2) Z (dgr(z,wyr) + dgr (w1, 2))

2EV(GY) 2EV(GY)

=E+2IV(G)I+ > der(wr,2)
2V (G))

=(t+2)(ny —m) + % (3%(2k — 1) + 1) + (k + 1)(ny — 3* —m)
=(k+t+3)(ny —Sk—m)+%(3k(2k+2t—|—3)+1),

dor(w,2) =312t — 1) +t + 2,
2€V(GH\(V (R ,)UX)

and for any u € V(G3), we have dg(z,u) — dg(z,u) = k — t. Thus,

W(G)-W(G) = Z de(z, 2) — Z de (x, 2)

z€X,2€V(G) z€X,zeV(G')
> = PY A Y dee- Y e
zeX zeV(Gl)\V(RH]) z€V(G2) zeV(G}) 2€V(GH)\(V (R}, ,)UX)
=+ Z (k_t)+ Z (dG(l’,Z_j) _dG/(‘T7y))+ Z (dG(xay) —dG/(CC,y))
r€X,2€V(G3) z,y€V (Ri+1)\ X z,y€V (R, 1)
+ Z (dg(ﬂf,y) _dG'($7y))+ Z dG(SU,y) - Z dG’(x7y)
r,yeX reX reX
YEV (Rr41)\X yEV(R,,1)

=m (; 384k + 1) = 3'(4t+ 1)) + (k+t + 3)(no — ny +m) + (k — t)(ng + 1)>

+ Z (dg(.lﬁ, y) —dg ('T’y)) + Z (dG(xvy) - dG/(aj7y))

m,yEV(Rk+1)\X 7'[I€V(R1+1)
+ Z (dg(l',y) —dG/(IE7y>)+ Z dG(fL',y) - Z dG’(xay)'
r,yeX reX reX
YyEV (Ri41)\ X yeV(Ryy )

Operation I1

Let G = (G1,n1,k; Ga,n2,t; Gs,n3,f) € €5(n,3) be a graph as depicted in Figure 3 with 3% < n; < 3%+ 3t < ny < 31+

and 3¢ < n3 < 3TL. Let X be the set of m; vertices on the line R, of G, and Y be the set of m, vertices on the line Ry 1
of G3 with 1 < m; <n; —3%, 1 <my <ng — 3% and m; +ms < 371 — ny. Let G’ be the graph obtained from G by moving
all vertices of X from G; to G5 and moving all vertices of Y from G35 to G, respectively, such that G’ remains in the form
of the graph shown in Figure 3. Then, G’ = (G, n1 — m1,k’; G4, na + my + ma,t; G4, ng — ma, ') € C5(n,3), where &' = k
ork—1,and ¢ = £or ¢ = (¢ — 1. We say that GG’ is obtained from G by Operation II (moving m; vertices from G; to
G- and moving m, vertices from G3 to G5, respectively).
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Lemma 4.2. Let G' = (G},n1 — m1,k’; Ghyyna +my + ma,t; G5,ng —ma,l') € €5(n,3) be the graph obtained from G by
Operation II (moving m; vertices from G1 to G and moving mq vertices from Gs to G, respectively). Then

W(G) - W(G") =my (; (3F(4k +1) = 3'(4t + 1)) + (k + t + 3)(n2 — ny +m1) + (k — t)(ns + 1))
+ ma (; (3°(40+ 1) = 3" (4t + 1)) + (L +t + 3)(n2 — ng +my +m2) + (£ — t)(ng —my + 1))

+ Y (elwy) —de(@y)+ Y (delz,y) —do(x,y))

z,y€V (Rr41)\ X mvyGV(Ri+1)
+ > da(z,y) —da (@) + Y. delwy)+ Y,  dalz,y)
z,yeV (R )\Y zeX €Y
YyEV (Ri+1)\X yEV (R D\Y

+ Z (dG(‘T’y) 7dG'(x7y))+ Z (dG(‘ray) 7dG’(xay))

r,yeX z,yeY
- Z dG'(xvy) - Z dGl(l',y) - Z dG/(Jf,y)- (11)
rzeX zeY rzeX
ZJGV(R;JA) ZIEV(R;JA) yey

Proof. Let H be the graph obtained from G by Operation I (moving m; vertices from G; to G5). Take H = (Hy; Hy; Hj).
Then, G’ can be obtained from H by Operation I (moving m. vertices from Hj to H,). By Lemma 4.1, we have

W(G) — W(H) =my (; (3%(4k + 1) — 3" (4t + 1)) + (k + t + 3)(ng — n1 +ma) + (k — t)(ns + 1))

+ Z (dg(l’,y) *dH(SC,y))+ Z (dg(l’,y) *dH(J},y))

z,y€V (Rr4+1)\X z,y€V(RL, )
+ Z (dg(%y)—dH(x,y))-i- Z dG(Z‘,y)— Z dH(mvy)
r,yeX zeX zeX
YyEV (Ri41)\X yeV (R ;)

=m <; (3%(4k +1) — 3" (4t + 1)) + (k +t + 3)(n2 — ng +m1) + (k — t)(ng + 1))

+ Z (dG(‘T’y) _dG’(I7y)) + Z (dG(zay) _dH(xvy))

z,er(Rk+1)\X I7y€V(R;+1)
+ Z (dG(:Evy) _dH<x7y))+ Z dG(Q?,y) - Z dH(x7y) and
z,yeX reX rzeX
yEV (Rp+1)\X yEV(Ri+1)

W(H) - W(G') = my (; (3°(40+1) = 3" (4t + 1)) + (L +t + 3)(n2 +m1 — ng +m2) + (£ — t)(ng —my + 1))

+ Y @alwy)—delwy)+ Y (drlzy) - de(ey)

z,y€V (R )\Y z,yeV (R, )UX
+ Z (du(x,y) — da(z,y)) + Z du(z,y) — Z der (,y)
z,yeyY €Y €Y
yEV(R2/4r1)\Y yEV(Rerl)UX

= my (; (3°(40+ 1) — ' (4t + 1)) + (L +t + 3)(n2 — ng +my +ma) + (£ — t)(ng —my + 1))

+ Z (dg(.lﬁ, y) —dgr (-T,y)) + Z (dH(xv y) —dgr (x’y))

a:,er(RZ;Q\Y m,yEV(R;+1)
+ Y due,y) —de(@,y)+ Y, (dulz,y) - do(2,y))
z,yeX rzeX
yEV (R} 1)
+ Z (dG(z7y)7dG’(xay))+ Z dG(‘Tvy)i Z dG/(’Iay)i ZdG'(xvy)'
z,yeyY €Y €Y €Y

yeV (R Y yeV (R, 1) yeX
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By adding the last two equations, we get (11). O

Operation II1

Let G = (G1,n1,k; Ga,na,t; G3,n3,¢) € C5(n,3) be a graph as depicted in Figure 3 with 3¥ < n; < 3¥1 n, = 3! and
3¢ < nz < 3“1, Let X and Y be the sets of m; and m, vertices on the line R, of Gy, respectively, with 1 < m; < 2-3t+1,
1 < mg < 341 —ns, and m; +ms < n; — 3*. Let G’ be the graph obtained from G by moving all vertices of X from G; to G»
and moving all vertices of Y from G; to Gs, respectively. Then, G’ = (G}, n1 —mi1—ma, k'; G, no+mq,t+1; G, ng+mae, ) €
CG(n,3), where k' = k or k — 1. We say that G’ is obtained from G by Operation III (moving m; and m, vertices from
G to G, and G3, respectively).

Lemma 4.3. Let G' = (G},n1 — my —ma, k'; Gh,nas +mq,t+1; G5, ng + ma, l) € CS(n, 3) be the graph obtained from G by
Operation III (moving m, and ms vertices from G to Gy and Gs, respectively). Then

W(G) —W(G') =m (; (38(4k +1) + 3™ 2k —2t +3)) — (k+t+4)(ng —m) + (k—t — 1)(n3 + 1))
+ms (; (39(4k + 1) — 3540+ 1) + 31 (2 — 20)) + (k + £+ 3)(n3 —my + ma +ma) + (k — O)(my + 1))

+ > (de(e,y) —der(z,y) + Y (delz,y) —de(x,y))

z,y€V (Rr4+1)\(XUY) z,y€V (R, )
+ S Woley) —de@y)+ S [dalwy) —de@)+ Y da(wy)
z,yeX z,yeY zeX
yeV (Re41)\ X
+ > do(z,y)— > da(x,y). (12)
zeY €Y
yEV (Ri41)\(XUY) yeV(RY, ;)

Proof. Let H be the graph obtained from G by Operation I (moving m; vertices from G; to G5). Take H = (Hy; Hay; Hj).
Then G’ can be obtained from H by Operation I (moving ms vertices from H; to Hs). By Lemma 4.1, we have

W(G) - W(H) =my @ (3%(4k + 1) = 3" (4t +5)) + (k +t +4) (3™ —ny +ma) + (k—t — 1)(n3 + 1)>

+ Y elwy) —du@y)+ Y dale,y) —du(z,y)+ Y, dalz,y)

z,y€V (Ri4+1)\X z,yeX zeX
yeV (Re+1)\X

=m (; (3(4k +1) + 3" (2k — 2t +3)) — (k+t+4)(n1 — ) + (k—t — 1)(n3 + 1))

z,y€V (Rr4+1)\(XUY) z,yeY

+ Y ey —du@y)+ Y ([aley) —do(ey)+ Y. deley) and
z,yeX reX
yEV (Rr1)\X

x€Y
YEV (Ri4+1)\(XUY)

W(H) - W(G') =ms (; (3F(4k +1) — 3540+ 1) + 371 (2k — 20)) + (k + £ + 3)(ng — n1 + my +m2) + (k — £)(mq + 1))

Y @aley) —de@y)+ Y (daley) - de(xy))

z,y€V (Rr4+1)\(XUY) z,yeV (R, )
+ Z (dH(x7y) —dG/(.'E7y))+ Z dH(x7y) - Z dG’(‘T7y)
z,ycy €Y zcY
yEV (Rp41)\(XUY) yEV(RY1,)

= my (; (3F(4k + 1) — 3°(40 + 1) + 3" (2k — 20)) + (k + £ + 3)(ng — n1 + my +m2) + (k — £)(mq + 1))

+ > (drr(z,y) —der (@) + D (de(e,y) —de(z,y)

z,y€V (Rr4+1)\(XUY) z,yeV(RY, )
+ Z (dH(xvy) 7dG'(x7y))+ Z dH(I',y) - Z dG/(z7y)'
z,yeY €Y

zeY
YEV (Ry+1)\(XUY) yEV (R} 1)
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By adding the last two equations, we get (12). O

5. Some auxiliary lemmas

Let G = (G1,n1, k; G2,na,t; Gs,n3, ) € C5(n, 3) be the graph as depicted in Figure 3. If not specifically stated, we say that
moving m vertices from G; to G2 always mean that we move the right-most m vertices on the last layer of G; to G, and
then arrange these m vertices on the last layer of G5 on top of the original vertices (if G2 is unsaturated) or on a new layer
of G4 (if G5 is saturated), such that the obtained graph remains in the form of the graph shown in Figure 3.

Lemma 5.1. Let G = (G1,n1,k; Ga,na,t; Gz, ng,l) € CG(n,3) be the graph as depicted in Figure 3, where k > t + 1,
3k < ny <38 and 3t < ny < 3t If G is a Wiener-minimal graph of CS(n, 3), then the following statements hold:

(1). The inequality k <t + 2 holds.

(2). If k =t + 1, then ng < 3t

3). If k=t +2, then nz < 2- 3111

4. Ifk=t+2 thenny #2-3% +r.- 31 withr =1, 2 0r 3.

(B). If k =t +2, n3 > 3"+ then ny # 3% +r-3* L with r = 1 or 2.

Proof. By Lemma 3.3(2), 3*! | (n; — 3%). Thus, n; — 3% > 3**! and n; can be written as

k—t4+1
np=3F+2.3"4 Y p; -3 (13)
i=1
where 0 <p; <1,0<p; <2fori=2,...,k—t,and pp_¢+1 = 1.
Take m = 3'*! —n,. Let X be the set of the right-most m vertices on the line Ry, of G; and Y be the set of the right-most
ns — 3! vertices, except for X, on the line Ry,1 of G;. Let G’ = (ny — m; na +m; n3) € €9(n, 3) be the graph obtained from
G by Operation I (moving m vertices from G; to G5). Then

Z dG(xay) - Z dg/(IE,y) = Z dg(l'7y) + Z dG(‘Lay) - Z dg/(il',y)

rzeX rzeX rzeX rzeX rxeX
YEV (Rrt1)\X yeV (R, ) YyEV (Ri4+1)\(XUY) yey yeV (R yy)

E—t+1 |
- Z da(z,y) = |X| Z 2k — i+ 2)p; - 3+,
i=1

zeX
yEV (Rp41)\(XUY)

By Lemma 4.1, we have
W(G)-W(G")=m <; (3F(4k + 1) = 3'(4t + 1)) + (k + t + 3)(n2 — n1 +m) + (k — t)(nz + 1)>

+ Z d(;(l',y) - Z dgr (x,y)

reX rzeX
yeV(Rr41)\X yEV(RiJrl)

= (3" —ny) (; (3%(2k — 2t — 5) + 3" (2k — 2t +5)) + (k — t)(n3 + 1)

x>

—t
+ (k‘—t—2i+1)pi~3k+1_i—3t(k—t+1)>. (14)
1

.
Il

(). If k>t + 3, then S2F 7 (k — t — 2i 4+ 1)p, - 381171 > S0P o4 — 24) . 3k+1i, Thus, by (14), we have

W(G) —W(G') > = (3" —na) (3F(2k — 2t — 7) + 3" (12k — 12t — 3) + 2(k — t)(ns + 1)) > 0,

N =

a contradiction.

(2).If k =t + 1 and ng > 3"*!, then by (14), we have W (G) — W(G') = (37! — ny) (1 — 3" + n3) > 0, a contradiction.
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3).Ifk=t+2and ny > 2- 3t then

x>

—t
(k—t—2i+1)p; - 3*1=1 > —2.3k1,
1

By (14), we have
W(G)-W(G) > (3" —n2) (37" +2) >0,

a contradiction.

4.Ifk=t+2andn;, =2-3+r-3*twithr=1,2o0r 3, then p; =1 and p, = — 1 in (13), and hence

S

—t
(k—t—2i+1)p;- 311 =3k _(r—1). 351
1

.
Il

By (14), we have W(G) — W(G') = (3" —ny) (2+ (3 —r) - 37! + 2n3) > 0, a contradiction.
B).Ifk=t+2,n3 >3 andn; =3+ 7 31 withr =1 or 2, then p; = 0 and p, = r — 1 in (13), and thus

k—t
S (k—t—2i41)p; -3 = —(r— 1) 3571
i=1

By (14), we have W(G) — W(G’) > (3" —ny) (24 (2 —r) - 3'71) > 0, a contradiction. O

Lemma 5.2. Let G = (Gy,n1,k; Ga,na,t; Gs,nz, £) € CG(n,3) be the graph as depicted in Figure 3, where k > t + 2,
3% < ny <38 and ny = 3L If G is a Wiener-minimal graph of CS(n, 3), then the following statements hold:

(1). The inequality k <t + 3 is valid.

(2). The inequality n3 < 3* is valid.

3). If k =t+ 2 and n3 > 3!, then either 3* +2 -3 1 <ny <2-3%orn; >2-3542.31,
4). If k =t + 3, then 3" +-2-3k2 < ny <2.3F,

(B). If k =t + 3 and n3 > 3!, then either ny <3*+2-3*20rn; > 3*+2.3F 1,

Proof. Suppose that m is a positive integer such that 0 < m < 2-3'*! and 3'*! | (n; — 3¥ —m). Then n; — 3* — m can be
written as

k—t
np—3F—m= Zpi L ghAl—i (15)
i=1

where 0 < m <2-371,0<p; <1,0<p; <2fori=2,....,k—t—1,and py_; < 1. Let X be the set of right-most m vertices
on the line Ry of G;. Let G’ = (n1 — m; na + m; n3) be the graph obtained from G by Operation I (moving m vertices
from G, to G5). Note that

Z a(z,y) —mz2 — i 4 2)p; - 3FITE

reX
YEV(Rp+1)\X

Then, by Lemma 4.1, replacing ¢ with ¢ + 1, we have

W(G) — W(G")

m @ (3%(4k +1) = 3" (4t +5)) + (k+t +4) 3" —ni +m) + (k—t — 1)(n3 + 1)) + Y dalwy)

rzeX
YyEV (Ri4+1)\X

Il
3
DN | =

k—t
(3(2k — 2t — 7) + 311 (2k — 2t + 3)) +Z —t—2i)p 3’“+1—i+(l~s—t—1)(n3+1)> (16)

i=1

DN | =

k—t—1
2m< (3%(2k — 2t — 7) + 371 (2k — 2t + 3)) + Z k—t—2i)p; - 3’““(kt).3t+1+(kt1)(n3+1)>. (17)
1=1
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(). If k> ¢ + 4, then S5/ (k — ¢ — 2i)p,; - 3F+1-1 > S 171 9(4 — 94) . 3k+1-i, By (17), we have

W(G) — W(G) > %

(3(2k — 2t — 9) + 372 (4k — 4t — 5) + 2(k —t — 1)(n3 + 1)) > 0, a contradiction.

(2). If n3 > 3%, then
k—t—1 k—t—1

Z k—t— 2i)p; Lghtl=i > Z 2(2 ~).3k+17i,

i=1
because t + 2 < k < t + 3 by Part (1). From (17), it follows that
W(G) — W(G) > % (3%(4k — 4t — 15) + 312 (4k — 4t — 1) + 2k — 2t — 2) > 0,
which yields a contradiction.

3).Ifk=t+2,n3 > 3" andr-3* <ny <r-3F+2.3*"1 withr = 1 or 2, then we choose m such that p; = —1and p, =0
in (15). By (16), we have W (G) — W(G') > m > 0, a contradiction.

4). If k =t + 3, then (15) becomes
n1—3k—m:p1'3k+p2~3k71+p3~3k72, (18)

where 0 < m <2-382 0<p; <1,0<py <2, andps < 1. If3* < ny <3%+2-32 then p; = p» = p3 = 0in (18), and
hence by (16), we have W (G) — W(G') = m (2 + (k —t — 1)n3) > 0, a contradiction. If n; > 2 - 3%, then p; = 1 in (18), and
thus

E

—t
(k—t—2i)p; - 3" > (k—t—2)-3" 42k —t —4)-3F1 — (k —t). 382

1=1

By (16), we have W (G) — W(G') > m (2 + (k —t — 1)ng) > 0, a contradiction.

B).Ifk=t+3,n3 >37"2 and 3* +2-352 < n; < 3% 4+2.351 then we choose m such that p; = 0 and ps + p3 < 2
in (18), and hence Y1 (k — t — 2i)p; - 35+1 = —p, - 351 — 3py . 372 = _(py 4 p3) - 3571 > —2. 351, By (16), we have
W(G) — W(G') > 2m > 0, a contradiction. O

Lemma 5.3. Let G = (Gy,n1,k; Ga,na,t; Gs,ns,l) € CS(n,3) be the graph as depicted in Figure 3, where k =t = (+ 1,
3F 43R 142382 + 1 < ny < 3K, ny = 3 and ng = 31, Take
2. 3k1, if 3F+3F142.3"241<ny <2-3F 42381,
S 3 g 38, if 238 2.3 <y < 3EFL

Let G' = (GY,3F —m,k'; G4, 3 +ny —3F +m +2-3° ¢t +1; G4, 3,0 — 1) € C§(n,3) where k' =k —2o0r k' =k — 1. Then
). If £ > 2, then W(G) > W(G').

(2). If t =1 and 2- 3% <ny < 3%, then W(G) > W(G").

3. Ift=1and 3" +3*1 +2.35"2 1+ 1 <ny <2-3% then W(G) < W(G').

Proof. Let X be the set of the right-most m vertices on the line R of G;. Let H = (Hy; H»; H3) be the graph obtained
from G by Operation II (moving all vertices of V(Ry11) from G to G> and moving all vertices of V(R ) from G5 to
G, respectively). Here the last layer vertices of H, are the vertices of V(R/, ;) U V(Rry1). In the sequence of the last
layer vertices of [>, we arrange the vertices of V(R ) first and then the vertices of V(R 1). The graph G’ then can be
obtained from H by Operation I (moving all vertices of X from H; to Hs). The last layer vertices of G/, are the vertices of
V(R{,,)UXUV(Ry41). For the sake of calculations, in the sequence of the last layer vertices of G, we arrange the vertices
of V(RY, ) first, then the vertices of X, and finally the vertices of V' (Ry1). By Lemmas 4.1 and 4.2, we have

W(G) — W(H) =(n; — 3%) (; (3F(4k +1) = 3" (4t +5)) + (k+t +4) (3" —3%) + (k —t — 1)(3°"! + 1))
+2.3¢ (; (3°(40+1) = 3" (4t +5)) + (L +t +4) (3" =3 40y — 3F +2. 35

+e—t-)E + 1))+ Y (dolwy) —dulz,y) - Y dulzy),
2,y€EV (Ri41) 2EV (Rp41)
yEV(RYy 1)
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and

W(H)-W(G")=m (; (3" 14k — 3) = 3" (4t +5)) + (k+t +3)(3"! +ny — 3" +2.3" — 3" +m)

+k—t-2)3"+ 1) + > ([ (z,y) — der(x,9)) + Y (du(z,y) — de (2, y))
z,y€V (Ri1)UV (RY, ) z,y€X
+ Z dH($7y) - Z dG’(xay)
rzeX zeX
yeV(R)\X YEV (Ri4+1)UV (R, ;)

1
=m (2 (3" 14k — 3) = 3" (4t +5)) + (k+t +3)(3" +ny — 3" +2.3" — 3" +m)

+(k_t_2)(3£+1)) + Z (dH(xvy) _dG’(m7y))+ Z (dH(mvy) _dG’(xay))

z,y€V (Ri41) 2€V (Rk41)
Z/GV(RZ+1)
+ Z (dG(xay) 7dG’(x7y))+ Z dG(xay) - Z dG/(x7y) - Z dG’(xay)'
z,yeX reX zeX rzeX
yeV(Ri)\X YEV (Re41) yEV(RY(1)

Note that 3*=! <m < 2-3" ' and [V(R}, )| + |X]| + [V(Ri41)| = 2-3° + m +ny — 3"~ < 3%, Then

> dar(@,y) =[V(R)IV(Rea)| - 2(k + 1) = 3 (n1 — 3)(4k + 4),
2€V (Rp41)
yEV(RE'H)

> (da(z,y) — dor(@,y) =37 (m = 3"71) 2k — 2(t + 1)) = =231 (m - 3F71),

z,yeX

> de(wy) =2-3" (3" 2t (m—3F1) 20t + 1))

weX/
yGV(R2+1)

Thus,
W(G) -W(G") =(W(G) - W(H)) + (W(H) - W(G"))
=ny (2-3°71 —1) —m (3" 1(10k + 17) + 2) + m(ny +m)(2k + 3) —4 - 3*~1 —3+~!

+ Z (d(;(l‘,y) —d(;'(l‘,y))—F Z d(;(l‘,y) - Z dG’(x’y)-

z,yeV (R rzeX zeX
(Fos1) yeV(Ri)\X yEV (Ri41)

Casel.3"+3k14+2.30241<pny<2-3492.3k1,

In this case, we have | X|=m =2-3""! and (ron\x dc(z,y) = 0. Thus,

rzeX,yeV

W(G) = W(G') =ny (3571 (4k +8) — 1) =32 2(12k +34) = 5-3" "+ >~ (da(w,y) —de(2,9) — > da(a,y).
ot e
Subcase 1.1 3F +3F—1 4 2.382 41 < pny <3F492.3k1,
Note that if ¢ = 1 then 3% + 31 4+2.3k=2 4+ 1 =3%F + 2.3k=1 Hence ¢ > 2. Since

> dar(@y) =[V(Re)| (3872t 43571 2(t + 1)) = (ng — 3%) 3F1 (4t + 2),

zeX
yEV(Rk+1)

> (dal@y) — dar(@,y)) =0,

z,y€V (Ry41)

we have
W(G) - W(G')=ny (2-3"-1) —28.3*2 — 5.3+
>(3F+3"1+2.3"24+2)(2.38 1) —28.32 —5.3F!

=7-3F2_2>0.
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Subcase 1.2 3F +2.3k1 <, < 2.3k,
Note that

Yo der(m,y) =3V (R 206+ 1) + 3812381 20 4 38 ([V(Reg)| — 2387 1) - 2(t + 1)
reX
yEV (Rpy1)

=(ny —3F) 3" 14k +4) — 4322

> (a(w,y) — dar(x,y) =2 357 ([V(Rega)| — 2-3871) (2K — 2(t + 1)) = 20 3272 — dny - 3471
I,yGV(RkJrl)
Thus,
W(G)—W(G')=2-3%%"2_5.31 _pn,.

If ¢ =1,thenk =2and W(G) - W(G') <2-3%%72—-5.3k"1 — (3" +2.3"1 + 1) =3k (2.3"1 —10) —1 < 0. If £ > 2, then
k>3and W(G) - W(G') >2-3%%72 —5.3k=1 —2.3F =3~F=1 (2.3 —11) -1 > 0.

Subcase 1.32-3F < ny <2.3F 4 2.3F1
Note that

> dar(w,y) =3V (Rpga)] 20+ 1) + 38712357 20 4 38 (V(Ryp)| — 203571 - 2(6 4 1)

reX
yEV (Rpy1)

=(ny —3F) 3" 14k +4) — 4 3%,

Y. (alw,y) —da(w,y) =2- 351381 2k = 2(t + 1)) + 351 ([V(Ryr)| — 3%) (2(k + 1) —20)
z,y€V (Ri41)

=—16-3%"2 4 2ny - 3F1.

Thus, W(G) — W(G') =ny (2-3F —1) —34.32k=2 —5.3k=1 > 3k=1 (2. 3k71 _5) — 1 > 0.

Case 2.2 3% +2.3k1 < p, < 3k+1L,

In this case, | X| = m = 10 - 3¥~1 —n,. Let S be the set of the left-most n; — 2 - 3% — 2. 3*~! vertices on the line R, of G.
Then, |S] = n1 —8-351 < 351 |V (Ry41)\ S| = 5-3*1, and |S| + | X| = 2351 = [V(Ry)\ X|+|X|; that is, |S| = |V (Rx)\ X|.
Note that

Y da(wy)= Y defwy)+35 5382t 4 1) + (m—381) (3R 2(t+ 1) +2- 31 21)
zeX rzeX,yes
YyEV (Rk41)

> dar(x,y) + 32 (10k + 10) + (38! = ny) - 3571 (10K + 6),
zeX,yes

Yoo daley) = Y da(wy) =153 2k —2(t+1)) = —2-35 1 (ng — 8- 387,

reX rzeX,yes
yeV(R)\X

Z (da(z,y) — dar(z,y)) = 0.

z,YyEV (Rp41)
Therefore, W (G) — W(G') = 70 - 32*=1 — 7.3k —py (7-3F"1 —1) > 7.32(-D — 4.3k > 0. O

Lemma 5.4. Let G = (G1,n1,k; Ga,na, t; Gs,ns, ) € CS(n, 3) be the graph as depicted in Figure 3, where k =t+1,t = (+1,
ny =23k, 3" <ny < 3 and ng = 3“7 If G is a Wiener-minimal graph of €5(n, 3), then 3" <ny < 31 — L.
Proof. Suppose to the contrary that 1 - 3! — 1 < n, < 3'+1. Let X be the set of the right-most 2 - 3**! vertices on the line
Riy1 of G; and Y be the set of the right-most m vertices, except for X, on the line Ry, of G1, where

{32 if -3 — 1 <ny <23,

31 oy, if 2.3 < g < 3HFL

Let G' = (G,n1 —2- 3L —m, K'; G, na +m,t; G5, 3720+ 1) € €5(n, 3) be the graph obtained from G by Operation III
(moving 2 - 3‘T! and m vertices from G; to G5 and G5, respectively), where k' = k or k — 1. Here, the last layer vertices of
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G4 are the vertices of Y UV (R}, ;). For the sake of calculations, in the sequence of the last layer vertices of G5, we arrange
the vertices of Y first and then the vertices of V' (R}, ). Note that
> da(zy)=3"-2-3"2(t+1) =3 (4t +4).
rzeX
yEV (Re41)\X
By Lemma 4.3, replacing ¢, £, m1, my, ny,n3 with £,¢,2 - 3°t1, m_ 2 - 3% n,, respectively, we have

W(G) = W(G') =—2-3*" 4+ 2ny - 3" + 23" + m (3" (—4t — 6) + (2t + 4)(na + m) + 1)

+ > do(z,y) = Y da(z,y).

zeY z€eY
YEV (Ri+1)\(XUY) yEV(Ri 1)

Casel. ;- 3"! — 1 <ny <23
In this case, |[Y| =m = 3" and V(Rg41) \ (X UY) = ¢. Hence,

> der(z,y) = 3" (ng — 3%) - 2(t + 1)
z€Y,yeV(R,,,)

and thus, we have W(G) — W(G') = —2- 321 4+ dn, - 31 4 3011 > —2.320+1 4 2 (3071 — 1) . 31 + 3171 = 3! > 0, a contradiction.

Case 2.2 - 3! < ny < 3011,
Note that [Y| = m = 3'"!' —ny < 3. Let H be the set of the left-most 3" — m vertices on the line R}, , of G>. Then
|H| =3"—m = |V(Rp+1) \ (X UY)| and

> do(z,y) =m-3" -2+ 1)+ > do(z,y)
a;EY,yEV(Rerl) zeY,yeH
Hence, we have W(G) —W (G') = 2-3%T1 +5.3' —ny(2-3t+1) > 2.320F1 +5.30 —38+1(2.3' +1) = 2.3" > 0, a contradiction. [
Lemma 5.5. Let G = (G1,n1,k; Go,na,t; Gs,ng, l) € C5(n,3) be the graph as depicted in Figure 3, where k = t + 2,
ny =3 4+p-3F1 (1 <p<2),and 3" < ny < 3L If G is a Wiener-minimal graph of CS(n, 3), then n3 # 3.
Proof. Suppose to the contrary that ng = 3'. Let G’ = (ny + ny — 3%; 3%; n3) € €9(n, 3) be the graph obtained from G by
Operation I (moving all vertices of V (R} ;) from G to G1). Note that

> de(z,y) = (ng —3") - 2kp- 31
z€V(R;,4)
YyEV (Ri41)

By Lemma 4.1, replacing m, k, t, n2, ny with (ny — 3%), ¢, k, nq, ns, respectively, we have
W(G) —W(G') = (ny — 3" (p- 3" =2 —2n3) = (n —3") (Bp—2) - 3" —2) >0,
a contradiction. O

Lemma 5.6. Let G = (G1,n1,k; Ga,ne,t; Gs,ns, l) € C5(n,3) be the graph as depicted in Figure 3, where k =t = {, and
3k < ny < 3MFL ng =31 ng = 3¢TL If G is a Wiener-minimal graph of €5(n, 3), then either ny = 3" + 1orn; > 5 .3F — 3,
Proof. Suppose to the contrary that 3" + 2 < ny < 3 -3F — 3. Take X = V(R},,). Let Y be the set of the left-most m
vertices on line Ry of G1, where
ny — 3%, if3F +2<n; <2-3F
m =

3k, if2-38F <ny <3383
Then |[X|=2-3=2-3", and |[Y| =m < 3'. Let G’ = (G,n1 — m,k'; G4, 3771 + 23" +m,t +1; G4,3%, ¢ —1) € CG(n,3) be
the graph obtained from G by Operation II (moving moving all vertices of X from G3 to G2, and all vertices of Y from G;
to Go, respectively), where k' = k or k — 1. Here, the last layer vertices of G/ are the vertices of X UY. In the sequence of

the last layer vertices of G, we arrange the vertices of X first and then the vertices of Y. Then

zeX,yeY

By Lemma 4.2, replacing ¢, k, ¢, my, ma, n1,n2,n3 with t + 1,4, k,2 - 3, m, 3°t1, 341 n,, respectively, we have
W(G) = W(G)=2-3"(3"—n1 = 1) + m (3° 20+ 8) + 2+ ) (m —my) = 1)+ > da(z,y).

zeY
YyEV (Rr+1)\Y
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Case 1.3" +2<n; <2.3F,
In this case, m = n; —3¥ and V(Ry11)\Y = ¢. Thus, we have W (G) - W (G') = (n; —3%)(2-3 —1) —2-3% > 0, a contradiction.

Case2.2-3F <n; <5.3F_ 3
Note that m = 3* and
> dgla,y) =3 (ng —2-3%) - 2(k +1).

z€eY
yEV(Rr+1)\Y

Thus, we have W(G) — W(G’) = 3¢ (10 - 3° — 4ny — 3) > 3“F! > 0, a contradiction. O

Lemma 5.7. Let G = (G1,n1,k; Ga,ne,t; Gs,ns, t) € C(n,3) be the graph as depicted in Figure 3, where k = {( =1, { > 2,
no = 311, and n3 = 3L, If G is a Wiener-minimal graph of €S(n, 3), then ny # 3% 4 1.

Proof. Suppose to the contrary that n; = 3% + 1. Let X be the set of the right-most 3~! — 1 vertices on the line V(R}) of
G2, Y = V(Ry), V(Ri11) = {v}, and suppose that the (3'~! + 1)-th vertex on the line V(R}) of G is u.

Let H = (Hy; H; H3) be the graph obtained from G by Operation II (moving all vertices of V (R}, ;) from G; to G3 and
moving the vertex v from G, to G, respectively). Here, the last layer vertices of H are the vertices of V (R}, ;)U{v}. In the
sequence of the last layer vertices of H3, we arrange the vertices of V((R; ;) first and then the vertex v. Let G’ = (G'; G%; G%)
be the graph obtained from H by Operation II (moving all vertices of Y from H; to H3 and moving all vertices of X from
H, to Hs, respectively). Then G’ = (381, 2.3t=1 +1; 3F1 + 2.3t + 371 1 2. 3F71) € @G(n,3). The last layer vertices of
G4 are the vertices of V(R}, ;) U {v} UX UY. For the sake of calculations, in the sequence of the last layer vertices of Gj,
we arrange the vertices of V (R} ) first, then the vertex v, then the vertices of X, and finally the vertices of Y. Note that
V(Rj,,)=2-3"|X|=3"1-1,and |Y|=2-3""1. Thus,

Z dy(v,z) = Z do(v,x) =2-3"-2(t + 1) = 3'(4t + 4),

z€V (R}, ,) z€V (R}, ,)
Yo dulmy) = > dalw,y) =371 (3T 1) 2+ Y dglu, ),
reX reX reX
yEV(R)\X yeEV(RY\X
Z dG/(xay) =2-3' (Stil _1) '2(t+1)+ ch/(’l},ib),
rzeX zeX

yeV (R y1)U{v}

> der(z,y) =2-3F71(2-3" - 2(t + 1) +2t) =3* ' (8t +8) +4¢t- 3",
€Y
yeV (R, ,)U{v}
> der(w,y) =235 (3T —1) 2t =4t 3777 —4r - 3,
xeX

yey
Z dg(u,l') = Z dG'(U7x)'
zeX zeX

By Lemma 4.2, replacing X, Y, k, {,t,n1,n2,n3,m1, me with V(R}, ), {v}, ¢, k, €+ 1,31 3471 38 1 1,2.3" 1, respectively, we
have

W(G)—W(H) =34t +4) — 1 — Z dy(v,z) = —1.
z€V (R ;)

By Lemma 4.2, replacing k, £, t,n1,n, n3, my, mg with t — 1,k — 1,0 +1,3%, 31 1 2.3t 41, 3% 31 —1,2.3%1 respectively,
we have

W(H) - W(G') =32"2(38t +43) = 31 (10t +19) + 2+ > du(z,y) — S der(xy)
xeX reX
yeV(R\X YEV(Ri1)U{v}
- > da(wy) =) da(z,y)
zeY zeX
ZJEV(R;JA)U{U} yey

=7.3%"2_7.371 49

By adding the last two equations, we arrive at W (G) — W (G') =7-3%72 - 7.3!=1 + 1 > 0, a contradiction. O
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Lemma 5.8. Let G = (Gq,n1,k; Go,na,t; Gs,ns, l) € CG(n,3) be the graph as depicted in Figure 3, where k =t + 1, { = ¢,
3P+ 3L 1<y <238 4381 ny =3, and ny = 3°TL. Take

2.3, if3F + 3141 <n; <3F4+2.361
m =
3l —2.3t if3F 42381 <y <238 4361,

Let G' = (G,n1+2- 3" +m, k; Gy, 34t —1; Gy,n3 —m, ') € CG(n, 3) be the graph obtained from G by Operation II (moving
all vertices on line R; | of G to G, and moving m vertices on line R} | of G3 to G\, respectively), where (' = { or £ — 1, such
that G' remains in the form of the graph depicted in Figure 3.

(D). If ny =38 + 3" + 1, then W(G) < W(G).

(2). If ny = 3k 4+ 351 + 2, then W(G) = W(G').

@). If 38 + 381 42 < ny <3F 4+ 5351 — 3 then W(G) > W(G).
@. If3F+ 3 .37 =3 <ny <2384+ 3571 then W(G) < W(GQ).

Proof. Take X = V(R},,). Let Y be the set of the right-most m vertices on the line R;,, of G3. The last layer vertices
of G are the vertices of X UY U V(Ry1). For the sake of calculations, in the sequence of the last layer vertices of G,
we arrange the vertices of X first, then the vertices of Y, and finally the vertices of V(Rj;1). By Lemma 4.2, replacing

k,t,ni, no,ng, my, mo with ¢, k, 38t ny, 3441, 2. 351 m, respectively, we have
W(G) —W(G') =3*72(—~12k — 16) + 3F 71 ((4k + 4)ny — (6k 4+ 6)m — 2) +m ((2k + 2)(ng +m) — 1)

+ Z d(;<$,y) + Z (dc;(l',y) - dG’(‘r’y)) - Z dG’(m’y>

€Y T,ycY reX

yEV (R )\Y yEV (Ri41)
- Y de(zy) =) da(,y).
z€Y rxeX
yEV (Ri+1) yey

Case 1.3F + 351 41 <pny <3V 4231
In this case, |Y| =m = 2-3‘ = 2-3*~1, Note that

> (da(x,y) — dor(z,y) = — 23272,

z,yeyY
> dar(wy)=2-3"" (ng —3%) -2k + 1),
zeX
yEV(Rk+1)
Yo dar(@y)+ > dor(a,y) =38 (235 g = 38) 2k + 2(k + 1))
z€Y xeX
yeV (Ri41) yeY

Therefore, we have
W(G) - W(G') =832+ 31 (2n —4)=2.3""1 (n; — 3% —3F1 - 2).

Ifn, = 3%+ 3! + 1, then W(G) < W(G").
Ifny = 3%+ 3! + 2, then W(G) = W(G").
If 38 4351 42 < ny <38 4+2.31 then W(G) > W(G).

Case 2.3 +2.31 < pny < 2.3k,

Note that 3*~! = 3* < |Y| = m = 7-3F1 —n; < 2-3%"1, Let Hy be the set of the right-most 3¢ vertices on the line
R/,, of Gs. Take H; = Y \ Ho and H, = V(R},,) \ Y. Let the vertices of Hs be the (3* + 1)-th to (3" + m — 3%71)-th
vertices in the last layer of G/. Let H, be the set of the left-most n; — 3% — 2 - 3*~! vertices on the line V (R} 1) of G;. Then
3F=1 = 3% = |Hy| + |Hz| = |H3| + |Hy| = 3*~1. Hence

Z da(z,y) = (2-3€—m) 3‘7-2(5—1-1)—1- Z de(z,y),
zeY r€H,,yEHy
YEV (R )Y

Z de(z,y) = 23" (ng —3F) - 2(k + 1) = 3871 (ny — 3%) (4k + 4),
z€X, Y€V (Ri+1)
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Z (da(z,y) — der(z,y)) = 3° (m — 3Z) (200+1)—2(k+1)) = —2-3° (m — 32) ,

z,ye€Y
Z dG’(‘T7y)+ ng'(l‘,y)
z€Y rzeX

yEV (Rk+1) yeYy

=2m 382k + 2.3 (m = 3F ) 2k + 1) 435 (= 3F) 2k + D)+ Y dar(my).
r€H3,y€Hy

Thus, we have
W(G) — W(G') =22 322 _ 3kl _p (4. k=1 _ .

If 38+ 2.3 <ny <3F+3.35"1 — 3 then
5
W(G) -W(G") > 5 31— 2 >0.

If3k +3.3"1 -3 <y <2.3% then

1
W(G) - W(G") < f% L 5 <0.

Case 3.2-3F <n; <2.3F 4 361

In this case, 0 < |[Y| = m = 7 31 —n; < 351 = 3%, Let S, be the set of the right-most 3 — m vertices, except
for Y, on the line R} ; of G3. Let S; be the set of the left-most n; — 2 - 3% vertices on the line V(Ry,1) of G;. Then
3F1 =30 = |Sy| + |Y| = Y| +|S1| = 3*~L. Thus,

> dalay) =3'm-200+ 1)+ > da(x,y),

z€Y €Sy
yeV (R )Y yey

> der(z,y) =2- 3771 (38 - 2(k + 1) + 2k (ny — 2- 3%)),
z€X,yeV (Rik+1)

Z dG/(a:,y)—FZdG/(Jc,y): (2-3571 .2k + 3% 2(k + 1)) ng/a:y

z€Y zeX €S
yEV (Rk+1) yey yey
Consequently, we have W (G) — W(G') = =14 3272 4 ny (23571 1) — 3k1 < 2. 31 <. O

Lemma 5.9. Let G = (G1,n1,k; Go,na,t; Gs,ns, l) € CG(n,3) be the graph as depicted in Figure 3, where k =t + 2, { <,
3% < ny < 3F, ny = 3tTL, and nz = 3°TL. If G is a Wiener-minimal graph of CG(n, 3), then either 3¢ < n; < 3F 4+ 2.3 1 or
niy Z 2- 3k.

Proof. Suppose to the contrary that 3* + 2-3¥~1 < n; < 2-3*. Let X be the set of the right-most m vertices on the line
R; | of G, where
2.3t if3F+2.31 <y <3F42.3k1 4 362
" { 2.3 —ny, if3F+2.35 14352 <y < 2.3
Let G' = (G}, n1+m, k; Gy,na—m,t'; Gs,ns, £) € C5(n,3) be the graph obtained from G by Operation I (moving m vertices

on line R}, of G to G;), where t' =t or t — 1. By Lemma 4.1, replacing k, t,n,ns,ns with ¢, k, 3™, ny, 371, respectively,
we have

W(G) = W(G') =m (3¥72(=22k = 11) + (2k + 1)(na +m) —2-3F1 —=2) + Y~ da(x,y)

reX
yeEV (Rey1)\X

+ Z (da(z,y) — der (2, y)) + Z (de(z,y) — dar (2, y)) — Z der (z,y)

z,y€V (Rk+1) z,yeX z€X,yeV (Rk+1)

m (372 (=22k — 1) + 2k + D +m) =237 =)+ Y7 da(ey)

rzeX
YEV (R 1)\ X

+ Y elry) —de(@y)+ Y (deley) —do(ey)— Y delzy).

z,y€V (Ry41) z,yeX zeX,yeV (Ry41)
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Case 1.3F +2.3F1 <y <3F42.3k71 4 302,

Note that | X| = m = 23! = 2-3"~2, Suppose that the vertices of X are the (2-3%¥~1 +1)-th to (2-3*~! +2-3%=2)-th vertices
in the last layer of G. Let V; be the set of the left-most 2 - 3*~! vertices on the line Ry | of G1, and take Vo = V(Ry41) \ V4.
Then, we have

> dar(w,y) =232 (23571 2k 4 (my — 38 — 238 1) 2k - 1))

zeX
yEV (Rpy1)

and hence
W(G)—W(G')>—-10-3*%"2+2.31 (5.3 4 1) —4.3F2=2.32 >,

a contradiction.

Case 2.3 +2-3F1 432 <y <2.3%,

In this case, [X| = m =23 —n; < 238 — (38 +2.3k1 4 382) = 2. 3k=2, The last layer vertices of G/ are the
vertices of V(Ry4+1) U X. In the sequence of the last layer vertices of G, we arrange the vertices of V(Ry1) first and
then the vertices of X. Let V] be the set of the left-most 2 - 3*~! vertices on the line Ry, ; of G;. Let V5 be the set of the
left-most 3¥~2 vertices, except for Vi, on the line Ry, of G1. Take V3 = V(Ry11) \ (Vi U V) and H; = V(R;, ) \ X. Then
V3| + | X| =232 = |Hy| + | X|; that is, |V3| = |H;|. thus, we have

Z dG' (l‘,y) =2m - 3k71 2k + 3k72m ’ 2<k - 1) + Z dG/ (Jj, y)7

reX reX
yEV (Ri+41) YyeEVs
Z dG(l'vy) = Z dg(l',y)
reX zeX
yeV(Rep1)\X yEH:
Therefore, we have W(G) — W(G') > (2- 3% —ny) (371 — 2) > 0, a contradiction. O

Lemma 5.10. Let G = (G1,n1,k; Ga,na,t; Gs,ns, £) € C5(n, 3) be the graph as depicted in Figure 3, where k =t+2, { =1t,
ng = 311, and nz = 3'TL. If G is a Wiener-minimal graph of €S(n,3), then ny # 2-3F + 2381 4 1.

Proof. Suppose to the contrary that n; = 2-3% + 2.3k~ 1 1. Let G’ = (G; G%; G%) € €S(n, 3) be the graph obtained from
G by moving 2 - 3+ and 2 - 3*! vertices on the line Ry, of G; to G5 and G3, respectively. Then |V (G})| = 3% + 3F~1 4 1.
By Lemma 5.8(1), the inequality W (G) > W (G’) is obtained, which yields a contradiction. O

Lemma 5.11. Let G = (G1,n1,k; Ga,na,t; Gs,ns, £) € C5(n,3) be the graph as depicted in Figure 3, where k =t+3, { =,
3% < ny < 38, ny = 3tTL, and n3 = 3°TL. If G is a Wiener-minimal graph of CG(n, 3), then either 3¢ < n; < 3F +2.3F2 or
3F 431 42382 12,303 1 1 < ny < 3FFL

Proof. Suppose to the contrary that 3* +2-3%¥2 < n; <3k 4+ 381 +2.352 1. 2.3"=3 L 1. Let X be the set of the left-most
2 - 3*=2 vertices on the line Ry, of G;. Let Y be the set of the left-most m vertices, except for X, on the line Ry of G,
where

ni—3F—2.32 ifn, <3F 43k 4 3k2
] 2-3+2, ifng > 3k 4 3k—1 4 3k—2,

Let G’ = (G}; GY; G%) € CS(n,3) be the graph obtained from G by Operation III (moving 2 - 3*~2 vertices from G; to G»
and moving m vertices from G; to G3, respectively). Note that

> (da(z,y) — dar(z,y)) = 0.

z,y€V (Ri4+1)\(XUY)
By Lemma 4.3, replacing ¢, m1, ms,ns with ¢ + 1,2 - 3*=2 m_ 3! respectively, we have
W(G) — W(G") =3%~*(44k + 26) + 4 - 3872 — 382, (4k + 2) +m (3" 2(22k + 17) + (2k + 1)(m — n1) + 2)

+ Z dg(l',y)+ Z dG(fE,y)‘i‘ Z (dG(l'vy) _dG/(x,y))'
zeY reX z,yeY
YEV (Re41)\(XUY) YEV (Re41)\ X
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Case 1.3% +2.3"2 <y <3k 43F71,
In this case, |Y| =m =mn; — 38 —2.3*"2 < 3* 2 and V(Ry41) \ (X UY) = ¢. Thus,

Z da(z,y) =2m - 3872 .2(k — 1),
zeX
yeEV (Ri+1)\X
and hence, we have W(G) — W(G’) = 2 (ny + 3%7! (2373 — 3)) > 0, a contradiction.
Case 2. 3F + 371 <y <3F43k-1 4 3F2,
Note that 3* 2 < |[Y|=m=n; —3F¥ —2.3F"2< 2.3 2 and V(Ry11) \ (X UY) = ¢. Therefore,
> da(zy)=2-3"2 (352 2(k — 1) + (m — 3°72) - 2k)

reX
yEV(Ri+1)\ X

> (da(@y) = der(z,y)) =372 (m — 3572) (2k — 2(£ +2)) = 23572 (m — 3¥72) .
z,yeY

Thus, we have W(G) — W(G’) =2- 37! (ny — 34 3"73 — 3) + 2ny > 0, a contradiction.
Case 3.3F + 3" 1 43k 2 <y <3F 4 3F"1 4 2.3F72 4 2.3F3 4 1,
In this case, It holds that |Y| = m = 2-3k2 = 2. 31, So,

> da(w,y) =232 (352 2(k — 1) + 2k (my — 38 = 3"71)),

reX
YEV (Ri+1)\X

> de(z,y) = (ng — 3" =31 —382) 3" 2. 2k + 372 . 2(k — 1)),

z€Y
YEV (Rp41)\(XUY)

3 (dale,y) — dor(z,y)) = 334 (2k — 2(¢ +2)) = 2. 324,
z,yeY

Therefore, we have W(G) — W(G') =232 (44352 — 3ny +4) > 2-3¥2 > 0, a contradiction. O

Lemma 5.12. Let G = (G1,n1,k; Go,na,t; Gs,n3, l) € C5(n,3) be the graph as depicted in Figure 3, where k = { + 1,
t=0+2 3" <ny <3 ny =31, and ng = 371 If G is a Wiener-minimal graph of CS(n, 3), then 3¥ < ny < 1 .3k+1 3

Proof. Suppose to the contrary that § -3k — 3 < n; < 3k, Let G’ = (G{; G%; G%) € €G(n, 3) be the graph obtained from
G by Operation III (moving 2 - 3**! vertices and 3**! — n; vertices on the line R, 41 of G2 to G3 and G, respectively). Since
V(G| = 3t — 2.3 — 3++1 1 n;, we have

3"+ g 23t g < |V(GH)| <238+ 3L,
By Lemma 5.8(4), we have W (G) > W (G'), a contradiction. O

6. Main result

In this section, we give a characterization of the Wiener-minimal graphs of €G(n, 3).

Theorem 6.1. Let G € CS(n,3) be a Wiener-minimal graph of CG(n,3) with n > 25. If n = 10 - 3° + 2 with ¢ > 1, then
G = (3 430 42, 3¢+, 3 Y or G = (2371 2.3+ 2; 3% 3°). If n # 10-3° + 2 for any £ > 1, then G = (ny; na; n3),
where ny + no + ng = n, and one of the following holds:

M. ny =3 ne =3t ng =34 t=landt <k <t+2.
2. n;=2-353 <ny< 2.3 —Lny =3 k=t+1l,andt=10+1
3). n1 =235 3 <ny <3t nz3=3"L k=t+2 and (<t </l+1.

4).

Nt

3k — 3 <y < 3R ny =34 ng =3 and k=t =L
(5). 3F <mny <3F 431 420r3F 453381 — 2 <y < 3R iy =3 g =3 k=t+landt="

®6). n1=2-3%0r2-3F+2.3F1 41 <ny <3t ny =311 ny =341 k=t+2andt ="~
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(7). 38 +314+2.3572 1. 2.383 1 1 <ny <2-3Fand ny # 46,47,48, no = 3, n3 =34 k=t +3and t = L.
8). ny =235 ny=3"FL ny =34 k=(+3andt=(+1
9). 3 <ny <2-35, ny =3, nz3=3"L k=t=2and ¢ = 1.
(10). 38k <ny <3F 43814 2.3 2 4 |y =3 ny3=3"FL k=t=(+1and (> 2.
(A1), 3" <ny < §-3M =3y =3 ng =3 k=/+1landt=1(+2
Proof. Let G € C9(n,3) be a Wiener-minimal graph of CG(n, 3), where n > 25 . By Lemma 3.1,
G = (G1,n1, k; Go,na,t; Gs,ns, )

has the form of the graph shown in Figure 3, where G; = T},,(2,4) with n; > 3fori =1,2,3, ny +no+n3 = n, 3* < ny < 38+,
3t < ngy < 31 and 3¢ < ng < 3%+1. We consider four cases.

Case 1.n; = 381, ny =31+ ng =31 and k > ¢ > ¢.
By Lemma 5.2(1) and Lemma 5.2(4), k <t + 2. If kK = t + 2, then by Lemma 5.2(2), { = k — 2 = ¢. If k = ¢t + 1, then by
Lemma 5.3, ¢ # k; that is, / = t. consequently, t = fand t < k <t + 2.

Case 2. 3" < ny < 3FH1 3t <y < 3111 30 < g < 3 and k> ¢ > ¢.
By Lemma 3.3(1), the numbers k, ¢, and ¢ are different. Thus, k = ¢+ 2 and ¢ = ¢ + 1 by Lemma 5.1(1), which contradicts
Lemma 5.1(3). Thus, there is no such case.

Case 3. 3" < ny < 3k, 3t < ny < 3t and ng = 3!, and k > t.
By Lemma 3.3(1), Lemmas 3.3(2), and Lemma 5.1(1), t + 1 < k <t + 2 and 3**! | (n; — 3%).

Subcase 3.1. k =t + 1.
By Lemma 3.3(3) and Lemma 5.1(2), n; = 2 - 3* and ng = 3‘*! < 3t*1, Therefore, ¢t > ¢. If t > ¢ + 2, then this contradicts

Lemma 5.2(2) because n; > 3" = 3'"1. Hence, t = {+ 1. By Lemma 5.4, 3" <ny < - 371 — 1.
Subcase 3.2. k =t + 2.
Note that 3*~! | (n; — 3%) and 3¥ < n; < 3¥*1, Then
n =38 =py 35 4 pp -3V (19)

where 0 < p; < 1,0 < py <2, and p; + p» > 1. By Lemma 5.1(3), n3 < 2-3'T!; that is, ¢ < ¢t. By Lemma 5.2(1), k < ¢ + 3.
Hence, / < t < £+ 1. If t = ¢, then by (19), Lemma 5.1(4), and Lemma 5.1(5), n; = 2 - 3 because nz = 3*! = 3L If
t = £ + 1, then by Lemma 5.2(4), 3 + 2-3%¥=2 < n; < 2. 3%, Hence, by (19), either n; = 2-3* or n; = 3* 4 p, - 3*~! with
1 < py <2. By Lemma 5.5, n; = 2- 3%,

Case 4. 3" < ny < 381 py =311 ng =341 and ¢ > 2.
By Lemma 5.2(1) and Lemma 5.2(4), kK < /+ 3 andt < ¢ + 2. By Lemma 5.1(1) and Lemma 5.1(4), t < k + 1. Thus,
(<t<f+2andt—-—1<Ek</+3.

Subcase 4.1. ¢t = /.

If kK = ¢ — 1, then it contradicts Lemma 5.1(2).

If k = t, then by Lemma 5.6 and Lemma 5.7, ny > 2 - 3% — 3,
If k =t + 1, then by Lemma 5.8(2) and Lemma 5.8(3), either 3* < n; <3+ 3" 14 20r3" 4+ 5 .31 — 2 < ny < 341,

If k = t + 2, then by Lemma 5.2(3), Lemma 5.9, and Lemma 5.10, either ny =2-3*or2-3% + 2.3 1 41 < n; < 3++1L

If k = t + 3, then by Lemma 5.2(4) and Lemma 5.11, 3* + 3¥=1 4+ 2.3k2 1 92.33 1 1 < n; <2.3F Ift =¢ =0 and
ni=3F4+2.31 4 p=3%42.32+p, where p = 1,2, 3; that is, ny = n3 = 3 and n; = 46,47, or 48, then by Lemma 5.3(3),
there is the graph H = (n; — 30; 27; 9) € C9(n, 3) such that W (H) < W(G). Therefore, n; # 46,47,48.

In particular, by Lemma 5.8(2), the two graphs corresponding to 6 = ¢ + 1 and n; = 3* + 3*"! + 27 and “k = t 4 2
and n; = 2- 3% +2-3%~1 4 2” have the same Wiener index; that is, W(G) = W(G), where G = (3¢+1 + 3¢ + 2; 3/+1; 36+1)
and G = (23! +2.3° 4+ 2; 3% 3%). In this case, n = 10 - 3° + 2, which implies that for n = 10 - 3* + 2, there are two
Wiener-minimal graphs G, G € €5(n, 3).

Subcase 4.2.t =/ + 1.
Note that ¢ < k < ¢+ 3. By Lemma 5.1(2) and Lemma 5.2(2), k # ¢ and k # { + 2.

Ift = ¢+ 1and ¢ = 1, then by Lemma 5.3(2), 3* < n; < 2-3% Ifk = ¢+ 1 and ¢ > 2, then by Lemma 5.3(1),
3F<ny <3431 42.382 41,
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If k = ¢ + 3, then by Lemma 5.2(4), Lemma 5.2(5), and Lemma 5.9, n, = 2 - 3*.

Subcase 4.3.¢t =/ + 2.
In this subcase, / +1 < k < £+ 3. By Lemma 5.2(2), n; < 3%; thatis, ¥ < t = ¢ + 2. therefore, £ = £+ 1. By Lemma 5.12,

3k <ny <430 -3, O

Corollary 6.1. Let G € CG(n, 3) be a Wiener-minimal graph of CG(n,3), where n > 25. The graph G is unique except for
n=10-3"+2with ¢ > 1. For n =10 - 3* + 2 with ¢ > 1, there are exactly two such graphs.

7. Conclusion

In this paper, the problem of determining the Wiener-minimal graphs is completely solved for unicyclic chemical graphs
of order n and girth 3. It turns out that for n = 10 - 3 + 2 with ¢ > 1, there are exactly two Wiener-minimal graphs.
However, for every n > 25, satisfying n # 10 - 3° + 2, there exists exactly one such Wiener-minimal graph. Determining
the Wiener-minimal graphs in the case of general graphs of fixed order with given girth and maximum degree remains an
open problem.
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