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Abstract

This article deals with the solution and asymptotic analysis for a porous-elastic system with fractional-order time delay.
Semigroup theory is used. The existence and uniqueness of the solution are obtained by applying the Lumer-Phillips
Theorem. Additionally, two results for the asymptotic behavior are presented concerning the (i) strong stability of the
C0-semigroup associated with the system by using a general criterion due to Arendt-Batty and Lyubich-Vũ, (ii) exponential
stability by applying Gearhart-Prüss-Huang’s theorem.
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1. Introduction

Elastic materials with voids, which have good physical properties, have been widely used in engineering, such as vehicles,
airplanes, large space structures, etc. Due to their extensive applications, the elasticity problems of these types of materials
have become critical issues that attract the attention of many researchers. Since elastic solids with voids provide one of
the simple extensions of classical elasticity theory, they allow the treatment of porous solids in which the matrix material
is elastic and the interstices are voids of material; see [18,28] for details.

Consider the following equations of evolution for one-dimensional theories of porous materials: ρutt = Tx,

Jφtt = Hx +G,

where T is tension, H is balanced tension, G is balanced body force, q is heat, ρ is the reference mass density, J = ρ0k, ρ0
is the mass the density that is assumed positive, k is the equilibrated inertia that is also assumed positive, the variables u
and φ are the displacement of the solid elastic material and the volume fraction, respectively. The constitutive equations
are given as: 

T = µux + bφ,

H = δφx,

G = −bux − ξφ,

where µ, b, δ, and ξ, are the constitutive coefficients, whose physical meanings are well known. The constitutive coeffi-
cients in the one-dimensional case satisfy the following relations:

µ > 0, δ > 0 and b2 6 µξ. (1)

When we introduce the constitutive equations into the evolution equations in the interval (0, L), we get ρutt(x, t)− µuxx(x, t)− bφx(x, t) = 0, x ∈ (0, L), t ∈ (0,∞),

Jφtt(x, t)− δφxx(x, t) + bux(x, t) + ξφ(x, t) = 0, x ∈ (0, L), t ∈ (0,∞).
(p)
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Since b2 6 µξ, we have

µ|ux|2 + 2buxφ+ ξ|φ|2 =

(
b√
ξ
ux +

√
ξφ

)2

+

(
µ− b2

ξ

)
|ux|2 ≥ 0, (2)

and hence the energy of the system is given by

E(t) =
1

2

∫ L

0

[
ρ|ut|2 + J |φt|2 + δ|φx|2 + µ|ux|2 + 2buxφ+ ξ|φ|2

]
dx.

A direct calculation leads to d
dtE(t) = 0; that is, the system (p) is conservative. For a realistic situation, research on porous

elastic systems has been carried out in recent decades considering several stabilization mechanisms; see [4, 8–12, 15, 27,
29,32,34,35]. In the present paper, we are interested in the internal damping of fractional order with time delay.

An essential advantage of fractional differential equations in applications is their non-local property, making fractional
calculus more attractive. In [19], the concept of the fractional derivatives, specifically, the Riemann-Liouville, Liouville,
Caputo, Weyl, and Riesz versions, are introduced, and the so-called fundamental theorem of fractional calculus is presented
and discussed in all these different versions. A new fractional derivative with a non-singular kernel involving exponential
and trigonometric functions was proposed in [2]. The suggested fractional operator includes the Caputo-Fabrizio fractional
derivative as a particular case.

The Caputo fractional integral of order α, 0 < α < 1, is defined by

Iαw(t) =
1

Γ(α)

∫ t

0

(t− s)α−1w(s)ds, (3)

where Γ is the well-known gamma function, w ∈ L1(0, L) and t > 0.

The Caputo fractional derivative operator of order α is defined by

Dαw(t) = I1−αDw(t) :=
1

Γ(1− α)

∫ t

0

(t− s)−α dw
ds

(s)ds, (4)

with w ∈W 1, 1(0, L), and t > 0.

In this work, we use the slightly different versions of (3) and (4), with weight exponential; see [5]. Let 0 < α < 1 and
η ≥ 0. The exponential fractional integral of order α is defined by

[Iα, ηw](t) =
1

Γ(α)

∫ t

0

(t− τ)α−1e−η(t−τ)w(τ)dτ, w ∈ L1(0, L), t > 0. (5)

The exponential fractional derivative operator of order α, 0 < α < 1, with respect to the time variable t is defined by

∂α,ηt w(t) =
1

Γ(1− α)

∫ t

0

(t− s)−αe−η(t−s) dw
ds

(s)ds, w ∈W 1, 1(0, L), t > 0. (6)

From (5) and (6), we deduce that
∂α,ηt w(t) = [I1−α, ηwt](t). (7)

The control of partial differential equations with time delay is an attractive area of research. Time delays often arise
in many physical, chemical, biological, and economic phenomena; see [36] and references therein. Whenever energy is
physically transmitted from one place to another, a delay is associated with the transmission (see [33]). The central question
is that delays source can destabilize an asymptotically stable system in the absence of delays (see [7]). We consider the
following model:  ρutt(x, t)−µuxx(x, t)−bφx(x, t)+a1∂

α1,η1
t u(x, t− τ1)+a2ut(x, t) = 0,

Jφtt(x, t)−δφxx(x, t)+bux(x, t)+ξφ(x, t)+ã1∂
α2,η2
t φ(x, t− τ2)+ã2φt(x, t) = 0,

(P )

where τ1, τ2 > 0 are the time delays and a2, ã2, a1, ã1 positive parameters. System (P ) is completed with initial and
boundary conditions:

(u(x, 0), φ(x, 0)) = (u0(x), φ0(x)), (ut(x, 0), φt(x, 0)) = (u1(x), φ1(x)), x ∈ (0, L),

ut(x, t− τ1) = f0(x, t− τ1), φt(x, t− τ2) = g0(x, t− τ2), x ∈ (0, L), t ∈ (0, τi),

u(0, t) = u(L, t) = φ(0, t) = φ(L, t) = 0, in (0,∞),

such that (u0, u1, f0, φ0, φ1, g0) belong to a suitable functional spaces.
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During the last few years, stabilizing porous elastic systems with different damping have been studied in a significant
number of publications. We mention here some of them. In [9], the existence of a global solution and the exponential
decay was given for a nonlinear porous elastic system with delay, where a nonlinear source, as well as the delay, acted in
the volume fraction equation. A one-dimensional linear porous system with finite memory effective on the equilibrated
stress vector was considered in [13] and an energy decay rate was given for which exponential and polynomial rates are
special cases. In [4], the exponential stability was proved for a one-dimensional porous-thermoelastic system with two
kinds of damping: viscosity and thermal dissipation. A porous-thermoelastic system with Cattaneo’s law heat conduction
and the energy associated with the solution, not necessarily positive (b2 = µξ), was analyzed in [11]. In [23], it is shown
that viscoelasticity and temperature produce slow decay in time; however, when the viscoelasticity is coupled with porous
damping or with micro-temperatures, the exponential decay holds. In [29], a porous-elasticity problem with history was
studied and it was shown that when the porous viscosity and the elastic dissipation are present, the system lacks analyticity
but has exponential decay. A transmission problem for a porous-elastic system with internal dissipation was considered in
[32] and it was proved that the semigroup associated with the dissipative system is analytic and consequently exponentially
stable. For more results on porous elasticity, see [6,8,12,14–16,20,26,27,34,35] and the references therein. As far as we
know, introducing a fractional delay term in the internal feedback of the porous elastic system makes our problem different
from those previously considered in the literature.

This paper is organized as follows. In Section 2, the problem (P ) is reformulated in an augmented system (P ′), coupling
the (P ) system with a suitable diffusion equation. Section 3 shows that the energy functional E(t) associated with the
augmented system (P ′) is dissipative. Section 4 deals with the semigroup setup for the augmented problem. Section 5
establishes the well-posedness of the system (P ′). In Section 6, the strong stability of the C0-semigroup associated with the
system is proved using the Arendt-Batty and Lyubich-Vũ’s general criterion. In Section 7, exponential stability is proved
by applying Gearhart-Prüss-Huang’s theorem.

2. Augmented model

Proposition 2.1 (see [24]). Let ω be a function defined as

ω(y) = |y|
2α−1

2 , y ∈ (−∞,+∞), 0 < α < 1.

Then, the relation between the Input U and the Output O of the following system

ϕt(y, t) + y2ϕ(y, t) + ηϕ(y, t)− U(t)ω(y) = 0, η > 0, t > 0,

ϕ(y, 0) = 0,

O(t) = γ

∫ +∞

−∞
ω(y)ϕ(y, t)dy,

(8)

where γ =
sin(απ)

π
=

1

Γ(α)Γ(1− α)
and U ∈ C([0, +∞)), is given by

O(t) = I1−α, ηu(t) = Dα, ηU(t), (9)

where
[Iα,ηw] =

1

Γ(α)

∫ t

0

(t− s)α−1e−η(t−s)w(s)ds. (10)

Proof. Multiplying the first equation of (8) by e(y
2+η)t, we get

e(y
2+η)tϕt(y, t) +

(
y2 + η

)
e(y

2+η)tϕ(y, t) = ω(y)e(y
2+η)tU(t),

that is,

∂

∂t

(
e(y

2+η)tϕ(y, t)
)

= ω(y)e(y
2+η)tU(t). (11)

Performing integration on (0, t) in (11), we obtain

e(y
2+η)tϕ(y, t)− ϕ(y, 0) = ω(y)

∫ t

0

e(y
2+η)sU(s) ds.

17
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As ϕ(y, 0) = 0, we have

ϕ(t, y) = ω(y)

∫ t

0

e−(y2+η)(t−s)U(s) ds. (12)

By using (12) in the last equation of (8), we get

O(t) = γ

∫ ∞
−∞

∫ t

0

[ω(y)]
2
e−(y2+η)(t−s)U(s) ds dy,

that is,

O(t) = γ

∫ t

0

∫ +∞

0

2y2α−1e−(y2+η)(t−s)U(s) dy ds. (13)

Taking σ = y2(t− s), we get dσ = 2y(t− s)dξ and

σα−1 =
y2α−1

y
· (t− s)α

t− s
.

Thus, we have

σα−1(t− s)−αdσ = 2y2α−1dy. (14)

From (13) and (14), we obtain

O(t) = γ

∫ t

0

(t− s)−αe−η(t−s)
∫ +∞

0

σα−1e−σ dσ U(s) ds

=
1

Γ(α)Γ(1− α)

∫ t

0

(t− s)−αe−η(t−s)Γ(α)U(s) ds

=
1

Γ(1− α)

∫ t

0

(t− s)−αe−η(t−s)U(s) ds

= I1−α,ηU(t).

We make the following assumptions about the damping and delay functions:{
|a1|ηα1−1

1 < a2,

|ã1|ηα2−1
2 < ã2.

(15)

Let us introduce the following new variables:{
z1(x, p, t) = ut(x, t− τ1p), in ]0, L[×]0, 1[×]0,+∞[,

z2(x, p, t) = φt(x, t− τ2p), in ]0, L[×]0, 1[×]0,+∞[.
(16)

Then, for j = 1, 2, we have {
τjzjt(x, p, t) + zjp(x, p, t) = 0, in ]0, L[×]0, 1[×]0,+∞[,

z1(x, 0, t) = ut(x, t), z2(x, 0, t) = φt(x, t), in ]0, L[×]0,+∞[.
(17)

The strategy is the elimination of the fractional derivatives in time. To do this, first, we consider the equations given
in (16) with p = 1. Applying Proposition 2.1 with U1(t) = a1z1(x, 1, t) and taking into account (7), that is,

[I1−α, ηwt](t) = ∂α,ηt w(t),

we deduce

γ

∫ ∞
−∞

ω1(y)ϕ1(y, t) dy =O(t)

=I1−α,ηU1(t)

=I1−α,ηa1z1(x, 1, t)

=a1I
1−α,ηut(x, t− τ1) = a1∂

α,η
t u(x, t− τ1). (18)

18
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Similarly, considering the second equation of (16) with p = 1 and U2(t) = ã1z2(x, 1, t), we get

γ̃

∫ ∞
−∞

ω2(y)ϕ2(y, t) dy = ã1∂
α,η
t φ(x, t− τ1). (19)

Now, by using (18) and (19), we reformulate system (P ) into the augmented model:

ρutt(x, t)− µuxx(x, t)− bφx(x, t) + γ

∫ +∞

−∞
ω1(y)ϕ1(x, y, t)dy + a2ut(t) = 0,

τ1z1t(x, p, t) + z1p(x, p, t) = 0,

ϕ1t(x, y, t) + [y2 + η1]ϕ1(x, y, t)− z1(x, 1, t)ω1(y) = 0,

Jφtt(x, t)− δφxx(x, t) + bux(x, t) + ξφ(x, t) + γ̃

∫ +∞

−∞
ω2(y)ϕ2(x, y, t)dy + ã2φt(t) = 0,

τ2z2t(x, p, t) + z2p(x, p, t) = 0,

ϕ2t(x, y, t) + [y2 + η]ϕ2(x, y, t)− z2(x, 1, t)ω2(y) = 0,

(u(x, 0), φ(x, 0)) = (u0(x), φ0(x)), in (0, L),

(ut(x, 0), φt(x, 0)) = (u1(x), φ1(x)), in (0, L),

ut(x, t− τ1) = f0(x, t− τ1), φt(x, t− τ2) = g0(x, t− τ2), t ∈ (0, τi)

u(0, t) = u(L, t) = φ(0, t) = φ(L, t) = 0, in (0,∞),

ϕ1(y, 0) = ϕ2(y, 0) = 0,

(P ′)

where γ =
sin(α1π)a1

π
and γ̃ =

sin(α2π)a2
π

, while ω1(y) and ω2(y) come from Proposition 2.1.

3. Energy of the system

In this section, it is shown that the energy functional E(t) associated with the augmented system (P ′) is dissipative.

Lemma 3.1. For all λ ∈ R and η > 0, we have

A1 =

∫
Rd

|y|2α−d

|λ|+ η + y2
dy = c(|λ|+ η)α−1

and

A3 =

(∫
Rd

|y|2α−d(
|λ|+ η + y2

)2 dy
) 1

2

= c̃(|λ|+ η)
α
2−1,

where, c and c̃ are positive constants given by

c =
dπ

d
2+1

2Γ
(
d
2 + 1

)
sin(απ)

and c̃ =

 dπ
d
2

2Γ
(
d
2 + 1

) ∫ +∞

1

(ξ − 1)α

ξ2
dξ


1
2

.

Proof. See Page 60 in [25].

Lemma 3.2. If λ ∈ Dη = C \ ]−∞,−η] then∫ +∞

−∞

ω2(y)

λ+ η + y2
dy =

π

sin(απ)
(λ+ η)α−1.

Proof. See Page 4 in [1].
Taking into account (2), the energy associated with the problem (P ′) is defined by

E(t) =
ρ

2

∫ L

0

|ut|2dx+
J

2

∫ L

0

|φt|2dx+
δ

2

∫ L

0

|φx|2dx+
µ

2

∫ L

0

|ux|2dx+ b

∫ L

0

uxφdx+
ξ

2

∫ L

0

|φ|2dx

+
ν1
2

∫ L

0

∫ 1

0

|z1(x, p)|2dpdx+
ν2
2

∫ L

0

∫ 1

0

|z2(x, p)|2dpdx

+
|γ|
2

∫ L

0

∫ +∞

−∞
|ϕ1(y, t)|2dydx+

|γ̃|
2

∫ L

0

∫ +∞

−∞
|ϕ2(y, t)|2dydx, (20)
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where 
τ1|γ|

(∫ +∞

−∞

ω2
1(y)

y2 + η1
dy

)
< ν1 < τ1

(
2a2 − |γ|

(∫ +∞

−∞

ω2
1(y)

y2 + η1
dy

))
,

τ2|γ̃|
(∫ +∞

−∞

ω2
2(y)

y2 + η2
dy

)
< ν2 < τ2

(
2ã2 − |γ̃|

(∫ +∞

−∞

ω2
2(y)

y2 + η2
dy

))
.

(21)

Remark 3.1. From Lemma 3.2, the condition (21) leads to{
τ1|a1|ηα1−1

1 < ν1 < τ1
(
2a2 − |a1|ηα1−1

1

)
,

τ2|ã1|ηα2−1
2 < ν2 < τ2

(
2ã2 − |ã1|ηα2−1

2

)
.

Proposition 3.1. Let (u, z1, ϕ1, φ, z2, ϕ2) be the solution of (P ′). Then, there is a positive constant C such that E(t) defined
by (20) satisfies

d

dt
E(t) = −C

(∫ L

0

(|ut(x, t)|2 + |z1(x, 1, t)|2)dx+

∫ L

0

(|φt(x, t)|2 + |z2(x, 1, t)|2)dx

)
. (22)

Proof. Multiplying (P ′)1 by ut, (P ′)4 by φt, and making integration by parts, we obtain

1

2

d

dt

∫ L

0

[
ρ|ut|2 + µ|ux|2 + J |φt|2 + δ|φx|2 + 2buxφ+ ξ|φ|2

]
dx =− γ

∫ L

0

ut

∫ +∞

−∞
ω1(y)ϕ1(x, y, t)dydx

− γ̃
∫ L

0

φt

∫ +∞

−∞
ω2(y)ϕ2(x, y, t)dydx

− a2
∫ L

0

|ut(t)|2dx− ã2
∫ L

0

|φt(t)|2dx. (23)

Multiplying (P ′)3 by |γ|ϕ1, (P ′)6 by |γ̃|ϕ2, and integrating on (0, L)× (−∞,+∞), we get

1

2

d

dt

∫ L

0

∫ +∞

−∞
|γ||ϕ1(x, y, t)|2dydx+

1

2

d

dt

∫ L

0

∫ +∞

−∞
|γ̃||ϕ2(x, y, t)|2dydx = −|γ|

∫ L

0

∫ +∞

−∞
[y2 + η1]|ϕ1(x, y, t)|2dydx

− |γ̃|
∫ L

0

∫ +∞

−∞
[y2 + η2]|ϕ2(x, y, t)|2dydx

+ |γ|
∫ L

0

z1(x, 1, t)

∫ +∞

−∞
ω1(y)ϕ1(x, y, t)dydx

+ |γ̃|
∫ L

0

z2(x, 1, t)

∫ +∞

−∞
ω2(y)ϕ2(x, y, t)dydx. (24)

Multiplying (P ′)2 and (P ′)5 by ν1z1 and ν2z2, respectively, and integrating on (0, L)× (0, 1), we obtain

1

2

d

dt

{
ν1

∫ L

0

∫ 1

0

|z1(x, p, t)|2dpdx+ ν2

∫ L

0

∫ 1

0

|z2(x, p, t)|2dpdx

}
= −ν1τ

−1
1

2

∫ L

0

(|z1(x, 1, t)|2 − |ut(x, t)|2)dx

−ν2τ
−1
2

2

∫ L

0

(|z2(x, 1, t)|2 − |φt(x, t)|2)dx. (25)

From (23)–(25), we obtain

d

dt
E(t) =− a2

∫ L

0

|ut(t)|2dx− ã2
∫ L

0

|φt(t)|2dx− γ
∫ L

0

ut

∫ +∞

−∞
ω1(y)ϕ1(x, y, t)dydx

− γ̃

∫ L

0

φt

∫ +∞

−∞
ω2(y)ϕ2(x, y, t)dydx− |γ|

∫ L

0

∫ +∞

−∞
[y2 + η1]|ϕ1(x, y, t)|2dydx

− |γ̃|
∫ L

0

∫ +∞

−∞
[y2 + η2]|ϕ2(x, y, t)|2dydx+ |γ|

∫ L

0

z1(x, 1, t)

∫ +∞

−∞
ω1(y)ϕ1(x, y, t)dydx

+ |γ̃|
∫ L

0

z2(x, 1, t)

∫ +∞

−∞
ω2(y)ϕ2(x, y, t)dydx+

ν1τ
−1
1

2

∫ L

0

|ut(x, t)|2dx

− ν1τ
−1
1

2

∫ L

0

|z1(x, 1, t)|2dx+
ν2τ
−1
2

2

∫ L

0

|φt(x, t)|2dx−
ν2τ
−1
2

2

∫ L

0

|z2(x, 1, t)|2dx. (26)

20
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Using Cauchy-Schwarz inequality, we get

∣∣∣∣∫ +∞

−∞
ωj(y)ϕj(x, y, t)dy

∣∣∣∣ 6
(∫ +∞

−∞

ω2
j (y)

y2 + ηj
dy

) 1
2 (∫ +∞

−∞
(y2 + ηj)|ϕj(x, y, t)|2dy

) 1
2

.

Thus, ∣∣∣∣∣
∫ L

0

zj(x, 1, t)

∫ +∞

−∞
ωj(y)ϕj(x, y, t)dydx

∣∣∣∣∣ 6
6

(∫ +∞

−∞

ω2
j (y)

y2 + ηj
dy

) 1
2
(∫ L

0

|zj(x, 1, t)|2dx

) 1
2
(∫ L

0

∫ +∞

−∞
(y2+ηj)|ϕj(x, y, t)|2dydx

) 1
2

,

∣∣∣∣∣
∫ L

0

ut(x, t)

∫ +∞

−∞
ω1(y)ϕ1(x, y, t)dydx

∣∣∣∣∣ 6
6

(∫ +∞

−∞

ω2
1(y)

y2 + η1
dy

) 1
2
(∫ L

0

|ut(x, t)|2dx

) 1
2
(∫ L

0

∫ +∞

−∞
(y2+η1)|ϕ1(x, y, t)|2dydx

) 1
2

,

∣∣∣∣∣
∫ L

0

φt(x, t)

∫ +∞

−∞
ω2(y)ϕ2(x, y, t)dydx

∣∣∣∣∣ 6
6

(∫ +∞

−∞

ω2
2(y)

y2 + η2
dy

) 1
2
(∫ L

0

|φt(x, t)|2dx

) 1
2
(∫ L

0

∫ +∞

−∞
(y2+η2)|ϕ2(x, y, t)|2dydx

) 1
2

.

Using the Cauchy-Schwarz and Young inequalities in (26) and the estimates above, we get

d

dt
E(t) 6

(
−a2 +

|γ|I21
2

+
ν1τ
−1
1

2

)∫ L

0

|ut(x, t)|2dx+

(
I21 |γ|

2
− ν1τ

−1
1

2

)∫ L

0

|z1(x, 1, t)|2dx

+

(
−ã2 +

|γ̃|I22
2

+
ν2τ
−1
2

2

)∫ L

0

|φt(x, t)|2dx+

(
I22 |γ̃|

2
− ν2τ

−1
2

2

)∫ L

0

|z2(x, 1, t)|2dx,

which implies that

d

dt
E(t) 6 −C1

∫ L

0

(|ut(x, t)|2 + |z1(x, 1, t)|2)dx− C2

∫ L

0

(|φt(x, t)|2 + |z2(x, 1, t)|2)dx,

with 
C1 = min

{(
−a2 +

|γ|I21
2

+
ν1τ
−1
1

2

)
,

(
I21 |γ|

2
− ν1τ

−1
1

2

)}
,

C2 = min

{(
−ã2 +

|γ̃|I22
2

+
ν2τ
−1
2

2

)
,

(
I22 |γ̃|

2
− ν2τ

−1
2

2

)}
.

(27)

As νj is chosen to satisfy the assumption (21), the constants C1 and C2 are positive. The proof of Proposition (3.1) is
complete.

4. Semigroup setup

In this section, we present the semigroup formulation for the augmented problem. Let U = (u, v, z1, ϕ1, φ, ψ, z2, ϕ2)T , where
v = ut and ψ = φt. The system (P ′) can be written as a Cauchy evolution problem

Ut = AU, (28)
U(0) = (u0, u1, φ01, φ0, ψ1, ϕ02)T ,
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where the operator A : D(A) ⊆ H −→ H is defined by

AU :=



v

µ

ρ
uxx +

b

ρ
φx −

γ

ρ

∫ +∞

−∞
ω1(y)ϕ1(x, y, t)dy − a2

ρ
v

−z1p
τ1

(x, p, t)

−(y2 + η1)ϕ1 + z1(x, 1, t)ω1(y)

ψ

δ

J
φxx −

b

J
ux −

ξ

J
φ− γ̃

J

∫ +∞

−∞
ω2(y)ϕ2(x, y, t)dy − ã2

J
ψ

−z2p
τ2

(x, p, t)

−(y2 + η2)ϕ2 + z2(x, 1, t)ω2(y)



, (29)

with domain

D(A) =



U ∈ H

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

v, ψ ∈ H1
0 (0, L), u, φ ∈ H2(0, L) ∩H1

0 (0, L),

−(y2 + η1)ϕ1 + z1(x, 1)ω1(y) ∈ L2 ((0, L)× (−∞,+∞)) ,

−(y2 + η2)ϕ2 + z2(x, 1)ω2(y) ∈ L2 ((0, L)× (−∞,+∞)) ,

z1 ∈ L2((0, L)×H1(0, L)), z2 ∈ L2((0, L)×H1(0, L)),

|y|ϕ1, |y|ϕ2 ∈ L2 ((0, L)× (−∞,+∞)) ,

(v, ψ) = (z1, z2)( · , 0) on (0, L).


and the phase space H is given by

H =
(
H1

0 (0, L)× L2(0, L)× L2((0, L)× (0, 1))× L2((0, L)× (−∞,+∞))
)2
. (30)

Clearly, D(A) is dense in H. Take U = (u, v, z1, ϕ1, φ, ψ, z2, ϕ2)T and U = (u, v, z1, ϕ1, φ, ψ, z2, ϕ2)T . The inner product in H
is defined by

〈U,U〉H =

∫ L

0

[
ρvv + Jψψ + µuxux + δφxφx + b(uxφ+ uxφ) + ξφφ

]
dx

+ ν1

∫ L

0

∫ 1

0

z1(x, p)z1(x, p)dpdx+ ν2

∫ L

0

∫ 1

0

z2(x, p)z2(x, p)dpdx

+ |γ|
∫ L

0

∫ +∞

−∞
ϕ1ϕ1dydx+ |γ̃|

∫ L

0

∫ +∞

−∞
ϕ2ϕ2dydx. (31)

From (2) we recall that µ|ux|2 + 2buxφ+ ξ|φ|2 ≥ 0, and therefore

‖U‖2H = 〈U,U〉H =

∫ L

0

[ρ|v|2 + J |ψ|2 + µ|ux|2 + δ|φx|2 + 2buxφ+ ξ|φ|2]dx

+ ν1

∫ L

0

∫ 1

0

|z1(x, p)|2dpdx+ ν2

∫ L

0

∫ 1

0

|z2(x, p)|2dpdx

+ |γ|
∫ L

0

∫ +∞

−∞
|ϕ1|2dydx+ |γ̃|

∫ L

0

∫ +∞

−∞
|ϕ2|2dydx, (32)

is a norm in H.

Remark 4.1. The conditions |y|ϕ1, |y|ϕ2 ∈ L2 ((0, L)× (−∞,+∞)) are essential to ensure that
∫ +∞
−∞ |y|

2α−1
2 ϕidy ∈ L2(0, L),

as we have considered the integral in the sense of Lebesgue. In other words, the absolute value of ω(y)ϕi must also be
integrable over the real line.

22



W. R. Oliveira, S. M. S. Cordeiro, C. A. Raposo, and C. A. C. Baldez / Electron. J. Math. 6 (2023) 15–32 23

5. Existence and uniqueness of the solution

In this section, we study the well-posedness of the system (P ′) using the semigroup theory of linear operators. We use
the Lumer-Phillips Theorem (see Theorem 4.3 on Page 13 in [30]).

Lemma 5.1. The operator A is dissipative.

Proof. Take U = (u, v, ϕ1, φ, ψ, ϕ2)T ∈ D(A). Straightforward calculation leads to

Re〈AU,U〉H =− a2
∫ L

0

|v|2dx− ã2
∫ L

0

|ψ|2dx

− γRe
∫ L

0

v

∫ +∞

−∞
ω1(y)ϕ1(x, y, t)dydx− γ̃Re

∫ L

0

ψ

∫ +∞

−∞
ω2(y)ϕ2(x, y, t)dydx

− ν1
τ1
Re
∫ L

0

∫ 1

0

z1p(x, p)z1(x, p)dpdx− ν2
τ2
Re
∫ L

0

∫ 1

0

z2p(x, p)z2(x, p)dpdx

− |γ|Re
∫ L

0

∫ +∞

−∞
[y2 + η1]|ϕ1(x, y)|2dydx− |γ̃|Re

∫ L

0

∫ +∞

−∞
[y2 + η2]|ϕ2(x, y)|2dydx

+ |γ|Re
∫ L

0

z1(x, 1)

∫ +∞

−∞
ω1(y)ϕ1(x, y)dydx+ |γ̃|Re

∫ L

0

z2(x, 1)

∫ +∞

−∞
ω2(y)ϕ2(x, y, t)dydx. (33)

Using z1(x, 0) = v(x) and z2(x, 0) = ψ(x), we note that

ν1
τ1
Re
∫ L

0

∫ 1

0

z1p(x, p)z1(x, p)dpdx+
ν2
τ2
Re
∫ L

0

∫ 1

0

z2p(x, p)z2(x, p)dpdx

=
ν1
τ1

∫ L

0

∫ 1

0

1

2

∂

∂p
|z1(x, p)|2dpdx+

ν2
τ2

∫ L

0

∫ 1

0

1

2

∂

∂p
|z2(x, p)|2dpdx (34)

=
ν1
2τ1

∫ L

0

{|z1(x, 1)|2 − |v(x)|2}dx+
ν2
2τ

∫ L

0

{|z2(x, 1)|2 − |ψ(x)|2}dx.

Applying the Cauchy-Schwarz and Young’s inequalities, and then proceeding in the same way as in the proof of Proposition
3.1, we obtain

Re〈AU,U〉H 6

(
−a2 +

|γ|I21
2

+
ν1τ
−1
1

2

)∫ L

0

|v(x)|2dx+

(
I21 |γ|

2
− ν1τ

−1
1

2

)∫ L

0

|z1(x, 1)|2dx

+

(
−ã2 +

|γ̃|I22
2

+
ν2τ
−1
2

2

)∫ L

0

|ψ(x)|2dx+

(
I22 |γ̃|

2
− ν2τ

−1
2

2

)∫ L

0

|z2(x, 1)|2dx

6 −C1

∫ L

0

(|v(x)|2 + |z1(x, 1)|2)dx− C2

∫ L

0

(|ψ(x)|2 + |z2(x, 1)|2)dx 6 0, (35)

where C1 and C2 are positive constants and Ij =

∫ +∞

−∞

ω2
j (y)

y2 + ηj
dy, j = 1, 2.

Theorem 5.1. The operator A, defined by (29), is the infinitesimal generator of a C0-semigroup of contractions S(t), t > 0,

on H.

Proof. AsA is densely defined and dissipative, it is enough to prove thatA is maximal. Given F = (f1, f2, · · · , f7, f8)T ∈ H,
consider the resolving equation in H:

(I −A)U = F. (36)

We need to show that the solution U = (u, v, ϕ1, φ, ψ, ϕ2)T ∈ H of (36) is in D(A). The resolving equation in terms of its
components is given by

u− v = f1 ∈ H1
0 (0, L), (37)

v − µ

ρ
uxx −

b

ρ
φx +

γ

ρ

∫ +∞

−∞
ω1(y)ϕ1(x, y)dy − a2

ρ
v = f2 ∈ L2(0, L), (38)

z1 +
z1p
τ1

= f3 ∈ L2 ((0, L)× (0, 1)) , (39)
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ϕ1 + (y2 + η1)ϕ1 − z1(x, 1)ω1(y) = f4 ∈ L2 ((0, L)× (−∞,+∞)) , (40)

φ− ψ = f5 ∈ H1
0 (0, L), (41)

ψ − δ

J
φxx +

b

J
ux +

ξ

J
φ+

∫ +∞

−∞
ω2(y)ϕ2(x, y)dy − ã2

J
ψ = f6 ∈ L2(0, L), (42)

z2 +
z2p
τ2

= f7 ∈ L2 ((0, L)× (0, 1)) , (43)

ϕ2 + (y2 + η2)ϕ2 − z2(x, 1)ω2(y) = f8 ∈ L2 ((0, L)× (−∞,+∞)) . (44)

From (37) and (41), we get {
v = u− f1 ∈ H1

0 (0, L),

ψ = φ− f5 ∈ H1
0 (0, L).

(45)

By using (40) and (44), we find ϕi (i = 1, 2) such that
ϕ1 =

f4(x, y) + z1(x, 1)ω1(y)

y2 + η1 + 1
,

ϕ2 =
f8(x, y) + z2(x, 1)ω2(y)

y2 + η2 + 1
.

(46)

From (39) and (43) and (z1, z2)(x, 0) = (v, ψ)(x), it follows that
z1(x, p) = u(x)e−τ1p − f1(x)e−τ1p + τ1e

−τ1p
∫ p

0

eτ1sf3(x, s)ds,

z2(x, p) = φ(x)e−τ2p − f5(x)e−τ2p + τ2e
−τ2p

∫ p

0

eτ2sf7(x, s)ds.

(47)

Using 
(z1)0(x) = −f1(x)e−τ1 + τ1e

−τ1
∫ 1

0

eτ1sf3(x, s)ds,

(z2)0(x) = −f5(x)e−τ2 + τ2e
−τ2

∫ 1

0

eτ2sf7(x, s)ds,

and (47), we deduce that {
z1(x, 1) = u(x)e−τ1 + (z1)0(x),

z2(x, 1) = φ(x)e−τ2p + (z2)0(x).
(48)

By using (45) in (38) and (42), we obtain u and φ, which satisfy the following system:
ρu− µuxx − bφx + γ

∫ +∞

−∞
ω1(y)ϕ1(x, y)dy + a2u = ρ(f1 + f2) + a2f1,

Jφ− δφxx + bux + ξφ+ γ̃

∫ +∞

−∞
ω2(y)ϕ2(x, y)dy + ã2φ = J(f5 + f6) + ã2f5.

(49)

Combining (46) and (49), we get

ρu− µuxx − bφx + γ

∫ +∞

−∞
z1(x, 1)

ω2
1(y)

y2 + η1 + 1
dy + a2u

= ρ(f1 + f2) + a2f1 − γ
∫ +∞

−∞

ω1(y)f4(x, y)

y2 + η1 + 1
dy,

Jφ− δφxx + bux + ξφ+ γ̃

∫ +∞

−∞
z2(x, 1)

ω2
2(y)

y2 + η2 + 1
dy + ã2φ

= J(f5 + f6) + ã2f5 − γ̃
∫ +∞

−∞

ω2(y)

y2 + η2 + 1
f8(x, y)dy.

(50)

Using (48) in (50), and recalling the fact that∫ +∞

−∞

ω2
j (y)

y2 + ηj + 1
dy =

π

sin(αjπ)
(1 + ηj)

αj−1 =
aj
γ

(1 + ηj)
αj−1, j = 1, 2,
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we obtain 

ρu− µuxx − bφx + u
(
a1(1 + η1)α1−1e−τ1 + a2

)
= ρ(f1 + f2)− a1(1 + η1)α1−1(z1)0(x)

+a2f1 − γ
∫ +∞

−∞

ω1(y)

y2 + η1 + 1
f4(x, y)dy,

Jφ− δφxx + bux + ξφ+ φ
(
a2(1 + η2)α2−1e−τ2 + ã2

)
= J(f5 + f6) + a2(1 + η2)α2−1(z2)0(x)

+ã2f5 − γ̃
∫ +∞

−∞

ω2(y)

y2 + η2 + 1
f8(x, y)dy.

(51)

Solving the system (51) is equivalent to finding (u, φ) ∈ H1
0 (0, L)×H1

0 (0, L) such that

ρ

∫ L

0

uχdx− µ
∫ L

0

uxxχdx− b
∫ L

0

φxχdx+
(
a1(1 + η1)α1−1e−τ1 + a2

) ∫ L

0

uχdx

= ρ

∫ L

0

(f1 + f2)χdx− a1(1 + η1)α1−1
∫ 1

0

(z1)0(x)χdx+ a2

∫ L

0

f1χdx− γ
∫ L

0

χ

∫ +∞

−∞

ω1(y)

y2 + η1 + 1
f4(x, y)dydx,

J

∫ L

0

φζdx− δ
∫ L

0

φxxζdx+ b

∫ L

0

uxζdx+ ξ

∫ L

0

φζdx+
(
a2(1 + η2)α2−1e−τ2 + ã2

)∫ L

0

φζdx

= J

∫ L

0

(f5 + f6)ζdx− a2(1 + η2)α2−1
∫ 1

0

(z2)0(x)ζdx+ ã2

∫ L

0

f5ζdx− γ̃
∫ L

0

ζ

∫ +∞

−∞

ω2(y)

y2 + η2 + 1
f8(x, y)dydx

for all (χ, ζ) ∈ H1
0 (0, L)×H1

0 (0, L). Making integration by parts, we get

ρ

∫ L

0

uχdx+ µ

∫ L

0

uxχxdx+ b

∫ L

0

φχxdx+
(
a1(1 + η1)α1−1e−τ1 + a2

) ∫ L

0

uχdx

= ρ

∫ L

0

(f1 + f2)χdx− a1(1 + η1)α1−1
∫ 1

0

(z1)0(x)χdx+ a2

∫ L

0

f1χdx− γ
∫ L

0

χ

∫ +∞

−∞

ω1(y)

y2 + η1 + 1
f4(x, y)dydx,

J

∫ L

0

φζdx+ δ

∫ L

0

φxζxdx+ b

∫ L

0

uxζdx+ ξ

∫ L

0

φζdx+
(
a2(1 + η2)α2−1e−τ2 + ã2

)∫ L

0

φζdx

= J

∫ L

0

(f5 + f6)ζdx− a2(1 + η2)α2−1
∫ 1

0

(z2)0(x)ζdx+ ã2

∫ L

0

f5ζdx− γ̃
∫ L

0

ζ

∫ +∞

−∞

ω2(y)

y2 + η2 + 1
f8(x, y)dydx.

The problem given in the above systems is equivalent to finding (u, φ) ∈ V for the following variational problem:

B
(
(u, φ), (χ, ζ)

)
= L((χ, ζ)), ∀ (χ, ζ) ∈ V, (52)

with B : V × V −→ C and L : V −→ C, where V = H1
0 (0, L)×H1

0 (0, L) is a Hilbert space equipped with the following norm

‖(u, φ)‖2V = ρ

∫ L

0

|u|2dx+ δ

∫ L

0

|φx|2dx+ J

∫ L

0

|φ|2dx+ µ

∫ L

0

|ux|2dx+ 2b

∫ L

0

uxφdx+ ξ

∫ L

0

|φ|2dx

+
(
a1(1 + η1)α1−1e−τ1 + a2

) ∫ L

0

|u|2dx+
(
a2(1 + η2)α2−1e−τ2 + ã2

) ∫ L

0

|φ|2dx,

and

B
(
(u, φ), (χ, ζ)

)
= ρ

∫ L

0

uχdx+ δ

∫ L

0

φxζxdx+ J

∫ L

0

φζdx+ µ

∫ L

0

uxχxdx+ b

∫ L

0

φχxdx+ b

∫ L

0

uxζdx+ ξ

∫ L

0

φζdx

+
(
a1(1 + η1)α1−1e−τ1 + a2

) ∫ L

0

uχdx+
(
a2(1 + η2)α2−1e−τ2 + ã2

) ∫ L

0

φζdx,

25



W. R. Oliveira, S. M. S. Cordeiro, C. A. Raposo, and C. A. C. Baldez / Electron. J. Math. 6 (2023) 15–32 26

L((χ, ζ)) = ρ

∫ L

0

(f1 + f2)χdx+ a2

∫ L

0

f1χdx+ ã2

∫ L

0

f5ζdx+ J

∫ L

0

(f5 + f6)ζdx

− a1(1 + η1)α1−1
∫ 1

0

(z1)0(x)χdx− a2(1 + η2)α2−1
∫ 1

0

(z2)0(x)ζdx

− γ
∫ L

0

χ

∫ +∞

−∞

ω1(y)

y2 + η1 + 1
f4(x, y)dydx− γ̃

∫ L

0

ζ

∫ +∞

−∞

ω2(y)

y2 + η2 + 1
f8(x, y)dydx.

A straightforward calculation shows that B is a sesquilinear, bounded, and coercive form on the Hilbert space V × V
and that L is a linear and continuous form on V. By applying the Lax-Milgram Lemma, we deduce that for all (χ, ζ) ∈
H1

0 (0, L) ×H1
0 (0, L), variational problem (52) has a unique solution (u, φ) ∈ H1

0 (0, L) ×H1
0 (0, L). Because of the standard

elliptic regularity, it follows from (49) that (u, φ) ∈ H2(0, L)×H2(0, L), and thus

(u, φ) ∈ [H1
0 (0, L) ∩H2(0, L)]× [H1

0 (0, L) ∩H2(0, L)].

Clearly, v, ψ ∈ H1
0 (0, L). Finally, to complete the proof that (u, v, φ, ψ) ∈ D(A), note that the last condition |y|ϕ1, |y|ϕ2 ∈

L2 ((0, L)× (−∞,+∞)) imposed by the domain of A is satisfied, because 0 < αj < 1, j = 1, 2. Therefore, we conclude that
A is maximal.

The existence and uniqueness of the solution are given by the next theorem.

Theorem 5.2. (a) If U0 ∈ H, then the system (28) has a unique weak solution

U ∈ C0(R+,H).

(b) If U0 ∈ D(A), then the system (28) has a unique strong solution

U ∈ C0(R+, D(A)) ∩ C1(R+,H).

Proof. Note that A is the infinitesimal generator of the C0-semigroup of contractions S(t) = eAt, where t > 0. Define
U(t) = eAtU(0). By the general theory of semigroups of linear operators, U(t) is a unique solution of (28) satisfying the
conditions (a) and (b).

6. Asymptotic stability

In this section, we use a general criterion due to Arendt-Batty [3] and Lyubich-Vũ [22] to show the asymptotic stability of
the C0-semigroup S(t) = etA associated with the system (P ′).

Theorem 6.1 (Stability Theorem: see Page 837 in [3]). Let A be the generator of a bounded C0-semigroup {S(t)}t>0 over
a Hilbert space H. If no eigenvalue of A lies on the imaginary axis iR and if σ(A) ∩ iR is countable, then {S(t)}t>0 is
asymptotically stable. That is, lim

t→∞
‖S(t)x‖H = 0 for all x ∈ H.

Lemma 6.1. The generator A has no eigenvalue on iR.

Proof. We consider two cases according to iλ 6= 0 and iλ = 0. Here,

H =
(
H1

0 (0, L)× L2(0, L)× L2((0, L)× (0, 1))× L2((0, L)× (−∞,+∞))
)2
. (53)

Case 1: iλ 6= 0. Let us argue by contradiction. Suppose that there exists λ ∈ R, λ 6= 0 and U 6= 0 such that AU = iλU ; we
have the following equations in terms of its components:

iλu− v = 0 in H1
0 (0, L), (54)

iλv − µ

ρ
uxx −

b

ρ
φx +

γ

ρ

∫ +∞

−∞
ω1(x, y)ϕ1(x, y)dy +

a2
ρ
v = 0 in L2(0, L), (55)

iλz1 +
z1p
τ1

= 0 in L2((0, L)× (0, 1)), (56)

iλϕ1 + (y2 + η1)ϕ1 − z1(x, 1)ω1(x, y) = 0 in L2((0, L)× (−∞,+∞), (57)

iλφ− ψ = 0 in H1
0 (0, L), (58)
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iλψ − δ

J
φxx +

b

J
ux +

ξ

J
φ+

γ̃

J

∫ +∞

−∞
ω2(y)ϕ2(x, y)dy +

ã2
J
ψ = 0 in L2(0, L), (59)

iλz2 +
z2p
τ2

= 0 in L2((0, L)× (0, 1)), (60)

iλϕ2 + (y2 + η2)ϕ2 − z2(x, 1)ω2(y) = 0 in L2((0, L)× (−∞,+∞). (61)

Consider U ∈ D(A) with the unit norm ‖U‖H = 1. By making the inner product of U with AU in the resolvent equation,
taking the real part, and using (35), we get

C1

∫ L

0

(
|v|2 + |z(x, 1)|2

)
dx+ C2

∫ L

0

(
|ψ|2 + |z2(x, 1)|2

)
dx = 0, C1, C2 > 0,

and thus,
v = 0, ψ = 0, zj(x, 1) = 0, j = 1, 2, a.e. in L2((0, L). (62)

From (54) and (58), we obtain
u = φ = 0, a.e. in L2((0, L). (63)

From (57) and (61), we deduce that
ϕ1, ϕ2 = 0, a.e. in L2((0, L). (64)

Using (62), (63), (64), we get 

−µ
ρ
uxx −

b

ρ
φx = 0,

− δ
J
φxx +

b

J
ux +

ξ

J
φ = 0,

u(0) = φ(0) = u(L) = φ(L) = 0.

(65)

Multiplying (65)1,2 respectively by ρu, Jφ and integrating on (0, L), we obtain
−µ
∫ L

0

uxxudx− b
∫ L

0

φxudx = 0,

−δ
∫ L

0

φxxφdx+ b

∫ L

0

uxφdx+ ξ

∫ L

0

φφdx = 0.

(66)

Integrating by parts, we get

µ

∫ L

0

|ux|2dx+ b

∫ L

0

φuxdx = 0 and δ

∫ L

0

|φx|2dx+ b

∫ L

0

uxφdx+ ξ

∫ L

0

|φ|2dx = 0.

Adding the above equations and taking the real part, we obtain

µ

∫ L

0

|ux|2dx+ 2b

∫ L

0

uxφdx+ ξ

∫ L

0

|φ|2dx+ δ

∫ L

0

|φx|2dx = 0.

Using (2), we have ∫ L

0

(
b√
ξ
ux +

√
ξ φ

)2

dx+

(
µ− b2

ξ

)∫ L

0

|ux|2dx+ δ

∫ L

0

|φx|2dx = 0.

By (1), we have µ− b2

ξ
≥ 0, and thus

ux, φx = 0, a.e. in L2((0, L). (67)

From (63) and (67), we deduce that

u, φ = 0, a.e. in H1
0 ((0, L), (68)

and thereby ‖U‖H = 0, and we have a contradiction. Therefore, λ 6= 0 is not an eigenvalue of A.

Case 2: iλ = 0. Taking λ = 0 in the resolvent equation, we get v = 0, ψ = 0, zj(x, 1) = 0, ϕ1 = 0, ϕ2 = 0, a.e. in L2((0, L)

and so, −AU = 0 leads to (65). Proceeding in the same way as in Case 1, we deduce that ‖U‖H = 0 and thus we have a
contradiction. Therefore, λ = 0 is not an eigenvalue of A.
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Remark 6.1. Note that Lemma 6.1 is related to the first condition of Theorem 6.1. The second condition of Theorem 6.1
will be satisfied if we show that σ(A)∩ iR is at most a countable set. The proof of this fact will be obtained as an immediate
consequence of the next proposition.

Proposition 6.1. iR ⊂ ρ(A), the resolvent set of A.

Proof. If iR ⊂ ρ(A) is not valid, there would be a λ ∈ R such that iλ ∈ σ(A), the spectrum of A, which contradicts the fact
that there are no eigenvalues of A on the imaginary axis iR.

Lemma 6.2. σ(A) ∩ iR is countable.

Proof. As iR ⊂ ρ(A) we have σ(A) ∩ iR = { }.

The main result of this section is the next theorem.

Theorem 6.2. The C0-semigroup S(t) = etA is asymptotically stable; that is, for U(0) ∈ D(A), the solution of (28) satisfies

lim
t→∞

‖etAU0‖H = 0.

Proof. As A has no eigenvalue in iR and σ(A) ∩ iR is countable, by Theorem 6.1, the C0-semigroup S(t) = etA, t ≥ 0, is
asymptotically stable on H

7. Exponential stability

In order to prove the exponential stability, we use the following result, which is due to Gearhart [17] (see also [21,31]):

Theorem 7.1. Let S(t) = eAt be a C0-semigroup of contractions on a Hilbert space H. Then, S(t) is exponentially stable, if
and only if,

ρ(A) ⊇ {iβ ; β ∈ R} = iR (69)

and
lim
|β|→∞

‖(iβI −A)−1‖L(H) <∞. (70)

Theorem 7.2. The C0-semigroup S(t) = etA, t ≥ 0, is exponentially stable on H.

Proof. The resolvent equation

(iλI −A)U = F, λ ∈ R, (71)

where U = (u, v, z1, ϕ1, φ, ψ, z2, ϕ2)T ∈ D(A) and F = (f1, f2, f3, f4, f5, f6, f7, f8)T ∈ H, leads to

iλu− v = f1,

iλv − µ

ρ
uxx −

b

ρ
φx +

γ

ρ

∫ +∞

−∞
ω1(x, y)ϕ1(x, y)dy +

a2
ρ
v = f2,

iλz1 +
z1p
τ1

= f3,

iλϕ1 + (y2 + η1)ϕ1 − z1(x, 1)ω1(x, y) = f4,

iλφ− ψ = f5,

iλψ − δ

J
φxx +

b

J
ux +

ξ

J
φ+

γ̃

J

∫ +∞

−∞
ω2(y)ϕ2(x, y)dy +

ã2
J
ψ = f6,

iλz2 +
z2p
τ2

= f7,

iλϕ2 + (y2 + η2)ϕ2 − z2(x, 1)ω2(y) = f8.

(72)

Making the inner product of U with F in (71) and taking the real part, we get

|Re 〈AU,U〉H | 6 ‖U‖H‖F‖H. (73)

From (35), we deduce ∫ L

0

|v(x)|2dx,
∫ L

0

|ψ|2dx,
∫ L

0

|zj(x, 1)|2dx 6 C‖U‖H‖F‖H. (74)
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From (72)4 and (72)8, we find ϕi, i = 1, 2, such that
ϕ1 =

f4(x, y) + z1(x, 1)ω1(y)

y2 + η1 + 1
,

ϕ2 =
f8(x, y) + z2(x, 1)ω2(y)

y2 + η2 + 1
.

(75)

Applying Young’s inequality, we obtain

‖ϕ1‖L2((0,L)×(−∞,+∞)) 6

∥∥∥∥ ω1(y)

y2 + η1 + iλ

∥∥∥∥
L2(−∞,+∞)

‖z1(x, 1)‖L2(0,L) +

∥∥∥∥ f4
y2 + η1 + iλ

∥∥∥∥
L2(0,L)×(−∞,+∞)

6

(
2(1− α1)

π

sin(α1π)
(|λ|+ η1)α1−2

) 1
2
‖z1(x, 1)‖L2(0,L) +

√
2

|λ|+ η1
‖f4‖L2((0,L)×(−∞,+∞)) (76)

and

‖yϕ1‖L2((0,L)×(−∞,+∞)) 6

∥∥∥∥ yω1(y)

y2 + η1 + iλ

∥∥∥∥
L2(−∞,+∞)

‖z1(x, 1)‖L2(0,L) +

∥∥∥∥ yf4
y2 + η1 + iλ

∥∥∥∥
L2(0,L)×(−∞,+∞)

6

(
2α1

π

sin(α1π)
(|λ|+ η1)α1−1

) 1
2
‖z1(x, 1)‖L2(0,L) +

√
2√

|λ|+ η1
‖f4‖L2((0,L)×(−∞,+∞)). (77)

Analogously, we have

‖ϕ2‖L2((0,L)×(−∞,+∞)) 6

∥∥∥∥ ω2(y)

y2 + η2 + iλ

∥∥∥∥
L2(−∞,+∞)

‖z2(x, 1)‖L2(0,L) +

∥∥∥∥ f8
y2 + η2 + iλ

∥∥∥∥
L2(0,L)×(−∞,+∞)

6

(
2(1− α2)

π

sin(α2π)
(|λ|+ η2)α2−2

) 1
2
‖z2(x, 1)‖L2(0,L) +

√
2

|λ|+ η2
‖f4‖L2((0,L)×(−∞,+∞)) (78)

and

‖yϕ2‖L2((0,L)×(−∞,+∞)) 6

∥∥∥∥ yω2(y)

y2 + η2 + iλ

∥∥∥∥
L2(−∞,+∞)

‖z2(x, 1)‖L2(0,L) +

∥∥∥∥ yf8
y2 + η2 + iλ

∥∥∥∥
L2(0,L)×(−∞,+∞)

6

(
2α2

π

sin(α2π)
(|λ|+ η2)α2−1

) 1
2
‖z2(x, 1)‖L2(0,L) +

√
2√

|λ|+ η2
‖f8‖L2((0,L)×(−∞,+∞)). (79)

Multiplying (72)6 by Jφ and integrating on (0, L), we get

iλJ

∫ L

0

ψφdx− δ
∫ L

0

φxxφdx+ b

∫ L

0

uxφdx+ ξ

∫ L

0

φφdx

+ γ̃

∫ L

0

φ

∫ +∞

−∞
ω2(y)ϕ2(x, y)dydx+ ã2

∫ L

0

ψφdx = J

∫ L

0

f6φdx. (80)

By (72)5 we get

− δ
∫ L

0

φxxφdx+ b

∫ L

0

uxφdx+ ξ

∫ L

0

|φ|2dx

= J

∫ L

0

|ψ|2dx− γ̃
∫ L

0

φ

∫ +∞

−∞
ω2(y)ϕ2(x, y)dydx− ã2

∫ L

0

ψφdx+ J

∫ L

0

f6φdx+ J

∫ L

0

ψf5dx,

and integrating by parts, we obtain

δ

∫ L

0

|φx|2dx+ b

∫ L

0

uxφdx+ ξ

∫ L

0

|φ|2dx = J

∫ L

0

|ψ|2dx− ã2
∫ L

0

ψφdx

− γ̃
∫ L

0

φ

∫ +∞

−∞
ω2(y)ϕ2(x, y)dydx+ J

∫ L

0

f6φdx+ J

∫ L

0

ψf5dx,
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and thus

δ

∫ L

0

|φx|2dx+ b

∫ L

0

uxφdx+ ξ

∫ L

0

|φ|2dx =J

∫ L

0

|ψ|2dx+ ã2

∣∣∣∣∣
∫ L

0

ψφdx

∣∣∣∣∣
+ γ̃

∣∣∣∣∣
∫ L

0

φ

∫ +∞

−∞
ω2(y)ϕ2(x, y)dydx

∣∣∣∣∣+ J

∫ L

0

|f6φ+ ψf5|dx. (81)

Multiplying (72)2 by ρu and integrating on (0, L), we get

iλρ

∫ L

0

vudx− µ
∫ L

0

uxxudx− b
∫ L

0

φxudx+ γ

∫ L

0

u

∫ +∞

−∞
ω1(y)ϕ1(x, y)dydx+ a2

∫ L

0

vudx = ρ

∫ L

0

f2udx,

and using (72)1, we have

−µ
∫ L

0

uxxudx− b
∫ L

0

φxudx = ρ

∫ L

0

|v|2dx− a2
∫ L

0

vudx− γ
∫ L

0

u

∫ +∞

−∞
ω1(y)ϕ1(x, y)dydx+ ρ

∫ L

0

f2udx+ ρ

∫ L

0

vf1dx.

Making integration by parts, we obtain

µ

∫ L

0

|ux|2dx+ b

∫ L

0

φuxdx = ρ

∫ L

0

|v|2dx− a2
∫ L

0

vudx− γ
∫ L

0

u

∫ +∞

−∞
ω1(y)ϕ1(x, y)dydx+ ρ

∫ L

0

(f2u+ vf1)dx,

and thus

µ

∫ L

0

|ux|2dx + b

∫ L

0

φuxdx 6 ρ

∫ L

0

|v|2dx + γ

∣∣∣∣∣
∫ L

0

u

∫ +∞

−∞
ω1(y)ϕ1(x, y)dydx

∣∣∣∣∣ + a2

∣∣∣∣∣
∫ L

0

vudx

∣∣∣∣∣ + ρ

∫ L

0

|f2u + vf1|dx. (82)

By adding (81) and (82), we get

µ

∫ L

0

|ux|2dx+ b

∫ L

0

(φux + uxφ)dx+ ξ

∫ L

0

|φ|2dx+ δ

∫ L

0

|φx|2dx

6 ρ

∫ L

0

|v|2dx+ J

∫ L

0

|ψ|2dx+ γ

∣∣∣∣∣
∫ L

0

u

∫ +∞

−∞
ω1(y)ϕ1(x, y)dydx

∣∣∣∣∣+ γ̃

∣∣∣∣∣
∫ L

0

φ

∫ +∞

−∞
ω2(y)ϕ2(x, y)dydx

∣∣∣∣∣
+ a2

∣∣∣∣∣
∫ L

0

vudx

∣∣∣∣∣+ ã2

∣∣∣∣∣
∫ L

0

ψφ

∣∣∣∣∣+ ρ

∫ L

0

|f2u+ vf1|dx+ J

∫ L

0

|f6φ+ ψf5|dx. (83)

Applying the Cauchy-Schwarz inequality, we get

∣∣∣∣∣
∫ L

0

u

∫ +∞

−∞
ω1(y)ϕ1(x, y)dydx

∣∣∣∣∣ 6 ‖u‖L2(0,L)

(∫ +∞

−∞

|ω1(y)|2

y2 + η1
dy

) 1
2
(∫ L

0

∫ +∞

−∞
(y2 + η1)|ϕ1(x, y)|2dydx

) 1
2

.

Using Young’s inequality, we have∣∣∣∣∣
∫ L

0

u

∫ +∞

−∞
ω1(y)ϕ1(x, y)dydx

∣∣∣∣∣ 6 ε

2

(∫ +∞

−∞

|ω1(y)|2

y2 + η1
dy

)
‖u‖2L2(0,L) +

1

2ε

∫ L

0

∫ +∞

−∞
(y2 + η1)|ϕ1(x, y)|2dydx.

Using Poincaré’s inequality, we obtain∣∣∣∣∣
∫ L

0

u

∫ +∞

−∞
ω1(y)ϕ1(x, y)dydx

∣∣∣∣∣ 6 ε

2
Cp

(∫ +∞

−∞

|ω1(y)|2

y2 + η1
dy

)
‖ux‖2L2(0,L) +

1

2ε

∫ L

0

∫ +∞

−∞
(y2 + η1)|ϕ1(x, y)|2dydx. (84)

Analogously, we find∣∣∣∣∣
∫ L

0

φ

∫ +∞

−∞
ω2(y)ϕ2(x, y)dydx

∣∣∣∣∣ 6 ε

2
Cp

(∫ +∞

−∞

|ω2(y)|2

y2 + η2
dy

)
‖φx‖2L2(0,L) +

1

2ε

∫ L

0

∫ +∞

−∞
(y2 + η2)|ϕ2(x, y)|2dydx. (85)

Applying the inequalities of Cauchy-Schwarz, Young, and Poincaré, we get∣∣∣∣∣
∫ L

0

vudx

∣∣∣∣∣ 6
∫ L

0

|u||v|dx 6 ‖u‖L2(0,L)‖v‖L2(0,L) 6
ε

2
‖u‖2L2(0,L) +

1

2ε
‖v‖2L2(0,L) 6

ε

2
Cp‖ux‖2L2(0,L) +

1

2ε
‖v‖2L2(0,L). (86)
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∣∣∣∣∣
∫ L

0

uf2dx

∣∣∣∣∣ 6
∫ L

0

|u||f2|dx 6 ‖u‖L2(0,L)‖f2‖L2(0,L) 6
ε

2
‖u‖2L2(0,L) +

1

2ε
‖f2‖2L2(0,L) 6

ε

2
Cp‖ux‖2L2(0,L) +

1

2ε
‖f2‖2L2(0,L). (87)

∣∣∣∣∣
∫ L

0

φψdx

∣∣∣∣∣ 6 ‖φ‖L2(0,L)‖ψ‖L2(0,L) 6
ε

2
Cp‖φx‖2L2(0,L) +

1

2ε
‖ψ‖2L2(0,L). (88)

∣∣∣∣∣
∫ L

0

φf6dx

∣∣∣∣∣ 6
ε

2
Cp‖φx‖2L2(0,L) +

1

2ε
‖f6‖2L2(0,L). (89)

∣∣∣∣∣
∫ L

0

ψf5dx

∣∣∣∣∣ 6
ε

2
‖ψ‖2L2(0,L) +

1

2ε
‖f5‖2L2(0,L). (90)

Choosing ε > 0 small enough and using the inequalities (74) and (84)–(90), we deduce from the inequality (83) that

µ

∫ L

0

|ux|2dx+ b

∫ L

0

(φux + uxφ)dx+ ξ

∫ L

0

|φ|2dx+ δ

∫ L

0

|φx|2dx 6 C‖F‖2H + C ′‖F‖H‖U‖H. (91)

From (72)3,7, it follows that

z1(x, p) = e−iλτ1pz1(x, 0) + τ1e
−iλτ1p

∫ p

0

eiλτ1sf3(x, s)ds = e−iλτ1pv(x) + τ1e
−iλτ1p

∫ p

0

eiλτ1sf3(x, s)ds

and
z2(x, p) = e−iλτ2pz2(x, 0) + τ2e

−iλτ2p
∫ p

0

eiλτ2sf7(x, s)ds = e−iλτ2pψ(x) + τ2e
−iλτ2p

∫ p

0

eiλτ2sf7(x, s)ds,

where we have

‖z1(x, p)‖L2((0,L)×(0,1)) 6 ‖v(x)‖L2(0,L) + τ1‖f3(x, p)‖L2((0,L)×(0,1)) (92)

and
‖z2(x, p)‖L2((0,L)×(0,1)) 6 ‖ψ(x)‖L2(0,L) + τ2‖f7(x, p)‖L2((0,L)×(0,1)). (93)

By (74), (76), (78), (91)–(93), we conclude that

‖U‖2H 6 C ′‖U‖H‖F‖H + C‖F‖2H, C ′, C > 0.

Applying Young’s inequality, we arrive at
‖U‖2H 6 C‖F‖2H, C > 0,

and thus
‖U‖H 6 C‖F‖H, ∀ U ∈ D(A). (94)

Finally, (94) leads to
‖(iλI −A)−1‖H 6 C

and hence (70) is proved. By Theorem 7.1, the C0-semigroup S(t) = etA, t ≥ 0, is exponentially stable on H.
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