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Abstract

Let G be a graph with a red-blue coloring c of the edges of G. A Ramsey chain in G with respect to c is a sequence G, G2,
..., G, of pairwise edge-disjoint subgraphs of G such that each subgraph G; (1 < i < k) is monochromatic of size i and G, is
isomorphic to a subgraph of G;+1 (1 < i < k—1). The Ramsey index AR.(G) of G with respect to c is the maximum length of
a Ramsey chain in G with respect to c. The Ramsey index AR(G) of G is the minimum value of AR.(G) among all red-blue
colorings ¢ of G. A Ramsey chain with respect to c is maximal if it cannot be extended to one of greater length. The lower
Ramsey index AR, (G) of G with respect to c is the minimum length of a maximal Ramsey chain in G with respect to c. The
lower Ramsey index AR™ (G) of G is the minimum value of AR_ (G) among all red-blue colorings ¢ of G. Ramsey chains
and maximal Ramsey chains are investigated for stars, matchings, and cycles. It is shown that (1) for every two integers p
and ¢ with 2 < p < g, there exists a graph with a red-blue coloring possessing a maximal Ramsey chain of length p and
a maximum Ramsey chain of length ¢ and (2) for every positive integer k, there exists a graph with a red-blue coloring
possessing at least k¥ maximal Ramsey chains of distinct lengths with prescribed conditions. A conjecture and additional
results are also presented.
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1. Introduction

In 1987 a conjecture was stated that has drawn the interest of many researchers. When the famous mathematician
Paul Erdés first learned of it, he immediately doubted its truth. Soon afterward, Erdés offered a cash reward for a
counterexample or a proof if it were true (as was common for Erdés). This conjecture appeared in a book [4, p.72] containing
a list of graph theory problems that are associated with Erdés. Now, more than 35 years later, the conjecture has neither
been proved nor disproved. Let us describe this conjecture.

If G is a nonempty graph of size m (without isolated vertices), then there is a unique positive integer k£ such that
(*71) < m < (*3?). The graph G is said to have an ascending subgraph decomposition {G1, Ga, ..., Gy} into k (pairwise
edge-disjoint) subgraphs of G if G; is isomorphic to a proper subgraph of G, fori = 1,2, ..., k—1. The following conjecture
was stated in [1].

The Ascending Subgraph Decomposition Conjecture. Every nonempty graph has an ascending subgraph decompo-
sition.

If this conjecture was shown to be false, then the question occurred of determining the maximum length ¢ of a sequence
G1, G, ..., Gy of ¢ pairwise edge-disjoint subgraphs (without isolated vertices) of G such that
(1) G; hassizeiforeachie [(]={1,2,...,/} and
(2) G, is isomorphic to a subgraph of G, for each i € [¢ — 1].

A sequence with properties (1) and (2) is called an ascending subgraph sequence of the graph G and the maximum length of
such a sequence is the ascending subgraph index of G, denoted by AS(G). The following conjecture is therefore equivalent
to the Ascending Subgraph Decomposition Conjecture.

The Ascending Subgraph Index Conjecture. Let G be a nonempty graph of size m. Then AS(G) = k if and only if

k+1 kE+2
< :
(2) =< ()
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While the truth of the Ascending Subgraph Decomposition Conjecture remains an open question, this conjecture has
been verified for many classes of graphs, including all regular graphs [5].

We now turn briefly to a different topic. A well-known area within graph theory is Ramsey theory and a well-known
concept in this theory is Ramsey numbers. Let G be a graph without isolated vertices and let each edge of G be assigned
one of two given colors (a 2-edge coloring of G). Typically, these colors are chosen to be red or blue (or 1 or 2). In a red-blue
coloring of a graph G, every edge of G is colored red or blue. For two graphs F and H (without isolated vertices), the
Ramsey number R(F, H) is the minimum positive integer n for which every red-blue coloring of the complete graph K,
of order n results in either a subgraph of K, isomorphic to F' all of whose edges are colored red (a red F) or a subgraph
of K,, isomorphic to H all of whose edges are colored blue (a blue H). It is a consequence of a theorem of Ramsey [7] that
the number R(F, H) exists for every two graphs F and H. If F = H, then R(F, H) = R(F, F) is the minimum positive
integer n such that every red-blue coloring of K, results in a monochromatic F. If F' and H are both complete graphs,
then R(F, H) is called a classical Ramsey number. For example, it is well known that R(K3, K3) = 6, R(K4, K;) = 18,
and R(K5, K5) is unknown. Many variations of Ramsey numbers have been studied, such as considering classes of graphs
different from complete graphs and allowing the edges of the graphs in question to be colored with more than two colors
(see [6] for example).

In [2], a concept was introduced that involves both ascending subgraph decompositions and a Ramsey-type coloring
problem. Let G be a graph (without isolated vertices) of size m with a red-blue edge coloring c. A Ramsey chain of G with
respect to c is a sequence G1, G, ..., G, of pairwise edge-disjoint subgraphs of G such that each subgraph G; (1 < i < /)
is monochromatic of size i and G; is isomorphic to a subgraph of G, for 1 <i < /¢ — 1. Each subgraph G; (1 <: < {)ina
Ramsey chain is called a link of this chain. The maximum length of a Ramsey chain of G with respect to c is the (ascending)
Ramsey index AR.(G) of G. The (ascending) Ramsey index AR(G) of G is defined by

AR(G) = min{AR.(G) : cis a red-blue edge coloring of G}.

These concepts were introduced in [2, 3], using somewhat different technology.

2. Ramsey chains in stars and matchings

Among the observations presented in [3] is the following.
Observation 2.1. If G is a graph of size m where 2 < m < (kgz) for a positive integer k, then AR(G) < k.

On the other hand, if G is a graph of size m such that AR(G) > k, then m > (k;rl) The following result presents a class
of graphs G for which AR(G) = k in terms of the size of G.

Theorem 2.1. Let G be a graph of size m > 2 without isolated vertices such that for every two subgraphs F and H of G
without isolated vertices, |E(F)| < |E(H)| implies F C H. Then AR(G) = k if and only if

(2)=m=(2)

Claim. Let G be a graph of size m > 2 without isolated vertices such that for every two subgraphs F and H
of G without isolated vertices, |E(F)| < |E(H)| implies F C H. If m > (*1') for some positive integer , then
AR(G) > k.

Proof. First, we verify the following claim.

We proceed by induction on k. The truth of the claim is immediate if £ = 1 or £ = 2. Assume for an integer & > 2 that a
graph G’ without isolated vertices has AR(G’) > k if G’ has size m' > (kgl) such that for every two subgraphs F’ and H’
of G’ without isolated vertices, |E(F’)| < |E(H')| implies F/ C H’. Let G be a graph without isolated vertices having
size m > (*1?) such that for every two subgraphs F and H of G without isolated vertices, |E(F)| < |E(H)| implies F C H.
We show that AR(G) > k + 1. Let there be given a red-blue coloring ¢ of G. Since k > 2, it follows that 3 (*1?) > k + 1.
Thus, G has a monochromatic subgraph Gy of size k + 1. Let &’ = G — E(Gj+1), where G’ has size m’ = m — (k + 1).

Then the restriction ¢’ of ¢ to G’ is a red-blue coloring of G’. Since m > (’“;2), it follows that

By the induction hypothesis, G’ has a Ramsey chain (G4, Gs, . .., Gi) of length k with respect to ¢’. Then (G, G, ..., G, Gri1)
is a Ramsey chain of length k£ + 1 in G. Thus, the claim holds.
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Now, let G be a graph of size m > 2 without isolated vertices such that for every two subgraphs F and H of G without
isolated vertices, |E(F')| < |E(H)| implies F C H. First, assume that

k+1 k42
< .
(37 =< ()
Since m < (*1?), it follows by Observation 2.1 that AR(G) < k. Since m > (*1'), it follows by the claim that AR(G) > k.
Therefore, AR(G) = k.

For the converse, assume that AR(G) = k. Since AR(G) = k, there is a Ramsey chain of length % for every red-blue
coloring of G. Thus, m > (*}). By the claim, if m > (*1?), then AR(G) > k+1. Since AR(G) = k, it follows that m < (*1?).
Consequently, ("11) <m < (¥12). O

For example, the 5-cycle C5 satisfies the hypothesis of Theorem 2.1 and so AR(C5) = 2. The 6-cycle Cs does not satisfy
the hypothesis of Theorem 2.1, however, since both P; and 3K, are subgraphs of Cs but P; € 3K,. In fact, there are only

two classes of graphs of size 6 or more that satisfy the hypothesis of Theorem 2.1.

Proposition 2.1. Let G be a graph of size at least 6 without isolated vertices such that for every two subgraphs F and H
of G without isolated vertices, |E(F)| < |E(H)| implies F C H. Then G is either a star or a matching.

Proof. Assume, to the contrary, that G is neither a star nor a matching. Thus, G contains two adjacent edges and two
nonadjacent edges. If G contains a vertex of degree at least 3 or a matching of size at least 3, then G contains subgraphs F’
and H where F' has a smaller size than H and F' is not isomorphic to a subgraph of H. Therefore, we may assume that
A(G) = 2 and 2K is a maximum matching in G. The graph G contains no triangle since 2K, ¢ Kj. If G contains a
k-cycle Cy where k > 4, then C} is a component of G and so G contains a matching of size 3, a contradiction. Hence, G
is a linear forest with two components. Since the size of G is at least 6, it follows that G contains a matching of size 3, a
contradiction. O

As a consequence of Theorem 2.1 and Proposition 2.1, we have the following result.

Corollary 2.1. [3] Let k > 2 be an integer and let G be the star K ,, or the matching mKs. Then AR(G) = k if and only if
k+1 k42
< .

3. Ramsey chains in cycles

One question that arises is whether there is a familiar class of graphs different from stars and matchings such that every
graph G of size m in this class has the property that AR(G) = k if and only if (*1') < m < (*1?). While this question has
not been answered, there is a class of graphs of small size for which this is the case, namely the cycles C,, of order and
size m. Every proper subgraph of C,, is a linear forest (where each component is a path). In order to verify this, we first
present some observations and preliminary results.

Observation 3.1. Let G be a graph of size m > 2.
(a) If m = 2, then AR(G) = 1 and if m > 2, then AR(G) > 2.
() If m = 3,4,5, then AR(G) = 2.

(¢) If 6 < m < 8 then AR(G) € {2,3}. Furthermore, if m > 6 and c is a 2-edge coloring of G such that (i) there is a
monochromatic subgraph F of G where F € {P,, Ps + K>} and (ii) G — E(F) has a monochromatic subgraph of size 2,
then AR.(G) > 3.

If G is a graph of size 8, then we only know that AR(G) = 2 or AR(G) = 3. The situation is clearer if G has size 9.
Proposition 3.1. If G is a graph of size 9, then AR(G) = 3.

Proof. Let G be a graph of size 9. By Observation 2.1, AR(G) < 3. It remains to show that AR(G) > 3. Let there be given
a red-blue coloring ¢ of G, where G, is the red subgraph and G, is the blue subgraph. Let m,. be the size of G,. and m; the
size of Gy,. Thus, m,. + m, = 9. We may assume that m, > m; and so m, > 5. If G, is a star or a matching of size m, > 5,
then G has a Ramsey chain of length 3 and so AR.(G) > 3. If G, is neither a star nor a matching, then either P; + K> C G,
or Py C G, and so AR.(G) > 3 by Observation 3.1(c). Therefore, AR(G) > 3 and so AR(G) = 3. O
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For the following results, it is convenient to refer the colors in a 2-edge coloring of a graph as 1 and 2.

Observation 3.2. Let c be a 2-edge coloring of the cycle H = C,,, of sizem > 3. Fori = 1,2, let H; be the subgraph of size m;
in H induced by the set of edges colored i.

(a) If m; > 3 where i € {1,2}, then 2K, C H,. Thus, if m > 6 and such that 2K, C H; and m; > 3, where {i,j} = {1,2},
then AR.(Cy,) > 3.

(b) If my,mq > 3, then AR.(C,,) > 3.
(¢) If m; > 5 for some i € {1,2}, then AR.(C.,) > 3.
In order to present the next result, we first present the following observation.

Observation 3.3. For every 2-edge coloring of the cycle C,, of size m > 3, either (i) the colors of every two edges at distance 2
in C,, are the same or (ii) there exists an edge in C,, whose neighboring edges are colored differently.

The following result will be useful to us.
Theorem 3.1. For each integer m > 3, AR(C,,) < AR(C\,41)-

Proof. Let c be a 2-edge coloring of C,,, 11 = (v1,v2,...,Vm+1,v1) such that AR.(Cy11) = AR(Cit1) = k. Fori = 1,2, let
H; be the subgraph of size m; induced by the set of edges colored i in C,, ;. By Observation 3.3, either (i) H; = m; K> for
i = 1,2 where m; = mgy = (m + 1)/2 or (ii) there are three consecutive edges f1, fo, f3 in C,,41 such that ¢(f1) # ¢(f3) and
the color ¢(f5) is assigned to at least two edges of C,, ;. We consider these two cases.

Case 1. H; = m; K5 for i = 1,2 where m; = ms = (m+1)/2. Thus, m + 1 = 2/ for some integer ¢ > 2 and H; = Hy = (K.
We may assume that c(v,,4+1v1) = 2 and 80 ¢(v,Um41) = ¢(v1v2) = 1. By contracting the edge v,,+1v1 in Cp, 41 and labeling
the identified vertices v,, 1 and v; by v1, we obtain the cycle C,,, = (v1,vs,...,vn,v1) and a 2-edge coloring ¢’ of C,,, defined
by ¢/(e) = c(e) for each edge e € E(Cy,) — {v1v:m} and ¢/ (v,v1) = ¢(Vvm+1) = 1. Let H] and H) be the resulting subgraphs
of C,, such that the edges of H are colored i by ¢ for i = 1,2. Then H{ = ({ —2)Ks + P and Hj) = ({ — 1)Ky C Hyin Cy41.
We claim that there is no ascending Ramsey sequence of length k£ + 1 in C,,, with respect to ¢’. Assume, to the contrary,
that there is a Ramsey chain (G, G, ..., Gi41) of length k + 1 in C,,, with respect to ¢. We may assume that |E(G,)| = j
for 1 < j <k+ 1. Hence, G1,Go,...,Gry1 are pairwise edge-disjoint subgraphs of C,,, such that

(1) G, is monochromatic for 1 < j <k +1,
(2) G, is isomorphic to a proper subgraph of G;;, in for 1 < j <k, and
3) Gj =jKs forl < 7 < k and Gk-+1 S {(k + 1)K2, (k — 1)P3 + KQ}.

For 1 < j <k, if v,,1 ¢ E(G,), then G; is a subgraph of C),41; while if v,,v; € E(G;), then G, can be considered as a
subgraph of C,,, 11 by replacing v,,,v1 by vy, vm+41. Thus, each G; is a subgraph of C,,, 1 for 1 < j < k, where v,,,v; is replaced
by v vm41 if necessary.

*x If G141 = (k + 1)K,, then Gy, is also a subgraph of C,, 1, where v,,v; is replaced by v,,, v, 11 if necessary. Hence,
(G1,Ga,...,Gky1) is a Ramsey chain of length & + 1 in C,,, 1, which is impossible.

* If Gpp1 = (kK — 1)P3 + Ky, then Giry1 € Hi and P = (v, v1,02). Thus, v,,v1 ¢ E(G;) for 1 < j < k and so G, is a
subgraph of C,, ;1 for 1 < j < k. Furthermore, the subgraph (k — 1) K of Gj41 is also a subgraph of C,,, 1. We define
a sequence F', Fy, ..., Fyy1 of k + 1 subgraphs of C,,11 by F; = G; = jKy C Cpiqq for 1 < j <k and

Fii1 = (Gry1 — vmv1) + UmUmy1 = (K + 1)Ky C Hy,

where P; = (v, v1,v2) C Cy, in Gj41 is replaced by 2K5 (whose edge set is {v,vmt1, 0102 ) in Ch 1. Thus, Fy, Fy, ..., Frqq
is a sequence of k£ + 1 pairwise edge-disjoint subgraphs of C,, 1 such that F; is monochromatic for 1 < j < k+1 and Fj

is isomorphic to a proper subgraph of F;; for 1 < j < k. Hence, (F1, F5,..., Fi11) is a Ramsey chain of length & + 1

in C),+1, which is impossible.

Therefore, AR(Cy,) < ARy (Cr) < k= AR(Cppv1).
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Case 2. There are three consecutive edges f1, f2, f3 in Cy,11 such that ¢(f1) # c¢(f3). We may assume that f| = v, 041,
fo = vpmyivr and f3 = wvyve such that c(vpvme1) = c(vpmr1vi) = 1 and c¢(vivy) = 2. By contracting the edge v,,1v1
in C,,+1 and labeling the identified vertices v,,+1 and v; by v;, we obtain the cycle C,, = (v1,v2,...,0m,v1). The 2-edge
coloring ¢ of C,,; gives rise to a 2-edge coloring ¢’ of C;,, defined by ¢'(e) = ¢(e) for each edge e € E(C,,) — {v1v,,} and
(vmv1) = c(Vmvms1) = 1. Let H] and H) be the resulting subgraphs of C,, such that the edges of H/ are colored ¢ by ¢’
for i = 1,2. Thus, H] = H; — v; C C;,41 Where v,,0,,41 in Hy in Cy,11 is replaced by v,,v1 in Hf in C,, and H), = H,. We
claim that there is no a Ramsey chain of length £ + 1 in C,,, with respect to ¢’. Assume, to the contrary, that there is a
Ramsey chain (G1, Go, .. .,Gr+1) of length k+ 1 in C,,, with respect to ¢’. Hence, G1,Ga, ..., Gy are pairwise edge-disjoint
subgraphs of C,, such that G; C H{ or G; C Hj for each integer j with 1 < j < k + 1 and G, is isomorphic to a proper
subgraph of G411 in C), for 1 < j < k. By the defining property of C,,,.1 and the coloring c, it follows that (G, Gs, ..., Gk+1)
is a Ramsey chain of length k£ + 1 in C,,,11, which is impossible. Therefore, AR(C,,) < AR.(C,,) <k = AR(Cp,11). O

Not only is AR(C,,,+1) > AR(C,,) for m > 3, but even more can be said.

Theorem 3.2. lim AR(C,,) = oc.

m—r o0

Proof. We show, for every positive integer k, that there is a positive integer m such that AR(C,,) > k. Let

()l

and let ¢ be any red-blue coloring of C,,. We show that AR.(C,,) > k. Let H, be the red subgraph of size m, induced by
the set of red edges and let H; be the blue subgraph of size m,; induced by the set of blue edges, where m,. < m;. Since

my >

2|("4) -] +1 ()

2 2

it follows that H, contains edge-disjoint copies of K»,2K5,..., kK> and so AR.(C,,) > k. Therefore, AR(C,,) > k. It then
follows by Theorem 3.1 that lim AR(C,,) = . O

m—r o0

We are now prepared to determine the Ramsey indices of all cycles C,, for 3 < m < 20.

Proposition 3.2. The Ramsey index of C,, for 3 < m < 20 is given as follows

if 3<m<5
if 6<m<9
if 10 <m < 14
if 15 < m < 20.

AR(Cyy) =

T = W N

Proof. Since the proof is rather lengthy and the reasoning technique is similar, we only show that AR(C,,) = 5 for
15 < m < 20. To do this, it suffices to show that AR(C,5) = 5. Since 20 < (651), once it has been verified that AR(C45) = 5,
it follows by Theorem 3.1 that AR(C,,) = 5 for 15 < m < 20. Since the size of Cy5 is 15 = (°1'), it follows that AR(C45) < 5.
It therefore suffices to show that AR(C45) > 5. Let ¢ be a red-blue edge coloring of H = C}5 using the colors 1 and 2. We
show that there is a Ramsey chain R. = (G1, G2, G3, G4, G5) of length 5 in H with respect to ¢. Since the size of Cj; is 15,
it follows that {G1, G2, G3, G4, G5} is a decomposition of Cy5. Let H, denote the subgraph of H of size a induced by the set
of red edges of H and let H, denote the subgraph of H of size b induced by the set of blue edges of H. We may assume that
a<b Thenl<a<7anda+b=15. Hence, (a,b) = (i,15 — i) for i = 1,2,...,7. Furthermore, H, and H, have the same
number « of components. Then 1 < x < a < 7. We consider these seven cases. For convenience, let (), = P, denote a
path of size ¢ > 1.

Case 1. k = 1. Then H, is the path of size a where 1 < a < 7 and H,, is the path of size b where 8 < b < 14 and a + b = 15.
First, observe that Ci5 can be decomposed into five consecutive paths Q1, Q2, Q3, Q4, Q5. If 1 < a < 5,let H, = Q,. Then
H, = QQ15_, can be decomposed into the remaining four paths. If a = 6, then H, can be decomposed into @1, @2, Q3 and H,
can be decomposed into Q4 and Q5. If a = 7, then H, can be decomposed into (03 and @, and H; can be decomposed into
Qs5, Q1, and Q3. Therefore, R. =(Q1, Q2, Q3, Q4, Q5).

Case 2. K = 2. Then H, = Q4, + Qa,, and H, = Qp, + Qp, where 2 < a = a1 + ag < 7 with a; > a3 and b = by + by with
by > by.
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*x If a = 2, then H, = 2K, and H, € {Pi3 + Ks, P12 + P3, P\ + Py, Pio + Ps, Py + Ps, Ps + P;}. The graph H;, can
be decomposed into Ks,3K>,4K5,5K5, as shown in Figure 1, where an edge labeled i belongs to iK,. Therefore,
R. = (Ks,2K>,3K5,4K>,5K5).

3 5 3 5 3 4 5 4 5 4 5 4 1
Pl3+ P2 : —0 0 0 90 0 0 o o O 0 o o o—e
3 5 3 5 3 4 5 4 5 4 5 4 1
P2+ Ps: ——0—90—90 09 ¢ o 0 0o 0 o600
3 5 3 5 3 4 5 4 5 4 5 4 1
P11+ P4 . oo o 0 o o © 0 0 0 ° o —eo—o—9o
3 5 3 5 3 4 5 4 5 4 5 4 1

Pyt Ps: 90 —90 908 0 06— 0 06 -9 o6 o o o
352353454
Py + Ps: —0 9o 9o 90— 00 0 oO06—9o 0000

Ps+P,. ©®&—0-0-9o-90e-06 99 6 o ¢ 06 0 o o

Figure 1: Decompositions of H, when b = 13.

* If a = 3, then H, = P; + K> and so H, can be decomposed into K5 and 2K,. Furthermore,
Hy € {P12+ Ky, P11 + P3, Pyg+ Py, Py + Ps, Py + Ps, Py + Pr}.

Hence, H;, can be decomposed into 3K5,4K>,5K5, as shown in Figure 2, where an edge labeled i belongs to iK>.
Thus, Rc = (KQ, 2K2, 3K2, 4K2, 5K2)

3.5 3 _ 5 3 4 _ 5 4_.5_4_5 4
P+ P, —0 9o 90909 o 0 O 0900 00
3.5 _.3_.5_3 4_5_4_5_4 5 4
P,+P;: ®&—e-—90-06-—90o-—9o—90-0—9—90—90 oo o
3.5 _3_523_4_/_54_14 5 4 5 4

P10+ P,: e ® *—0—0—0—0—0 0 —9 *—eo—0—0

3.5 3.5 4 4
Py +Ps : o 020" 00006569 0 o0’ e e

. 3.5 3.5 3 4.5 4 5 45 _4
Ps+p,: ©® o0 -—6-—9-9 —90-9 ¢ 0o 0o o o o

. 3 5 345 3 _4 5 4 5 4 5 4
P7+P7 . ‘_.—‘—.—‘—‘—. .——‘—“—‘—"—_.__‘

Figure 2: Decompositions of H, when b = 12.

* Ifa:4,thenHa€{P4+K2,2P3}andee{P11+K2,P10+P3,P9+P4,P8+P5,P7+P6}.

o If H, = P, + K5, then H, can be decomposed into K> and 3K, and Hj, can be decomposed into 2K5,4K>5,5K5, as
shown in Figure 3, where an edge labeled i belongs to iK5. Thus, R. = (K2,2K2,3K5,4K5,5K5).

P+P,: OLOLOLO—ZOLOLOLQS—OLOLO ot o
P+ P, : e 0’0o et e ete ety o ete
Py +P, : 5 2 5.2 4I5 4I 5 4 5 4
Ps+P;: o5 6’¢°02a% e e%e o’ gte’ ots
P7+P6: I5I2 5 2.4 5 4 5 4 5 4

Figure 3: Decompositions of H, when b = 11 and when H, = P, + K.

o If H, = 2P3, then H, can be decomposed into G; = K, and G35 = P; + K5 and H;, can be decomposed into
Gy = P3,Gy = P; + 2K5,Gs = P3; + 3K,, where an edge labeled i belongs to G; for i = 2,4,5. Therefore,
R. = (Ky, P53, Ps + Ko, Py + 2K5, P3 + 3K>).

* If a = 5, then H, € {Ps + Ky, Py + P;} and H, € {Piy + K2, Py + P3,Ps + Py, P; + P5,P; + Ps}. Then H, can be
decomposed into 2K, and 3K, and H, can be decomposed into K>,4K5,5K5, as shown in Figure 4, where an edge
labeled 7 belongs to iKs. Thus, R. = (K»3,2K5,3K5,4K5,5K5).
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Pot+P,: e e e et e e?e etele ote
Po+Pr: o 0led gteiegtegdigty o3,
Ps+ Py : oiéoioioioio—s—c 04—05—0i0
Pr+Ps: oo o e‘eiete o' ote’ o’
Ps + P 5.1 _.5_4_5 4 5 4.5 _4

Figure 4: Decompositions of H, when b = 10.

* Ifa =6, then H, € {Ps+ K5, Ps+ P5,2P,} and H, € {Py + Ks, Ps + P5, P + P4, Ps + Ps}. Then H, can be decomposed
into K5, 2K5, 3K, and H;, can be decomposed into 4K5 and 5K, as shown in Figure 5, where an edge labeled i belongs
to ZK2 ThllS, RC = (KQ, 2K2, 3K2, 4K2, 5K2)

p, +Ps: 5_ 4.5 _ 4.5 _4_5 4 o e
Ps +Ps: ._S_,L.L.i.i._“._S_. ete’e
P, +P,: .i,i,_s_._“_.i._“. e eote’e
Ps + Ps : 5 ate’ ok ol 4 o 544 45

Figure 5: Decompositions of H, when b = 9 and when H, € {Ps + Ko, Ps + P3,2P,}.

* Ifa="7,then H, € {P;+ K5, Ps+ P5, Ps + P4} and H}, € {Ps + K3, P; + P3, Ps + P4,2Ps}. Then H, can be decomposed
into G3 = P; + K5 and G4 = P3 + 2K5 and Hj, can be decomposed into G; = K, Gs = P3,G5 = Py + 2K, as shown in
Figure 6, where an edge labeled i belongs to G;. Thus, R. = (K2, P3, P; + K3, P3 + 2K5, Py + 2K3).

P,+P,: ot eleletetel, ote
Ps+Ps: ot 03 o3t gt e o3ete
P5+P4: ‘_3_._3_‘_4_._4_. .i.3_.i.
P8+P2: ‘i.i‘i.i._sgi._l_. ‘i.
P7+Ps: .L.L.L,i,i.i, 0—1—0—5—0
Ps +P,: e’e0’005¢5e o¢ ' 0’4
P5+P51 ‘i‘i‘_z‘i‘ ._5_‘_5_‘1‘_1_.

Figure 6: Decompositions of H, and H, when a = 7.

Case 3. k = 3. Then H, = Qu, + Qa, + Qus, and Hy, = Qp, + Qp, + Qp, where 3 < a = a1 + a2 + a3 < 7 with
a1 > ag > ag and b = by + by + bg with by > by > b3. If a = 3, then H, = 3K, and so H, can be decomposed into K> and
2K5. The graph H, is a linear forest of size 12 with three components. It can be shown that H, can be decomposed into
3K5,4K5, 5K, (see Figure 2 where H, is decomposed into K5 and 2K, and Hj, has two components and b = 12). Thus, R. =
(K3,2K5,3K5,4K5,5K5). If a = 4, then H, = P; + 2K5 and then H, can be decomposed into K> and 3K The graph H, is a
linear forest of size 11 with three components. It can be shown that H;, can be decomposed into 2K5,4K5,5K5, (see Figure 3
where H, is decomposed into K> and 3K> and Hj has fwo components and b = 11). Thus, R, = (K5,2K5,3K5,4K5,5K5).
If a =5, then H, € {Py + 2K3,2P; + K>} and so H, can be decomposed into 2K, and 3K5,. The graph H, is a linear forest
of size 10 with three components. It can be shown that H;, can be decomposed into K5,4K5,5K>, (see Figure 4 where H,
is decomposed into 2K> and 3K, and H;, has two components and b = 10). Thus, R, = (K3,2K5,3K5,4K5,5K5). If a = 6,
then H, € {Ps + 2K5, Py + P5s + K»,3P;} and so H, can be decomposed into K3, 2K5, 3K>. The graph H, is a linear forest
of size 9 with three components. It can be shown that H;, can be decomposed into 4K> and 5K5, (see Figure 5, where H, is
decomposed into K5, 2K5, 3K> and H; has two components and b = 9). Thus, R, = (K»,2K5,3K5,4K5,5K5). If a = 7, then
H, € {Ps +2K5,Ps + P;s + K3,2P, + K5, P, + 2P} and so H, can be decomposed into 3K, 4K,. The graph H, is a linear
forest of size 8 with three components and can be decomposed into Ks, 2K5, 5K». Thus, R, = (K3,2K5,3K5,4K5,5K5).
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Case 4. k =4. Then H, = Qq, + Qu, + Qus + Qa,, and Hy = Qp, + Qv, + Qb, + Qp, Whered < a=a; +as+az+as <7
with a; > ao > a3 > ag and b = by + by + b3 + by with by > by > b3 > by. If a = 4, then H, = 4K, and so H, can be
decomposed into K>, 3K>. The graph H, is a linear forest of size 11 with four components. It can be shown that H, can
be decomposed into 2K5,4K5,5K5. Thus, R. = (K2,2K5,3K5,4K5,5K5). If a = 5, then H, = P53 + 3K, and so H, can be
decomposed into K5, 4K5. The graph H, is a linear forest of size 10 with four components. It can be shown that H, can be
decomposed into 2K5,3K5,5K5. Thus, R, = (K2,2K5,3K5,4K5,5K5). If a = 6, then H, € {P, + 3K,,2P3 + 2K5} and so H,
can be decomposed into 2K, 4K5. The graph H, is a linear forest of size 9 with four components and can be decomposed
into K, 3K>,5K,. Thus, R, = (K3, 2K5,3K5,4K5,5K,). If a = 7, then H, € {Ps + 3Ks, Py + Ps + 2K,,3P; + K} and so H,
can be decomposed into 3K, 4K>. The graph H, is a linear forest of size 8 with four components and can be decomposed
into Ko, 2K5,5K5. Thus, R, = (K3, 2K, 3K, 4K», 5K>).

Case 5. k = 5. Then H, = Qu, + Qu, + Qus + Qu, + Qu;, and Hy = Qp, + Qp, + Qvy, + @b, + Qp, Where 5 < a =
a1 +as+as+ag+as < Twitha; > as > asz > as > as and b = by + by + b3 + by + bs with by > by > b > by > bs. If a = 5, then
H, = 5K, and so H, can be decomposed into K5, 4K5. The graph H, is a linear forest of size 10 with five components and
can be decomposed into 2K5,3K5,5K5. Thus, R. = (K2,2K2,3K9,4K5,5K5). If a = 6, then H, = P; + 4K5 and so H, can
be decomposed into K>, 5K5. The graph H, is a linear forest of size 9 with five components and can be decomposed into
2K5,3K5,4K5. Thus, R. = (K3,2K2,3K5,4K5,5K5). Ifa = 7, then H, € {P,+4K>,2P;+ 3K} and so H, can be decomposed
into 2K, 5K5. The graph H, is a linear forest of size 8 with five components and can be decomposed into K5, 3K5,4K>.
Thus, R, = (Ka,2K>, 3K2, 4K, 5K>).

Case 6. K =6. Then H, = Qu, + Qu, + -+ + Qo and Hy, = Qp, + Qp, + -+ + Qs Where 6 <a =ay +as+--+ag <7
with a; > as > - > agand b = by + by +--- +bg with by > by > --- > bg. If a = 6, then H, = 6K, and so H,
can be decomposed into K>, 5K>. The graph H, is a linear forest of size 9 with five components and can be decomposed
into 2K5,3K5,4K5. Thus, R. = (K2,2K5,3K5,4K5,5K5). If a = 7, then H, = P; + 5K, and so H, can be decomposed
into 2K, 5K>. The graph H, is a linear forest of size 8 with five components and can be decomposed into K>, 3K5,4K5.
Thus, R, = (K2, 2K, 3K, 4K5, 5K>).

Case7. Kk = 7. Then (1) a = 7Tand H, = 7K, and (2) b = 8 and H, = P3 + 6K5. The graph H, can be decomposed
into 3K, 4K, and the graph H;, can be decomposed into K»,3K5,5K5. Thus, R. = (Ks,2K2,3K9,4K5,5K5).

Therefore, AR(C5) = 5 and so AR(C,,,) = 5 for 15 < m < 20. O

Proposition 3.2 can therefore be stated as below.

Proposition 3.3. Let k be an integer such that 2 < k < 5. Then AR(C,,) = k if and only if

(2) == (2)

Consequently, for cycles of size 20 or less, we have the same result as stated in Corollary 2.1 for stars and matchings.
There is reason to believe that Corollary 2.1 holds for all cycles as well as all stars and matchings.

Conjecture 3.1. For every integer m > 3, AR(C,,) = k if and only if
k+1 k42
< .

4. Maximal Ramsey chains

Let ¢ be a red-blue edge coloring of a graph G. A Ramsey chain (G1, G, ..., Gi) of G with respect to c is maximal if the
chain cannot be extended to one of greater length. The minimum length of a maximal Ramsey chain in G with respect to ¢
is referred to as the lower Ramsey index AR_ (G) of G with respect to c. The lower Ramsey index AR~ (G) of G is

AR~ (G) = min{AR_ (G) : cis a red-blue coloring of G}.

Thus, AR~ (G) < AR(G) for every graph G. We now investigate this inequality.

By Corollary 2.1, if G is the star K, ,,, or the matching mK; of size m > 3, then AR(G) = k for an integer k£ > 2 if and
only if (k‘gl) <m< (k;rz). We now determine the lower Ramsey indices of stars and matchings. To do this, we return to a
class of graphs we encountered in Theorem 2.1. For a Ramsey chain R in a graph, we write E(R) for the union of the edge
sets of the links in R.
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Theorem 4.1. Let G be a graph of size m > 6 without isolated vertices such that for every two subgraphs F and H of G
without isolated vertices, |E(F)| < |E(H)| implies F C H.

(1) If ("1 <m < (F5?) = 3, then AR~ (G) =k — 1.
2) If (*1*) =2 <m < (*1?) — 1, then AR~ (G) = L.
Proof. To verify (1), we first show that if m = (kgl), then AR~G) = k — 1. Let ¢ be the red-blue coloring of G that assigns
red to all edges of G except one and let s. be a Ramsey chain of length &£ — 1 consisting of £ — 1 red subgraphs of G. Then
sc is maximal and so AR (G) < k — 1. Next, we show that
AR (G) > k—1.

We claim that every Ramsey chain R; = (G1, Go, ..., G;) of length j, where j < k — 2, can be extended to a Ramsey chain
(G1, Ga, ..., Gj, Gj41) of length j + 1. Observe that

|E(G) — E(R;)| = (k—gl)— (3;1) =G+ +G+2)+F+k>2k—1
and so . .
P 2 );( 2)—‘ >k—1.

Hence, G — E(R;) contains a monochromatic subgraph of size at least £ — 1. Since the required size of G, ; is j + 1 and
j+1<k—1,the chain R; can be extended to (G1, Ga, ..., Gj, Gj+1). Thus, AR™(G) > k—1and so AR™(G) =k — 1.
We now show that if m = (kgl) — 3, then AR (G) = k — 1. Since k > 2, it follows that

SYRNES

AR (G) > AR ((’““)1@ "

and so

2
Thus, it remains to show that AR~ (G) < k — 1. Let ¢ be the red-blue coloring of G that assigns blue to k — 1 edges of G and
assigns red to the remaining (*1?) — 3 — (k — 1) edges of G. Since

2 (k;2>3(k1)_(k;1)1,

there is a Ramsey chain R, = (G1,G3,...,Gr_1) of length k — 1 where each subgraph G; (1 <i < k — 1) is a red subgraph

of G but no such sequence of length k& where all subgraphs are red. Since there are only & — 1 blue edges, there is no blue

subgraph of size k. Thus, s. cannot be extended and so s. is maximal. Therefore, AR~ (G) < k—1landso AR (G) =k — 1.
If (1) <m < (*1?) - 3, then

(7)) << (7))
and so AR (G) =k — 1.

Next, we verify (2). Let m = (*1?)~2. Since AR~ (G) < AR(G) < k by Corollary 2.1, it remains to show that AR~ (G) > k.
We claim that every Ramsey chain R; =(G1, Go, ..., G;) of length j, where j < k — 1, can be extended to a Ramsey chain
(G1, Ga, ..., Gj, Gjq1) of length j + 1. Observe that

B@ - ew) = |(*57) <2 - (75 ) m e 0 G ek e -2z 21

{W) -2 - (jﬂ .

Hence, G— E(R;) contains a monochromatic subgraph of size at least k. Since the required size of G;11 is j+1and j+1 < k,
the chain R; can be extended to a Ramsey chain (G4, G, ..., G}, Gj+1). Thus, AR~ (G) > k. Therefore, AR~ (G) =k O

and so

The following is a consequence of Proposition 2.1 and Theorem 4.1.
Corollary 4.1. Let k > 2 be an integer and let G be the star K ,, or the matching mKo,.
(1) If ("3 <m < (F5?) — 3, then AR~ (G) =k — 1.
2) If (*3) —2<m < (*3?) — 1, then AR™(G) = k.
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5. Comparing two Ramsey indices

We have seen that AR (G) < AR(G) for every graph G. By Theorems 2.1 and 4.1, if G € {K3 ,,,, mK>} where

(k+2> _9<m< (k+2> 1

2 2

then AR™1(G) = AR(G) = k; while if (*]') <m < (¥1?) - 3, then AR"(G) = k — 1 and AR(G) = k. Therefore, there are
graphs G for which AR™!(G) = AR(G) and graphs G for which AR(G) = AR™'(G) + 1. This brings up the question as to

how large the number AR(G) — AR~ (G) may be for some graph G. In order to answer this question, we first present a
lemma.

Lemma 5.1. Let ¢ > 3 be an integer. For each integer m with 1(91") < m < (“1'), there exist integers ki, ks, ...,k with
1<k <k < ~~~<kt:qsuchthatzzzlki:m.

Proof. We proceed by induction on q. If ¢ = 3, then (qgl) = (‘21) = 6. If m is an integer such that 3 < m < 6, then m = 4 or
m = 5. If m = 4, then 1 + 3 = 4; while if m = 5, then 2 + 3 = 5. Thus, the statement is true for m = 3. Assume that the
statement is true for an integer ¢ where ¢ > 3. We show that the statement is true for ¢ + 1. Let m be an integer such that
1(*5?) <m < (“1?). Since ¢ + 1 > 4, it follows that ¢ + 1 < 1(“3?). Let m’ = m — (¢ + 1). Then

1 2 2

2<q-; > —(¢g+1) <m' < (q—; ) —(¢g+1).

1/qg+1 , qg+1
< Z
o3 () < (13

for each integer ¢ > 3. By the induction hypothesis, there exists integers k1, ka,...,k with 1 < k; < ks < --- < ky = ¢ such
that S>'_ k; = m/. Letting ki1 = ¢ + 1, we obtain 3.1 k; = m. O

Hence,

With the aid of Lemma 5.1 and Ramsey chains of cycles, we now show that AR(G) — AR~ (G) can be arbitrarily large.

Theorem 5.1. For every two integers p and q with 2 < p < q, there exists a cycle with a red-blue coloring possessing a
maximal Ramsey chain of length p and a maximum Ramsey chain of length q.

Proof. If ("1') and (?}') are of opposite parity, letn = (“}'); whileif (’}') and (?1') are of the same parity, letn = (/") +1.
Let G = C,, where the n consecutive edges of G are denoted by €1, es,.. ., e,. We now define a red-blue coloring of G where
e; is colored red if 1 < i < ("1'), ¢; is colored blue if i = (") + 1, ("1') +3,--- ,n, and all remaining edges of G are colored
red. Therefore, the red subgraph of G is
n—("3)
Gr=Qum+ | =7 |

where Q(pgl) is a path of size ("}') in G,, and the blue subgraph of G is

_ (p+1
Gy = |2t £2)wK2.

_(p+1 n—(Pt?
Let m, = (p ;1) + ng)J be the number of red edges of G and let m;, = {(22)-‘ be the number of blue edges of G.

Then m, > my and m, + my, = n.

First, we show that there is a maximal Ramsey chain of length p in G. The subgraph Q ) of GG, can be decomposed
into {Q1,Q2,...,Q,} where Q; is a path of size i for 1 < ¢ < p. Thus, R = (Q1,Q2,...,Q,) is a Ramsey chain in G, and
in G. Since G — E(R) contains no monochromatic subgraph isomorphic to either @),+1 or @, + K>, the chain R is a maximal
Ramsey chain of length p in G. Next, we show that there is a maximum Ramsey chain of length ¢ in G. Define a sequence S
of the m, red edges of G, as follows:

* If (1"51) is even, thenlet S = (61,63,...,6(;.;1)1, €(p;rl)+2,€(p42rl)+4,...,67,,_1, 62,64,...,6(;;;1)).

1\ -
* If (p;— ) 18 Odd, thelet S = <61,637...76(p;1)7 6(p;1)+2,6(p<2#1)+4’...7€n_17 62,64,...,6(;3;1)1).
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Then no two consecutive edges in S are adjacent. Denote the sequence S by (fi, f2, ..., fm,.), where then f;f;11 ¢ E(G)
for 1 < i < m, — 1. To construct a maximum Ramsey chain of length ¢ in G, we consider two cases, according to whether
n= (") orn=("3") + 1.

Case 1. n = (7t1). Since 1 (7TY) < m, < (?11), it follows by Lemma 5.1 that there exist integers a1, as, ..., a; with
2 2\ 2 2

1<a; <ag <---<a; = qsuch that Zle a; = m,.. Define a labeling ¢ of S by

t ifl<i<a;=gq

t—1 ifat—I—lgiSat—i—at,l

Z(fi) =

1 ifat+at_1+--~—|—a2—|—lSigm,..

Since ¢ < 1(7%") < 4m,, it follows that for every pair i, j of distinct integers with 1 < i,5 < ¢, if £(f;) = ¢(f;), then f; and f;
are not adjacent. Thus, for 1 < i < t, the a; edges labeled i form the matching a; K> and so G, can be decomposed into the
matchings a; Ks, as Ko, ..., a; Ko = ¢K5. Since

(e o= (2 -3

it follows that there exist ¢’ distinct integers b1,bs,...,by, wheret' =g —tand 1 < b; < by < -+ < by < g — 1 such that (i)
St 1 bi = my, and (ii) a; # b; for every pair 4, j of integers with 1 <i <t¢tand 1 < j <. Thatis,

{al,ag,...,at}U{bl,bg,...,bt/} = {1,27...,(]}.
The blue subgraph G, = m; K> can be decomposed into the matchings b K5, b5 Ko, .. ., by K5. Consequently,
(K2,2K3,3K3,...,qK>3)

is a maximum Ramsey chain of length ¢ in G.
Case 2. n = (3') + 1. Thus, (’}') and (“}') are of the same parity. Then

m, = <p;1> N {(‘TH; (”‘El)J :;[(q;1> n (p-;lﬂ

Since 3 < p < g, it follows that
1/g+1 1{/qg+1 p+1 qg+1
(51 <[5+ (3] < (%)

and so %(q;rl) < m, < (7}'). By the argument in Case 1, there exist integers a;,az,...,a; with1 < a; < az <--- < a; = q
such that 25:1 a; = m, and the red subgraph G, can be decomposed into the matchings a1 K5, a3 Ko, ..., a; K. In this
case, m, + (mp — 1) = (qgl). By the argument in Case 1, there exist ¢ distinct integers b1, bs,...,by, where t’ = ¢ — t and

1<b; <by <--+ < by <q—1such that (i) E:/:l b, = mp — 1 and (ii) a; # b; for every pair ¢, j of integers with 1 < i <1t
and 1 < j <. The blue subgraph (m; —1)Ks C G; can be decomposed into the matchings b K», b2 Ko, . . ., by Ks. Since the
size of Gis n = (“}') + 1 < (“3?), there is no Ramsey chain of length ¢ + 1 and so (K»,2K>, 3K, ...,¢K>) is a maximum
Ramsey chain of G. O

The following is therefore a consequence of Theorem 5.1.

Corollary 5.1. For each positive integer N, there is a graph G such that AR(G) — AR~ (G) > N.

6. Alternating Ramsey chains

In the proof of Theorem 5.1, every link of both the maximal Ramsey chain and the maximum Ramsey chain has the same
color, namely red. We now show that Corollary 5.1 can be obtained without all the links having the same color.

An alternating Ramsey chain in a graph with a red-blue coloring is a Ramsey chain in which the colors of every two
consecutive links are distinct. For integers p and ¢ with 1 < p < ¢, we write Q,(p) to denote the subpath of length p obtained
by selecting the first p edges (in clockwise direction) from a path @), of length ¢ in a cycle. We now show that there is a
red-blue coloring of a cycle that produces arbitrarily many maximal alternating Ramsey chains of distinct lengths.
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Theorem 6.1. For every positive integer k, there exists a cycle with a red-blue coloring possessing at least k maximal
alternating Ramsey chains of distinct lengths.

Proof. The statement is true trivially for £ = 1 and so we may assume that & > 2. Let G = C,, where

11k% — 5k

5 if k is odd

11k% — 5k 4+ 2

5 if k is even.

We now describe a red-blue coloring of G as follows.

* Select an arbitrary edge of G and color it red. This is a red Q;, which we denote by F;. As we proceed clockwise
about G, the next two edges are colored blue. This results in a blue ()2, which we denote by F,. The next three edges
are colored red, resulting in a red 03, which we denote by F3. We continue this procedure until arriving at a blue Q-
denoted by Fsi. Thus, the sequence (Fy, Fy, ..., Fo) = (Q1,Q2, ..., Qax) appears (in clockwise direction) on G where

Fi:QiforlgiSQkand
2k

2k 2k
OILISIES AR SIS G

i=1

* The next 2k — 1 edges following F5; are colored red, resulting in a red QQ2;_1, denoted by H;. The next 2k — 2 edges
following H, are colored blue, resulting in a red Qs;_o, denoted by H,. We continue this procedure until arriving
at Q11, denoted by Hy_1. If k is odd, then Hj_; is a blue Qx.1; while if k is even, then Hy_; is a red Q1. Thus,
the sequence (Hy, Ha,...,Hr—1) = (Qak-1,Q2k—2,...,Qr+1) appears (after Fy; in clockwise direction) on G, where
H;=Qo_;for1 <i<k-—1and

k—1 k—1 k—1 ok Eal
E(H;)|l = (2k — 1) — .
> IBH = S 1B Q)| = 2 -(3)-(31)

* Let X be the set consisting of the remaining edges of G, namely

X = B(G) — [E(F\) UE(Fy) U+~ U E(Fa) UE(Hy) UE(Hy) U+ U E(Hy_1)].

2k+1 2k k+1 Tk? —k
I X| = n-— + - =n-—
2 2 2 2
11k% — 5k Tk* —k
2 2

Then

=2k(k-1) if k is odd

11k275k+277k271€
2 2

=2k(k—1)+1 ifkiseven.

The edges in X are alternately colored red and blue such that the edge following H;,_; is colored differently than the
edges of H;_, and the edge preceding F; is blue. Hence,

o if k is odd, then Hj_; is blue and so the edge following H_; is colored red. Since |X| = 2k(k — 1) is even, the
edge preceding I is blue as required;

o if k is even, then Hy_, is red and so the edge following H}_ is colored blue. Since |X| = 2k(k — 1) + 1 is odd, the
edge preceding I is blue.

Consequently, if | X| = ¢, then G[X] = (f1, fo, ..., f:) is a subpath @, of size ¢ where f; is the edge following Hj,_; and
f+ is the edge preceding F;. The edges of G[X] are alternately colored red and blue such that f; is colored differently
than the edges of H;_; and f; is blue.

We now have the following.

Observation. No red edge in X is adjacent to any red edge in G and no blue edge in X is adjacent to any blue
edge in G. Thus, each edge in X is a monochromatic component ), either in the red subgraph G, of G or in the
blue subgraph G of G.
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If k is odd, then the red subgraph G, and the blue subgraph G, of G are

G = Fi+F+-+Fyp 1 +H +H3+ -+ Hp o+ k(k—1)K;
= Qi+ Q3+ + Q-1+ Qa1+ Qa3+ + Qri2+k(k-1)K,
Gy = Fo+Fy+-+Foyp+Hy+Hy+ -+ Hpr + k(b — 1)K

= Q2+ Qa4+ Qo+ Qop—2+ Qan—a+ -+ Qry1 + k(k — 1)Ko.

If k is even, then the red subgraph G, and the blue subgraph G; of G are

Gr = F1+F3+"'+F2k,—1+H1+H3+"‘+Hk_1+k(k—1)K2
= Q1 +Q3+ -+ Qa1+ Qap1+ Qo3+ + Qi1 +k(k— 1)Ky
Gy, = o+ Fy+--+Fyp+Hy+Hy+ -+ Hp_ o+ [k(k— 1)+ 1]K;

= Qo+ Qu+ -+ Qo+ Qo2+ Qan—a+ -+ Qri2+ [k(k— 1)+ 1] Ks.

We claim that G possesses & maximal alternating Ramsey chains Ri, Rs, ..., Ry where R; has length 2k — 1 + ¢ for
1< <E.
e First, Ry = (F1, F>, ..., Fy;) is an alternating Ramsey chain of length 2k in G. Since G — E(R;) contains no monochro-

matic subgraph isomorphic to For = Qa, it follows that R; is maximal.

e Next, let Ry = (Fy, Fo, ..., Fop—1, Forp(2k — 1) + Ko, Hy + 2K5), where the edges of K, and 2K, are taken from X such
that each link in R, is monochromatic. Then R; is an alternating Ramsey chain of length 2k +1in G. Since G — E(R>)
contains no monochromatic subgraph isomorphic to Qsx_1, it follows that R, is maximal.

o Next, let Ry = (F1, Fs, ..., Fop_o, For—1(2k — 2) + Ko, For(2k — 2) + 2K5, Hy (2k — 2) + 3K5, Hy + 4K5), where the edges
of K5,2K5,3K5,4K5 are taken from X such that each link in R3 is monochromatic. Then Rj is an alternating Ramsey
chain of length 2k + 2 in G. Since G — E(R3) contains no monochromatic subgraph isomorphic to Qor_2, it follows
that R3 is maximal.

e In general, for 2 < i < k, let

R, = (Fi,F,...,Fopq1—i, Foppoi(2k+1—1)+ Koy,
Forrsi(2k+1— ) + 2K, oo\, For(2k+1— ) + (i — 1)Ko,
Hy(2k+1—i)+iKs, Hy(k+1— i)+ (i + 1)Ko, ..., Hi_i +2(i — 1)K>)

where the edges of K»,2K5,...,2(i — 1)K, are taken from X such that each link in R; is monochromatic. Thus, R;
is an alternating Ramsey chain of length 2k — 1 4+ ¢ in G. Since G — E(R;) contains no monochromatic subgraph
isomorphic to Q21 1_;, it follows that R; is maximal. In particular,

Ry = (F1, B Fipr, Frpa(k+1) + Ko, Fys(k+1) +2Ko, .., Fop(k+ 1) + (K — 1)Ko,
Hy(k+1)+kKy, Ho(k+1)+ (k+ 1)Ko, ..., Hey +2(k — 1)K>)
where the edges of K»,2K5,...,2(k — 1)K, are taken from X such that each link in Ry is monochromatic. Thus, Ry is

an alternating Ramsey chain of length 3k — 1 in G. Since G — E(Ry) contains no monochromatic subgraph isomorphic
to Qg 1, it follows that Ry is maximal.

Finally, we show that each of the k¥ maximal alternating Ramsey chains R, Rs, ..., R of distinct lengths in G can be
constructed as described. Of the k alternating Ramsey chains Ry, Rs, ..., R in G, the longest chain R; among them takes
the maximum number of edges from X. This maximum numberis 1 +2+---+2(k—1) = (2’“2’1) =k(2k —1).

o If k is odd, then the link Fi o(k+ 1)+ K3 in Ry is red and so the number of red components ); required in R, from X
is1+3+--+ (2k — 3) = (k — 1)? and the number of blue components @; in Ry is

244+ +20k-1)=201+2+ -+ (k-1)]=2E) =k(k - 1).

Since | X| = 2k(k — 1), where k(k — 1) edges are red and k(k — 1) edges are blue, it follows by the observation that &
such maximal alternating Ramsey chains R1, Rs, ..., R, of distinct lengths in G can be constructed.
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o If k is even, then the link Fj_o(k + 1) + K5 in Ry is blue and so the number of blue components @) required in Ry, is
14+3+--+(2k —3) = (k — 1)? and the number of red components Q; from X is

2+4+~-~+2(k—1):2[1+2+---+(k—1)]:2(§> = k(k—1).

Since |X| = 2k(k — 1) + 1, where k(k — 1) edges are red and k(k — 1) + 1 edges are blue, it follows by the observation
that such £ maximal alternating Ramsey chains R, Rs, ..., R of distinct lengths in G can be constructed.

This completes the proof. O
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