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Abstract
Let G be a simple graph with vertex set V(G). The Lanzhou index of G is defined as Lz(G) = 3_, v () de(u)dg (u)?, where

dc(u) denotes the degree of the vertex u in G and G is the complement of G. In this paper, we establish an upper bound
on the Lanzhou index for trees of order n with maximum degree A. Additionally, we obtain the minimum and maximum
values of the Lanzhou index for unicyclic graphs of order n. Moreover, we determine the Lanzhou index’s maximum value
for chemical trees of order n.
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1. Introduction

Let G be a simple connected graph with vertex set V(G) and edge set E(G). Denote by n = |V(G)| and m = |E(G)| the
number of vertices and edges of G, respectively. For u € V(G), we denote by Ng(u) the open neighborhood of v in G, which
is the set of vertices adjacent to u. The degree dg(u) (or d(w)) of u in G is the cardinality of Ng(u). Denote by A(G) (or A)
the maximum degree of G. The cardinality of the set {u € V(G) | d(u) = t} is denoted by n;(G) (or n;). The complement
of G is denoted by G. The edge connecting the vertices « and v is denoted by uv. For the terminologies and notations not
defined here, we refer the readers to [3].

Many degree-based topological indices have been defined in the mathematical-chemical literature. The first Zagreb
index M;(G) and the second Zagreb index M, (G) belong to the family of the most studied degree-based topological indices.
These indices are defined [8-10,13] as

Mi(G)= > (dw)+dv)= > d*(v) and MyG)= > d(u)d(v).

weE(G) veV(Q) uwweE(G)

The forgotten index is another well-known degree-based topological index. It is defined [6] for G as

F(G)= Y =du).
ueV(QG)
Recently, De et al. [4] and Khaksari et al. [11], Vukicevi¢ et al. [14], independently proposed and investigated the
following degree-based topological index, which is known as the Lanzhou index and also the forgotten coindex:

Lz(G) = Y dg(u)dg(u)® = (n—1)M(G) — F(G).
ueV(QG)

In [14], it was shown that the Lanzhou index behaves better than several existing indices of this kind in predicting a
chemically relevant property of nonane isomers, and some mathematical results concerning extremal structures were
established. In [5], Liu et al. established a best possible lower bound for the Lanzhou index of trees in terms of their order
and degree, and they characterized all extremal trees. In [15], Wang and Mao studied the Lanzhou index of several classes
of hexagonal systems, obtained the Lanzhou index of trees with given diameters, investigated this index for Cartesian
product graphs, and found Nordhaus-Gaddum-type results. Additional mathematical properties of the Lanzhou index can
be found in [1,2,7,12].

In this paper, we obtain an upper bound on the Lanzhou index for trees of order n with maximum degree A, and
characterize the corresponding extremal graphs. Additionally, we obtain the extremum values of the Lanzhou index for
unicyclic graphs of order n. Besides that, we determine the Lanzhou index’s maximum value for chemical trees of order n.
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2. The maximum value of Lanzhou index of trees with given maximum degree

Let T2 be the set of trees on n vertices with the maximum degree A. Then |, <4 T2 is the set of all chemical trees with n
vertices. We first introduce a transformation.

Transformation 2.1. Let T € T2 and u,v € V(T) with 1 < dr(v) < dr(u) < A. Take w € Ng(v) \ Ng(u). Denote by T' the
tree obtained from T by deleting edge vw and adding edge uw. Then T' € T2, dr:(u) = dr(u) + 1, ds(v) = dr(v) — 1, and
dr(x) =dp (x) for all x € V(T) \ {u,v}.

Theorem 2.1. Let T € T2,
(M. For2 < A< ”T“andnzﬂrl (mod A — 1), where1 <i< A -1,

(—n+14+9)A3+(n—1)(n—1-i)A%4+n?+ni> —i? - = 3n+2)A—(n—1-9)(®+n—-2)—(n—2)(n — 1)

Lz(T) <
AT) < A1
with equality if and only if the degree sequence of T is
n—1—i non=l—i_q
A—1 —
Aa"'aAai7 1) al

(D). Let ™2 < A < 243,

@@). If n =0 (mod 3), then
Lz(T) < —3A% + (3n+3)A% — (4n+2)A +n> —3n+6
n—3

——
with equality if and only if the degree sequence of T is A, A —1,A —1,1,---,1.
@Gii). If n =1 (mod 3) and A = “2(n #7), then

Lz(T) < —3A3 +3nA? — 2n+ 1A +n? —4n+6
n—3
——
with equality if and only if the degree sequence of T is A, A, A—1,1,--- 1. If n =7, then Lz(T) < 90 with equality
if and only if the degree sequence of T is 3,3,2,1,1,1,10r 3,2,2,2,1,1, 1.
@iii). If n =1 (mod 3) and A = 55, then

Lz(T) < —3A3 + (3n + 9)A% — (8n + 40)A +n? + 11n + 54
n—3 n—3
—— ——
with equality if and only if the degree sequence of T is A, A A —4,1,---,1 or AJA—-1,A—-3,1,---,1 or
n—3

——
AA—2A—-21,-- 1.
@iv). If n =2 (mod 3), then
Lz(T) < —3A% + (3n + 6)A% — (6n + 9)A +n? + 10
n—3

—
with equality if and only if the degree sequence of T is A, A —1,A —2,1,--- 1.

(ID. If 2 < A < 2, then
Lz(T) < 6A* —6(n+ 3)A% +2(n* + 6n+5)A —n* —9n +4
n—3

—
with equality if and only if the degree sequence of T'is A, A,n+1—2A,1,---, 1.

V). If 2 < A <n—1, then
L2(T) < —(n+2)A% + (n? + 2n)A —4n + 4
n—2

——
with equality if and only if the degree sequence of T is A,n — A,1,---, 1.
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Proof. Let T € T> be a tree with the maximum Lanzhou index. If there are two vertices u,v in T such that 1 < d(v) <
d(u) < A, we choose such vertices with the assumption that d(u) + d(v) is as small as possible. Let d(v) = i and d(u) = j
and T3 be the tree obtained from 7" by applying Transformation 2.1, then

La(Th) = La(T) = > dg(w)dr, (w)? = Y dp(w)dr(w)?

weV (Ty) weV (T)
=G+1)2n—-1-j-1D)+@GE—-1)*n-1—i+1)—i*(n—1—14)—j*(n—1—3)
=(n—-1-4)2j+1)—(n—-1-49)2i—1)+ (G —1)°— (j +1)°
=2mj -2 -2 4+n—1—j—2ni—2i—2> —n+1+i)+(i—1)%—(+1)?
=2n(j —i) =20 —i) —2(j2 =i +2n—2—(i+j)+i?—2i+1—52-2j—1
=(2n—2)(j —1)+3(* - j%) = 3(i+j) +2n -2
=(j—9)2n—-2-3(+j))+2n—2-3(i+)
=G—i+1)(2n—2-3(+7)),
ie.,

LzTy)—Lz(T)=(j—i+1)(2n—2-3(i+j)=(( —i+ D (@))
where j —i+1>0and a =2n —2 —3(i + j).
Case 1. 2 < A < f2,
In this case, we have
6(n +2)

3

and thus Lz(T1) > Lz(T'), which is a contradiction. Hence, there are no two vertices u, v in T such that 1 < dr(v) < dp(u) <

A. So, Y20 ny(T) < 1.
Subcase 1.1. If 27! 1,(T) = 0, then

a=2n—-2-3(+j)>2n—-2-32A —-2)=2n+4—-6A>2n+4— =0

n=mny+na
2n — 2 = Ana +nq

n—2 n—2
A1 n—a—1
and na = Z;j. Therefore, n = 2 (mod A — 1), the degree sequence of T'is A,--- ;A 1,--- 1, and
n-2 ., n—2 _ (n—=2)(nA%? — A? — A% + nA — 2n + 2)
LZ(T)fA_lA(n 1-A)+(n A_1)(71 2) = N .

Subcase 1.2. If ZtA:_Ql n:(T) = 1, let v be the unique vertex in T with 1 < dr(v) =i < A, then

n=ni+n;+na=n1+1+na
2n — 2 =Ana +n1 +1

noloi n—noloi_ g
i1 . L —— /_A/H
and na = "5 . Hence n =i + 1 (mod A — 1), the degree sequence of T'is A,--- ,A,4, 1,---,1 ,and
2 9 . n—t—1
Lz(T) =naA (n—l—A)+z(n—l—z)—&—(n—l—ﬁ)(n—%
(—n+14+)A3+n—1)n—1—)A2+n?>+ni® —i? -3 -3n+2)A-(n-1-i)(+n—-2)—(n—2)(n—1)
- A—1 '

Insummary,if2§A<%Handnzi—i—l(modA—l),WherelgigA—l,then

(n+1+DA+(n—1)n—-1-)A%2+n?+ni? —i® - -3n+2)A—n—-1-0)@+n—-2)—(n—2)(n—1)

Lz(T) <

A-1
with equality if and only if the degree sequence of T' is
e
JANIERIINYA WY N SR
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Case 2. A > 15,
Note that 2n—2=3" () d(w) =2 i+j+A+(n—3), wehavei+j <n+l-Aanda>2n—2-3(n+1-A) =3A-n-5>0.
Hence, Lz(T}) — Lz(T) > 0, a contradiction. So, there are no two vertices u,v in T such that 1 < dr(v) < dr(u) < A.
Therefore, ZtA__Ql n(T) < 1.

Subcase 2.1. If Z, 9 nt( ) = 0, then by the similar arguments provided the proof of Subcase 1.1, we conclude that the
degree sequence of T is

n—2

—
and n = 2 (mod A — 1). Moreover, if ”J“) <A < %, wehave 3= = 2. So, the degree sequence of T"is A,A,1,--- ,1 and

Lz(T) = —2A% +2(n — 1)A% +n? —4n + 4.
n—1

——
If 2 < A <n—1,wehave =2 = 1. So, the degree sequence of T'is A, 1, ,1and Lz(T) = =A%+ (n — 1)A% + n? — 3n + 2.

Subcase 2.2. If Zt 9 "ny(T) = 1, let v be the unique vertex in 7' with 1 < dp(v) = i < A, then by the similar arguments
given in the proof of Subcase 1.2, we conclude that the degree sequence of T' is

n—1—i n—1—1
AT n—"x=7 —1

—_—f— —
Av"' 7A7ia 1a 71 )
where n =i+ 1 (mod A — 1). Moreover, if 2> < A < 2, we have i = n + 1 — 2A and 5% = 2. So the degree sequence of
T is
n—3
——
AAR+T—2A1,-- 1
and Lz(T) = 6A% — 6(n+ 3)A? + 2(n® + 6n+5)A —n® —9n+4. If 221 <A <n—1, we have 21~ =1l andi=n— A. So
the degree sequence of T is
n—2
—
An—Al-,1
and Lz(T) = —(n 4+ 2)A2 + (n? 4+ 2n)A — 4n + 4.
In summary, if 2% < A < 2, then Lz(T) < 6A% — 6(n + 3)A% + 2(n? + 6n + 5)A — n? — 9n + 4 with equality if and only

if the degree sequence of 7' is
n—3

——
AARn+1—2AT,-- 1,
while if 231 < A <n —1, then Lz(T) < —(n + 2)A? + (n? + 2n)A — 4n + 4 with equality if and only if the degree sequence
of T'is )
—

——
n—AT,---,1.

Case 3. ™12 < A < 23,
Let n = 3¢ + r, where r € {0, 1,2}. Thenq+%§A§q+%.

Subcase 3.1. If r = 0,i.e., n =3¢, then g+ 2 < A< ¢+ 2 and A = ¢+ 1. Since 2n —2 = Swev(r) dw) > i+j+A+(n—3),
we have i + j < 2A — 2 with equality if and only if the degree sequence of T' is

n—3

——
AA-T,A-1T,-- 1.

Subcase 3.1.1. If i+ j < 2A —3,thena =2n -2 -3(i+j) > 2n -2 -3(2A -3) =6¢—-2—-3(2¢—-1) =1 > 0, and
Lz(Tl) Lz(T) > 0, a contradiction. Hence, there is at most one vertex v in T such that 1 < dr(v) < A. Thus, ZtA:El ng < 1.

If Y25 ny = 0, then
ny+na=mn
Ana +np =2n — 2

and we have np = 3 — % from n = 3¢ and A = ¢ + 1. Since na is a positive integer, it must be ¢ =2 or ¢ = 1. If ¢ = 2, we
have A = ¢+ 1 =3,na =2,n =6, and the degree sequence of T"is 3,3,1,1,1,1. So,

Lz(T) =2 x 3%(5—3) +4(5— 1) =52 < Lz(T*) = 54,
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where the degree sequence of 7™ is 3,2,2,1,1,1. If ¢ = 1, we have A = 2, no = 1, n = 3, and the degree sequence of T is
2,1,1. So Lx(T) = 2.
Ifzt 5 'n; =1, then

{ n1+na+n;, =n=3q

Anp+n1+i=2n—2=06g—2
and we have np = 3 — 1“ from n; =1 and n = 3¢ and A = ¢ + 1. Since na is a positive integer and 2 < i < A — 2, we have
t=qg—1and na = 2. The degree sequence of T is

n—3
—_—
AANA-2T 1,

and Lz(T) = —3A3 + (3n + 3)A? —4(n+2)A +n? —n+ 10 < =3A% + (3n + 3)A? — 2(2n + 1)A + n? — 3n + 6.
Subcase 3.1.2. If i+j > 2A—3, theni = j = A-1from2 <i < j < A-1. Notethat2n—2 =3 7 d(w) = i+j+A+(n-3),
we have i + j < 2A — 2 with equality if and only if the degree sequence of T' is

n—3
—_—
AA-1,A-11,--- 1.

Then Lz(T) = —3A3% + (3n + 3)A? — 2(2n + 1)A + n? — 3n + 6.
Subcase 3.2. If r = 1,ie.,n =3¢+ 1,theng+1 <A <qg+2. Notethat2<:i<j <A —1,wehavei+j <2A —2.
Subcase 3.2.1. A = ¢+ 1,i.e., A = 255,

Subcase 3.2.1.1. If i +j <2A —2,thena=2n—-2-3(i+j) > 2n—2—3(2A —2) > 6q — 6q =0 and Lz(Tl) Lz(T)>0,a
contradiction. Hence, there is at most one vertex v in 7" such that 1 < dr(v) < A, i.e. Zt 5 Yy <1.If Zt 9 Yny =0, by

n=mniy+na
2n — 2 = Ana +nq

we have na =3 — % and ¢ = 1 since nx is a positive integer. Then n = 4, the degree sequence is 2,2,1, 1, and Lz(T) = 12.

If Y22 n, = 1, then by
{ n=ni+na-+n,=n1+na+1

2n — 2= Ana +nq +1
we have np =3 — é Since 2 < i < A —1 = ¢ and na is a positive integer, i = ¢, and no = 2. Then the degree sequence of
T is s
—
AAA-1T,--- 1
and Lz(T) = —3A3 + 3nA? — (2n + 1)A +n? — 4n + 6.
Subcase 3.2.1.2. If i + j = 2A —2,theni =j = A —1and na_; > 2. Also, no = --- = na_s = 0 by the minimization of
i+j=d(u)+d(v). We have

n=ny+na-+na_1
2n —2=Ana +n1+ (A —1)na_1.

So, na <1+ % and na € {1,2} since nx is a positive integer. However, if nn = 2, then ¢ =1 and A = ¢+ 1 = 2. We have
2<i=j=A-1=1,a contradiction. So, nao = 1. Now, if there is a vertex w € V(T') \ {u, v} such that 1 < d(w) < A, then
M—2>A+2(A-1)+dw)+ (n—4)

>3A+n—4 (since d(w) > 2)
i.e., n>3A-2
3¢g+1>3(g+1)—2=3¢+1.
Thus, equality holds in all the above inequalities, which implies that d(w) = 2. Also, d(w) = A — 1 by the minimization of
i+ j =d(u) +d(v) again, and thus A = 3, ¢ = 2, n = 7. The degree sequence of T is

n—4
—
AA-1,A-1,21,-- 1,

ie., 3,2,2,2,1,1,1 and Lz(T) = 90 = Lz(T*) where the degree sequence of T* is 3,3,2,1,1,1, 1.



Q. Li, H. Deng, and Z. Tang / Electron. J. Math. 5 (2023) 29-45 34

Subcase 3.2.2. A = ¢ +2,ie, A =25
From2n—2=3% _ypydw)>i+j+A+(n—3)andn=3¢+1=3A-5 wehavei+j<2A -4

Subcase 3.2.2.1. If i + j < 2A — 5, thena =2n —2—3(i +j) > 2n— 2 — 3(2A —5) > 2(3¢+ 1) —2—3(2¢ — 1) = 3 > 0, and
Lz(Tl) Lz(T) > 0, a contradiction. Hence, there is at most one vertex v in 7' such that 1 < dr(v) < A. Thus, Zi}l ng < 1.

Ifz* 5 ny = 0, then
n=mny+na
2n — 2 = Ana +nq

and np = 3 — ﬁ. We have ¢ = 1 or ¢ = 3 since na is a positive integer. Hence, the degree sequence of T is 3,1,1,1 or
5,5, 1, 1, 1,1,1,1,1,1, and Lz(T) = 6 or Lz(T') = 264, respectively.
Ifzt 9 'n; =1, then

n=mni+na+n;

2n—2=Ana+n1+1

and np =3 — ”3 € {1,2} since na is a positive integer.

WhennA:1,wehavez+3—2(q+1),andz—2q—1§A—1:q+1. So,g <2 Ifg=1,then2<i=2¢—-1=1,a
contradiction. If ¢ = 2,thenn =3¢+ 1 =7,i =2¢ — 1 = 3 and the degree sequence of T is

n—2
——

ZXNA'_lvlf"vly

i.e., 4,3,1,1,1,1,1 and thus Lz(T) = 84.
n—3
——

When np = 2, wehave i +3 =g+ 1andi = ¢q— 2 = A — 4. The degree sequence of T'is A, A;A —4,1,---,1 and thus
Lz(T) = —3A3 + (3n + 9)A?% — (8n + 40)A + n? + 11n + 54.

Subcase 3.2.2.2. If i + j =2A —4,theni=A—-1,j=A —3ori=j = A — 2. Also, the degree sequence of T is

n—3
—
Aaj7i717"' 71

from2n —2=3%" .y dw) =i+j+ A+ (n—3),ie., the degree sequence of T'is

n—3 n—3
—— ——
AA-1,A-31--,1 or AAA—2A-2T-.. 1.

Thus, Lz(T) = —3A3 + (3n + 9)A?% — (8n + 40)A + n? + 11n + 54.

Subcase 3.3. If r = 2,i.e., n = 3¢ + 2, then ¢ + % = %2 <AL "T*f’ =q+ % and A = ¢ + 2 since A is a positive integer.
From
m—2= Y dw)Zi+j+A+(n-3),
weV (T)

we have i + j < 2A — 3.

Subcase 3.3.1. If i+j <2A—4,thena =2n—2-3(i+j) > 2n—2—-3(2A—4) =6¢g+2—6¢g =2 > 0and Lz(Ty)— Lz(T) > 0,
a contradiction. Hence, there is at most one vertex v in 7' such that 1 < dr(v) < A, i.e,, ZtA:_zl ny < 1.

If Zt 5 "0 = 0, then

n=mniy+na
2n —2 = Ana +nq ’

and np = 3 — q+1 We have ¢ = 2 since na is a positive integer, n = 3¢ + 2 = 8, A = ¢ + 2 = 4. The degree sequence is
4,4,1, 1 1,1,1,1 and thus Lz(T) = 132 < Lz(T*) = 134 where the degree sequence of 7% is 4,3,2,1,1,1, 1, 1.
If Y2 ny = 1, then

n=ni+na+n =n1+na+1
2n —2=Ana +ny +1

2+z

and np =3 — . Because nx is a positive integer, we have either (1) nao = 2,7 = ¢—1 = A — 3, the degree sequence of T" is

n—3

——
AANA-3T 1
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and Lz(T) = —3A3 + (3n + 6)A% — (6n + 21)A +n? +4n + 24 < —3A3 + (3n + 6)A? — (6n + 9)A +n? + 10, or (2) na = 1,
i=2¢;notethat 2 <i=2¢g=2(A-2)<A-1,A<3and g =1, n =25, the degree sequence of T is
n—2

——
AA-1T,-- 1,

ie., 3,2,1,1,1 and thus Lz(T) = 26.

Subcase 3.3.2. If i + 7 = 2A —3,theni = A -2, j = A—1and na_1 > 1, na_o > 1. From the minimization of
z+j:d(u)+d(v),n2 = =nNA_3 = (0 and

n=n;+na+na-1+na-2
2n — 2 =n1 + Ana + (A — 1)TLA_1 + (A — Q)RA_Q

we haven —2 = (A —1)na + (A —2)na_1 + (A = 3)na_2 > (A — 1)na + 2A — 5, which gives

(A—1)na<n—2-2A+5
(q+1)na <3¢—2(q+2)+5=q+1,

n—3

—
and thus na = 1, and the degree sequence of Tis A;A —1,A —2.1,--- | 1. Therefore,
Lz(T) = —3A% + (3n + 6)A% — (6n 4+ 9)A +n? + 10.

In summary, if 232 < A < 245 then
(i) Lz(T) < —3A% + (3n+ 3)A% — (4n+2)A +n? — 3n+ 6 for n = 0 (mod 3), with equality if and only if the degree sequence
of T is

n—3

—
AA-1,A-11,--- 1

(i) Lz(T) < —3A% 4+ 3nA? — (2n + 1)A 4+ n? —4n+ 6 for n = 1 (mod 3) (n # 7) and A = 2 with equality if and only if the
degree sequence of T is
n—3
——
AAA-1,1,--- 1
Lz(T) =90 for n = 7 with equality if and only if the degree sequence of T is either 3,3,2,1,1,1,1 0r 3,2,2,2,1,1, 1;
(iii) Lz(T) < —=3A% + (3n+ 9)A? — (8n 4+ 40)A +n* + 11n+ 54 for n = 1 (mod 3) and A = 22 with equality if and only if the
degree sequence of T is
n—3 n—3 n—3
— — ——
AAA—-41,---1 or AJA—1,A-3,1,---,1 or AJA—2A-21---1;

(iv) Lz(T) < —3A3 + (3n + 6)A2 — (6n + 9)A + n? + 10 for n = 2 (mod 3) with equality if and only if the degree sequence of
T is
n—3
—
AA-1,A-27-- 1.
O

In [14], a lower bound on the Lanzhou index for chemical trees with n vertices was given. By using Theorem 2.1, we
get the maximum Lanzhou index of chemical trees on n vertices.

Corollary 2.1. Let T be a chemical tree with order n > 10.

(1). If n =0 (mod 3) then Lz(T) < 6n? — 40n + 68, where the equality holds if and only if the degree sequence of T is

n—3 2n

3 T3
—— ——
4,...4,2,1...1
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(iii). If n =2 (mod 3) then Lz(T) < 6n? — 38n + 52, where the equality holds if and only if the degree sequence of T is

n—2 _ 2n+42
3 n 3

4,..4,1...1.

Proof. Let T be a chemical tree with order n > 10, then A =4 or A = 3 or A = 2 by the definition of chemical trees.
(i) If A = 4, then by Theorem 2.1(I) we have

—3:3 —3)i% + (—1 i + 18n2 — 102 4
LaA(T) < 3%+ (3n — 3)i* + (—15n + 78)i + 18n 02n + 8

< 3 (where 1 <i <3)

e 6n% —40n +68, n =0 (mod 3) (i =2),
Lz(T) << 6n2—40n+70, n=1(mod 3) (i=3),
6n? —38n+52, n=2(mod 3) (i=1).

(ii) If A = 3, then by Theorem 2.1(I) we have

La(T) < —2i% + (2n — 2)i2 + (—8n2+ 34)i + 10n2 — 48n + 38

(where 1 <i < 2)

ie.,
5n? —27n +34, n=0 (mod 2) (i =

1
5n2 —2Tn +41, n =1 (mod 2) (i =2).

Lz(T) < {
(iii) If A = 2, then T = P, and Lz(P,) = 4n? — 18n + 20.
When n = 0 (mod 3), we have
In? — 60n + 68 > 5n® —27n +34 and 612 — 40n + 68 > 5n? — 28n 4 41.
When n =1 (mod 3), we have
6n% —40n 470 > 5n% —27n +34 and 6n% — 40n + 70 > 5n? — 28n + 41.
When n = 2 (mod 3) we have

6n2 — 380 +52>5n2—27n+34 and 6n° — 38n + 52 > 5n% — 28n + 41.

3. Extremum values of Lanzhou index for unicyclic graphs

Let U,, be a unicyclic graph of order n with its unique circuit C; = vyvy---vv1. Fori = 1,2,... ¢, let T; be the component
of G\ E(C;) that contains v;. Let V(U,) = RUV,UVy, where R = {v € V(U,) | d(v) > 2}, Vo = {v € V(U,) | d(v) = 2},
Vi ={v e V(U,)|d(v) =1}, |Va| = I3, V1| = l1. Denote by Uq(y,),d(v,),...d(v,) the unicyclic graph of order n in which every T;
(wherei=1,2,...,t) is a star (see Figure 1).

Figure 1: The unicyclic graph Uy, ),d(vs)....d(v; )

Lemma 3.1. Let U,, be a unicyclic graph, then

Lz(Un) = ) Adu)(dy — 1) + lap(2), )

uER

where d,, = d(u), \(z) = —2% + (n — 2)x +2n — 4, and o(r) = 2%(n — 1 — ).
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Proof. Let o(x) = 2?(n — 1 — z). By the definition of Lanzhou index, we obtain

LaUn) = Y olda) =Y old)+ > o(da)+ D old) = od) +lap(2) + Lip(1),

ueV(Uy) u€ER u€Va ueVy u€ER
Since ), pdy + 202+ 13 =2n, we get Y (dy, — 2) = 1, which gives

> (dy—1) =1 +|R]=n—1l. ®3)

uER

Also, we have

La(Uy) = > oldu) + > (du — 2)p(1) + l2p(2)

ueER ueER
= Z(w(du) + (du — 2)9(1)) + 12(2)
u€ER
—2)p(1
=y A2 22 g, - 1)+ ),
u€ER
If ANz) = w = —22+ (n — 2)x + 2n — 4 then we have

=) Mx)(dy — 1) + Lp(2).

ueER

O

Lemma 3.2. Let U, (n > 8) be a unicyclic graph with its unique circuit Cy(t > 4). If U,, has the maximum Lanzhou index,
then lo =0orl, = 1.

Proof. Let U,, be a unicyclic graph with the maximum Lanzhou index. Suppose there are two vertices u, v in U,, such that
d(u) =d(v) =2
Case 1. u,v € V(C}).

Subcase 1.1. uv € E(C;). Take vw € E(C;) and let U} be a unicyclic graph obtained from U,, by deleting edge vw and
adding edge uw. Then dy: (u) = 3, dy1 (v) = 1 and dy: (z) = dy,, (z) for all » € V(U,,)\{u,v}. By the definition of the Lanzhou
index, we have

Lz(U}) — = > dpr(w)dgy (w) — > dg(w)dp, (w)
2€V(UL) 2eV(Un)
= d (u)(n =1 —dyz (w) + di (v)(n = 1= dys (v) = dfy, (w)(n =1 = dy, (v) = df;, (V)(n = 1 = du, (v))
=2n—16 >0,

which is a contradiction.

Subcase 1.2. uv ¢ E(C;). Take vw;,vw, € E(C;) and let U} be a unicyclic graph obtained from U,, by deleting edges
vwy, vw, and adding edges wws, uv. Then dy: (u) = 3, dyi1 (v) = 1 and dy: (x) = dy, (v) for all z € V(U,,)\{u, v}, which gives
a contradiction (the proof is similar to the one provided in Subcase 1.1).

Case 2. u € V(Cy), v € V(U,)\V(Cy) or u,v € V(U,)\V(Ch).

Take vwy,vwe € E(U,) and let U} be a unicyclic graph obtained from U,, by deleting edges vw;,vw, and adding edges
wiwz, uwv. Then dyi (u) = 3, dy: (v) = 1 and dy: (v) = dy, (v) for all z € V(U,,)\{u, v}, which gives a contradiction (the proof
is similar to the one provided in Subcase 1.1). O

Lemma 3.3. Let U,(n > 8) be a unicyclic graph with its unique circuit Cs. If U,, has the maximum Lanzhou index, then
l2 =0or lg =1

Proof. Let U, be a unicyclic graph with the maximum Lanzhou index. Suppose there are two vertices u, v in U,, such that
d(u) =d(v) =
Case 1. u,v € V(C3). We only need to prove there is at most one vertex v € V(C3) with d(u) = 2.
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Subcase 1.1. uv € E(C3).
Subcase 1.1.1. If U,, = Us 2., then LZ(Us 3 ,—1) — Lz(Uz,2.n) = 5n — 24 > 0, which is a contradiction.

Subcase 1.1.2. Suppose that u,v € V(C3) and there is a vertex w such that d(w) =1 > 2 and w ¢ V(C3). Let wy,--- ,w;
be the neighbours of w. Let U} be the unicyclic graph obtained from U,, by deleting edges wws, . .., ww; and adding edges
vws, . . ., vwy, then dyi (w) = dy, (v) = 2, dy1 (v) = dy, (w) =l and dy: (v) = dy, (z) for all z € V/(U,)\{w, v}. By the definition
of the Lanzhou index, we have Lz(U,,) = Lz(U}) and the unique circuit of U! has at most one vertex of degree 2 (the proof of
this fact is similar to the one given in Case 2 of Lemma 3.2). We have I5(U}!) = 1 or l3(U}) = 0, and I2(U,,) = 1 or I5(U,,) = 0.

Subcase 1.1.8. Suppose that u,v € V(C3) and V w € V(U,,)\V(C3), d(w) = 2. Let U2 be the unicyclic graph obtained from
U, by deleting the edge ww, and adding the edge vw,, where w; ¢ V(C3), then dy2(v) = 3, dy2(w) = 1 and dy: (z) = dy, (v)
for all z € V(U,)\{w,v}. By the definition of the Lanzhou index, we have Lz(U?) — Lz(U,) = 2n — 14 > 0, which is a

contradiction.

Case 2. ucV(Cs), veV(U,)\V(Cs) or u,veV(U,)\V(C}). The proof is similar to the one given in Case 2 of Lemma 3.2.
O

Lemma 3.4. Let n be an even integer and U,, be a unicyclic graph with n vertices, where n > 25. If there is no vertex v with
d(v) = 2in Uy, then Lz(U,) < ”73 + %2 + 4n — 30 with equality if and only if U,, = Uz = 5.

2720

Proof. By Equation (2), we have

Lz (Us ns) = A (%) (g ~1) +A (g) (g —1) +AB)B - 1)

_ (’f+n_4> (Z—1>+<7f+n—4> (%—1)—0—2(571—19)

nd  n?
= — + — +4n — 30.
4+2+n 30

Case 1. Suppose that A < § — 1. Let u; € R, d(u;) = z; > 3 and A(z1) > A(22) ... > A(z). Then, we have

LZ(Un) = /\(l‘l)(l‘l — 1) + )\(332)(.232 — 1) + ...+ )\(Jfk)(l‘k - 1)

z1—1 zp—1
(5G9 G2 G-y ow
= %3 - "; +34n —378 < Lz (Uz 2 3) .

Case 2. Suppose that A > 7 — 1 and there are at least two vertices of degree greater than or equal to § — 1.
Claim 1: There are at most two vertices of degree greater than or equal to § — 1.

Proof of Claim 1. Suppose that there exist vy,--- ,v; € R (I > 3) with d(v;) > § — 1 for 1 < i <[. We have

l
Z(xi—1)23<g—1—1):3§—6>n,

i=1

which contradicts Equation (3). So, there are at most two vertices of degree greater than or equal to § — 1in U,.
By Equation (3) and Claim 1, there are following four possibilities about the degree sequence of U,,:

n—3 n—3 n—4 n—3
—, —=—1,4,1,1...1; ——1,=--=1,51,1---1; ——1,=--1,3,3,1,1...1; —+1,=--1,3,1,1---1.
272 ) ) b b 2 72 b) b) ) b 2 72 b b) b ) b 2+ 72 b) b) )
n—3
——
If the degree sequence of U, is 4,5 —1,4,1,1...1, then we have

LZ(U,,,):(g)Q(nflfg>+(271)2(nflfg+1>+42(n7174)+(n73)(n72)

nd  n? 23n
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n—3
—
If the degree sequence of U,, is 5 — 1,5 —1,5,1,1...1, then we have
n 2 n 9
Lz(Un):2<§—1> (n—1—§+1> +52(n—1-5)+ (n—3)(n—2)
n3
= t2ln—144 <Lz (Ug33) (n=>25)
n—4
—
If the degree sequence of U,, is § — 1,5 —1,3,3,1,1...1, then we have

Lz(Un):2(g—l)2(n—l—g—&-l)+32(n—4)2+(n—4)(n—2)

3
n
:Z+13n764<Lz (U%7%73) (n213)
n—3

—
If the degree sequence of U,, is § + 1,5 —1,3,1,1...1, then we have

L2(U,) = (9—1)2(71—9)+(E+1)2(n—g—2)+32(n—4)+(n—3)(n—2)

2 2 2
7’L3 n2
= T3 t3n—32< Lz(Usg 23).

Case 3. Suppose that A > 7 —1 and there is exactly one vertex v, with degree greater than § —1. Let d(v;) = A = z; > §—1,
d(v) = 242 <i < k)and A(x2) > ... > A(xy), then there exists 2/ (2] < § — 1) such that A(z1) = A(z)) by the symmetry of
function A(z) (the proof is similar to Case 1). We have

Lz(Up) = AMz1)(z1 — 1) + AM(z2) (2 — 1) + ... + Mag) (2, — 1)

<A (5-2)(5-38)+2(5-2) (5-3) +6MD < Lz (Ug 30).

O

Lemma 3.5. Let n be an even integer and U,, be a unicyclic graph with order n, where n > 22. If there is exactly one vertex
v with d(v) = 2in U, then Lz(U,) < "73 + % — 52 — 8 with equality if and only if U, = Unyino.

y o

Proof. By Equation (2) we have

La(Us 131) = A (g) (g ~1) + A (g +1) (g +1-1) +(2)

_ (75—1—71—4) (g—l)+<f+n—7>g+w(2)

Case 1. A < 5 —3. Letu; € R, d(u;) = 2; > 3and A(x1) > ... > A(xy). Then, we have

LZ(Un) = )\(.1‘1)(.5(’1 — 1) + )\(%2)(1‘2 - 1) + ...+ /\(srk)(xk — 1) + (p(z)

S)\(g—?))(xl—l)—&-...—&—)\(g—S)(xk—1)+g0(2) (as i(mi—l):n—1>

2

:(14—71—7)(71—1)4—4(”—3)

n3  3n?

= Z + T —4n -5 < LZ(U%+17%71).
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Case 2. Suppose A > 5 — 2.
Claim 2. There are at most two vertices of degree greater than or equal to § — 2.
Proof of Claim 2. Suppose that there exist v; ...v; € R (I > 3) with d(v;) = 2; > § — 2. Then, we have

l
3
Z(xi—l)Z?)(E—?—l):—n—9>n—17
2 2 2

which contradicts Equation (3). So, there are at most two vertices of degree greater than or equal to § — 2 in U,.

Subcase 2.1. Assume that there are exactly two vertices of degree greater than or equal to § — 2, then by Equation (2),

there are six possible cases.

Subcase 2.1.1. Suppose that U,, contains two vertices of degree 5 — 1. Then, the degree sequence of U, is

n—4
—~
L AT
2 72
and thus
n 2 n 2 2
Lz(Un):2(§—1) (n—1—§+1>+4 (n—5)+22(n—3) + (n — 4)(n — 2)

3
n
= Z+15n784§Lz(U%+1_%,1) (nZQl)

Subcase 2.1.2. Suppose that U,, contains a vertex of degree 5 — 1 and a vertex of degree 5. The degree sequence of U, is

n—4
2 139211
27 2 9 b b A
and thus
2 2
L) = (5-1) (n=5)+(5) (n=1-3) + 30—+ 20 -3) + (-4 -2)
n3 n2 15n

Subcase 2.1.3. Suppose that U,, has a vertex of degree 5 — 1 and a vertex of degree 5 — 2. The degree sequence of U,, is

n—>5 n—4
n n —~ n n —~
——1,=-=-2 21...1 ——1,--2,5,2,1...1.
2 72 73737 Or 2 ’2 75’7
n—>5s

—~
If the degree sequence of U,, is § — 1,5 —2,3,3,2,1...1, then we get

L2(U,) = (3—1)zg+(E—Q)Q(EH)+2x32(n—4)+22(n—3)+(n—5)(n_2)

2 2 2
n® n? 3ln
=T 1 + - 0<Lz(Uzt1,21) (n>16).

n—4
If the degree sequence of U,, is § — 1,5 —2,5,2,1...1, then we get

nd3 n?  47n

Subcase 2.1.4. Suppose that U, has a vertex of degree 7 and a vertex of degree § — 2. Then, the degree sequence of U,, is

n—4
—_——
~92,4217...1

|3

n
"2

and thus
n3
Lz(U,) = T +14n —80 < Lz(Uni1,21) (n>19).
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Subcase 2.1.5. Suppose that U,, contains two vertices of degree § — 2, then the degree sequence of U, is

n—4 n—>5
—~ —~
o™ 9627.1 or 22" 94327..1.
2 79 2 79
n—4

—
If the degree sequence of U, is § — 2,5 —2,6,2,1...1, then we get

’I’LS 2

L2(Un) = - - % +34n — 248 < L2(Us15.1) (n > 22).

n—>5

—~
If the degree sequence of U,, is § — 2,5 —2,4,3,2,1...1, then we get

7’L3 2

La(Un) = 7 = % +18n— 98 < Lz(Usyr21) (n > 11).

Subcase 2.1.6. Suppose that U, has a vertex of degree 3 + 1 and a vertex of degree § — 2. The degree sequence of U, is

n—4
n n —~
—+1,=--2,3,2,1...1
2 + K 2 737 )
and thus
nd n? 1ln

Subcase 2.2. Suppose that there is only one vertex v; with d(v;) = A =z, > 2 — 2. Let d(v;) = 2;(2 < i < [) and
AMz2) > ... A(z;). Then,

Lz2(Uy) = May)(xr — ) 4+ ...+ XMa)(z — 1) + ¢(2)

<2A (g - 1) (g - 2) FADA - 1) +p(2) < L2(Uss1,55) (n>21).

O
Lemma 3.6. Let n be an odd integer and U, be a unicyclic graph with n vertices, where n > 26. If there is no vertex v with
d(v) = 2in Uy, then Lz(U,) < %3 + § + 150 — 8L with equality if and only if U, = UnT—l’nT-Flyg.

2

Proof. By Equation (2), we have

LAU%H@39=A<”;1)(”;1—1>+A<”;1)(”;1—1>+A@x3_n

n® n? 15n 61

4 * 2 * 4 2"
Case 1. Suppose A < "7_3 and there is at most one vertex of degree %‘3 Letu; € R, dy, =x; > 3and A(z1) > ... > A(zp),
then we have

k
Lz(Uy,) = AMa1)(x1 — 1) + AMaa) (e — 1) + ... + Mag) (2 — 1) (as Z(xl -1 = n)
gA@ﬁ(n;1—1)+Aug(n;1—1>+2MmJ
1

SR () (5 o

= LZ(UnT—l7nT+173).

Case 2. Suppose A > "T*‘j and there are at least two vertices of degree greater than or equal to ”T*“

Claim 3: There are at most two vertices of degree greater than or equal to %‘3
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Proof of Claim 3. Suppose that there exist vy, -, v, € R (I > 3) with d(v;) = z; > 252. Then, we have

1
n—3 3n 11
E(xz 1)3( 5 1)—2 2>n,

i=1

which is a contradiction to Equation (3). So, there are at most two vertices of degree greater than or equal to "7*3 in U,.
By Equation (3) and Claim 3, we only consider the next five cases.

Subcase 2.1. Assume that U,, contains a vertex of degree ”7_3 and a vertex of degree "T_l, then the degree sequences of

U, has two possible cases:
n—3

—
(i) Suppose that the degree sequence of U, is 251, 252 5 1,1...1, then we get

583
Ld&ﬂz%~+zﬁ—M3§LdU%%%%g (n > 25)

n—4

—N—
.. e =3 n—1
(ii) Suppose that the degree sequence of U, is “5=, “5=,3,3,1,1...1, then we get

3 51
L2(U,) = % + T” —63 < La(Unps oo ).

n—3

Subcase 2.2. Suppose that U, has a vertex of degree “5= and a vertex of degree "T“, then the degree sequence of U, is

n—3
1 -3 ——
71;' ,5554774,1,1...1

and thus

n® n?  43n 293

Subcase 2.3. Suppose that U, has a vertex of degree 252 and a vertex of degree “}2, then the degree sequence of U, is

n—3
— /_/H
7‘;'3,f5§4§,3,1,1...1

and thus

3 2 7 69

Subcase 2.4. Suppose that U,, has two vertices of degree ”T_?’, then the degree sequences of U,, have two possible cases:
n—3

. ——
(i) Suppose that the degree sequence of U, is 252, 252 6,1,1...1, then we obtain
3 2 12Tn 975

n® n
Lz(U,) = T it T 1< Lz(U%’%ﬁ) (n > 26).
n—4

—N—
(ii) Suppose that the degree sequence of U, is ”T_?’, ";3 ,4,3,1,1...1, then we obtain

n® n?  T9n 423

n—1

Subcase 2.5. Suppose that U, contains two vertices of degree ™3

, then the degree sequence of U, is

n—3
—1 — e N
n-ln-l, 1773
2 "9

and thus

nd n? 4t 297
Case 3. Suppose A > "7*‘3 and assume that there is only one vertex v; with degree greater than "T*‘S By the arguments
similar to the ones provided in the proof of Case 3 of Lemma 3.2, we have Lz(U,,) < Lz(U 21 ni 3)-

O
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Lemma 3.7. Let n be an odd integer and U, be a unicyclic graph with order n, where n > 19. If there is exactly one vertex
v with d(v) = 2 in U,, then Lz(U,) < %3 + % + 350 191 yith equality if and only if U, = Ungt nit .

Proof. By Equation (2), we have

n® 3n? 9n 27
Ppepa) =gty =4~

Case 1. Suppose A < 253, Let u; € R, d(u;) = x; > 3 and A(z1) > A(z2) ... A(zy). Then, we get
k
LZ(UnTﬁ»l7nT+172) =Ma)(zr — 1) 4+ ...+ AMzp) (2 — 1) + ©(2) (as Z(% —1)=n- 1)

<aon) (M5 1) A (T 1) 0l

</\(ng5> (n—2|—1_1>+)\<n;5> (n—2|—1_1>+(p(2)

= La(Unps np1 o).

Case 2. Suppose A > 253,
Claim 4. There are at most two vertices of degree greater than or equal to "T_?’

Proof of Claim 4. Suppose that there exist vy, -+ ,v; € R (I > 3) with d(v;) = z; > "33, then we have

l
n—3 3n 11
. — > — = — = — —
E(xl 1)3< 5 1> 3 2>n 1,

i=1

which contradicts (2). So, there are at most two vertices of degree greater than or equal to 252 in U,,.

Subcase 2.1. Suppose that there are two vertices of degree great than or equal to 2>=2. Then, we attain the following

situations by (2).
n—4

—N—
Subcase 2.1.1. Suppose that U, has two vertices of degree "= 3 then the degree sequence of U, is e 3 s 35,2,1,1...1
and thus
n3 n? 95n 607

LZ(Un) = Vi + 1 < LZ(U%7%)2) (n > 18).

n—4
n=3n-l o1
2
and thus
359
LZ(Un) = ’I’LZ + Tn —83 < LZ(Un+1 n+1 2) (n > 17)
Subcase 2.1.3. Suppose that U, has a vertex of degree 252 and a vertex of degree ”+1 , then the degree sequence of U, is
n—4
— —
ntln=3 3,773
2 2
and hence

3 2 97 157
Lz(Uy) = ”Z + ”Z + T” — = < Le(Usp apy) (n>13).

n—4
——
Subcase 2.1.4. Suppose that U,, has two vertices of degree ”7*1, then the degree sequence of U, is ”7*1, "7*1, 3,2,1,1...1

and hence

3 2 31 161
La(Un) = 5 + T+ 0 = = < La(Uap npn ) (n216).
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n—3
n—1

—
Subcase 2.1.5. Suppose that U,, has two vertices of degree "T“, then the degree sequence of U,, is 5=, %, 2,1,1...1and
thus

n®  3n? 13n 47
a1 g S

Subcase 2.2. Suppose that there is only one vertex of degree greater than or equal to % By the reasoning similar to
one provided in the proof of Case 3 of Lemma 3.2, we have Lz(U,,) < LZ(UnT-Hy%Q). O

By Lemmas 3.4-3.7, we have next result.
Theorem 3.1. Let U, be a unicyclic graph of order n, where n > 26.
(i). If n is even, then Lz(U,) < %3 % — 3 — 8 with equality if and only if U, = Uz 41,2 5.

an® 4 35 _ L2 with equality if and only if U,, = UnTH ntl 5.

s 2

Figure 2: The graph S, + e.

Theorem 3.2. Let U, be a unicyclic graph with n vertices, then Lz(U,) > n?+3n— 18 with equality if and only if U,, = S, +e
(see Figure 2).

Proof. Let V(U,) = RU L, where R = {v € V(U,) | d(v) > 1} and L = {v € V(U,) | d(v) = 1}. Take |R| = r and |L| = I.
Since

Z d(u) +1=2n,
uER
we attain
> (d(w) —2) =1,
ueER
> (d(u) = 1) =n. (4)
ueER

Let c(z) = 2%(n — 1 — ) and
f(x) = @) +1§x__1 2)et) =22+ (n—2)z +2(n—2).

We have f(2)min = f(n — 1) = n — 3. In the remaining proof, we take d, = d(u) for simplicity. By the definition of the

Lanzhou index and Equation (4), we have

Lz(U,) = Z c(dy) +1c(1)

uER

Do eldu) + Y (du —2)e(1)

u€ER ueER
= 3 (cld) + (s~ 2e(1)
ueER

_ Z c(dy) —i—didiI 2)e(1) (dy — 1)

uER

> f(du)min Z(du - 1)

u€ER
= (n — 3)n.
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If there is no vertex of degree n — 1 in U,,, then

Lz(Up)min > f(n—2) Y (dy —1) =2n* —4n > n® + 3n — 18 (n > 3).
uER

If there is a vertex of degree n — 1 in U,,, then U,, = S,, + ¢ and

Lz(S, +e€) = (n—3)(n—2)+2*(n—3)+2*n—3) =n®+3n—18.
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