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Abstract

Forn € {1,2,...}, let Q,, = w"/z/F(g + 1) be the volume of the unit ball in R". In this paper, we give a new asymptotic
expansion for €2,,. Based on the obtained result, we also establish a sharp double inequality for €2,,.
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1. Introduction

A considerable number of properties of the volume €,, of the unit ball in R™ have been reported by several researchers in
the recent past, where
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For example, monotonicity properties of (2,, can be found in [7, p. 264] and [4, 5, 11,12]. For diverse sharp inequalities
involving €2,,, the reader may consult [2,3,6,8-10,13-19]. In particular, for n € N, Chen and Lin [9, Theorem 3.4] showed
that
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From the right-hand side of (1), it follows that
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Chen and Paris [10, Equation (3.18)] developed (2) to produce a complete asymptotic expansion:
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where the coefficients b; are given by
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and a; are given by
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Here, B,, (n € Ny := NU {0}) are the Bernoulli numbers defined via the generating function:

t =t
T =2 B l<2m (5)
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By utilizing the Maple software, we find that
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The first aim of the present paper is to determine the constants A\, and y, such that
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In view of (6), it is natural to ask: what is the smallest value of o and what is the largest value of 5 such that the inequality

ﬂ; o <2>/ (1- S ra) << (1+) <2>/ (1- s ea7)

is valid for every n € N? Answering this question is the second aim of the present paper.

The gamma function I'(z) is one of the most important functions in mathematical analysis and has applications in many
diverse areas. The logarithmic derivative of I'(x), denoted by ¢ (x) = I''(x) /T'(x), is called the psi (or digamma) function. It
is known that

P(z+1) = oT(z) and Wz +1) = ¥(z) + é
The following inequalities are needed in the present study:
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where 2 > 0. The inequalities (7) and (8) can be found in [10]. We remark that the inequalities (7) and (8) follow from
Theorem 8 of [1].

We end this introductory section with the remark that the numerical values reported in this paper are calculated by
using MAPLE 11 (a software).

2. Main results

Theorem 2.1. As n — oo, we have
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where the constants \; and iy are given by a pair of recurrence relations as follows:
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Here b; are given in (4).
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Proof. In view of (6), we can assume that
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as n — oo, where )\, and pu, are real numbers to be determined. This can be written as follows:
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Direct computation yields
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We then obtain
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as n — oo. On the other hand, it follows from (3) that
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as n — oo, where b; are given in (4). By equating coefficients of the term n~7 on the right-hand sides of (12) and (13), we

obtain
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By setting j = 2¢ and j = 2¢ + 1 in (14), respectively, we find
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From (15) and (16) we obtain for £ =1,
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Also, for ¢ > 2, we have
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Consequently, we arrive at the recurrence relations (10) and (11).
O

Here, we give explicit numerical values of some first terms of A\, and u, by using the formulas (10) and (11). This shows
how easily we can determine the constants A\, and p, in Theorem 2.1. We see from (3) that
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We note that the values of A\, and u, (for £ = 1,2,3), given above, are equal to the constants appearing in (6). From a
computational viewpoint, the formula (6) improves the formula (3).

Theorem 2.2. For n € N, the following double inequality holds:
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Proof. First of all, we show that the double inequality (17) with o = % and
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is valid for n = 1,2,3. For n € N, let

Direct computation yields

L;=19946..., Qi =2, U, =2,
Lo =3.1402..., Qo =m=23.1415..., U, = 3.1477...,
47
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Now, it is clear that the double inequality (17) with « = % and
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is valid for n = 1,2 and 3. For n = 1, the equality sign on the right-hand side of (17) holds. We now prove that the double

inequality (17) with o = 22 and

Al

g Vel
6(3/ — 21/6)

is valid for n > 4. It suffices to show that for z > 2,
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The double inequality (18) can be written as
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In order to prove the double inequality (19) for x > 2, it suffices to show that
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By (7), we obtain

lim f(z) = lim g(z) = 0.
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By differentiating f(z) and applying the right-hand side of (8), we obtain for = > 2,
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where

Ps(x) =2271969002° + 22042578902 + 83999437082 + 156187180412% 4 140279278682 + 4782272866.

Hence, f'(x) < 0 for z > 2. So, f(x) is strictly decreasing for > 2 and we have

f(z) > lim f(t)=0, =x>2.

t—o0

Therefore, the left-hand side of (17) is valid for n € N.
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Now, by differentiating g(z) and applying the left-hand side of (8), we obtain for = > 2,
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Hence, g(x) is strictly increasing for = > 2, and we have

g(x) < lim ¢g(t) =0, z>2.
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Therefore, the right-hand side of (17) holds for n € N. If we write the double inequality (17) as
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we find that

and
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Thus, the double inequality (17) holds for n € N, and the constants o = % and g = — V3¢l 1 are the best possible.

6(3ve-2v6) 2

O

Remark 2.1. Suppose that the sequence {x,} is defined via (20). In order to prove Theorem 2.2, it suffices to show that the

sequence {x,} is strictly decreasing for n € N.

Acknowledgement

This work was supported by the Key Science Research Project in the Universities of the Henan Province (20B110007) and
by the Fundamental Research Funds for the Universities of the Henan Province (NSFRF210446).



X. Zhang and C.-P. Chen / Electron. J. Math. 4 (2022) 39-45 45

References
[1] H. Alzer, On some inequalities for the gamma and psi functions, Math. Comput. 66 (1997) 373-389.
[2] H. Alzer, Inequalities for the volume of the unit ball in R™, JJ. Math. Anal. Appl. 252 (2000) 353-363.
[3] H. Alzer, Inequalities for the volume of the unit ball in R™, II, Mediterr. J. Math. 5 (2008) 395-413.
[4] G. D. Anderson, S.-L. Qiu, A monotoneity property of the gamma function, Proc. Amer. Math. Soc. 125 (1997) 3355-3362.
[5] G.D. Anderson, M. K. Vamanamurthy, M. Vuorinen, Special functions of quasiconformal theory, Expo. Math. 7 (1989) 97-136.
[6] T. Ban, C.-P. Chen, New inequalities for the volume of the unit ball in R", J. Math. Inequal. 11 (2017) 527-542.
[7] J. Bohm, E. Hertel, Polyedergeometrie in n-dimensionalen Rdumen konstanter Krimmung, Birkh&user, Basel, 1981.
[8] K. H. Borgwardt, The Simplex Method, Springer, Berlin, 1987.
[9] C.-P. Chen, L. Lin, Inequalities for the volume of the unit ball in R™, Mediterr. J. Math. 11 (2014) 299-314.
[10] C.-P. Chen, R. B. Paris, Inequalities and asymptotic expansions related to the volume of the unit ball in R", Results Math. 74 (2019) #44.
[11] B.-N. Guo, F. Qi, Monotonicity and logarithmic convexity relating to the volume of the unit ball, Optim. Lett. 7 (2013) 1139-1153.
[12] D. A. Klain, G.-C. Rota, A continuous analogue of Sperner’s theorem, Comm. Pure Appl. Math. 50 (1997) 205-223.
[13] D. Lu, P. Zhang, A new general asymptotic formula and inequalities involving the volume of the unit ball, J. Number Theory 170 (2017) 302-314.
[14] M. Merkle, Gurland’s ratio for the gamma function, Comput. Math. Appl. 49 (2005) 389—406.
[15] C. Mortici, Monotonicity properties of the volume of the unit ball in R", Optim. Lett. 4 (2010) 457-464.
[16] C. Mortici, Estimates of the function and quotient by Minc-Sathre, Appl. Math. Comput. 253 (2015) 52—60.
[17] C. Mortici, Series associated to some expressions involving the volume of the unit ball and applications, Appl. Math. Comput. 294 (2017) 121-138.
[18] L. Yin, L.-G. Huang, Some inequalities for the volume of the unit ball, /. Class. Anal. 6 (2015) 39-46.
[19] H.Zhang, New bounds and asymptotic expansions for the volume of the unit ball in R™ based on Padé approximation, Results Math. 77 (2022) #116.



	Introduction
	Main results

