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Abstract

By expressing Fibonacci and Lucas numbers in terms of the powers of the golden ratio « = (1 + /5)/2 and its inverse
B = —1/a = (1 — +/5)/2, a multitude of Fibonacci and Lucas identities have been developed in the literature. In this
paper, the reverse course is followed: numerous Fibonacci and Lucas identities are derived by making use of the well-known
expressions for the powers of o and 3 in terms of Fibonacci and Lucas numbers.
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1. Introduction
For n € Z, the Fibonacci numbers F,, and the Lucas numbers L,, are defined through the recurrence relations
Fn:Fn71+Fn727(n22)7 F0:07F1:1;

and
L,=L,_ 1+ Ln—27(n > 2)7 Lo=2,L; =1,

with
F ,=(-1)""1'F,, L_,=(-1)"L,.

Throughout this paper, the golden ratio (1 + 1/5)/2 is denoted by . Take 3 = (1 —+/5)/2, then 8 = —1/a, that is o =

—1,

and « + 8 = 1. The following well-known algebraic properties of & and 3 can be proved directly from Binet’s formula for

the nth Fibonacci number or by induction:
a® = an71 4 an72’

pr =gt 4 g2
" =aF, +F,_1,
a"V5=a"(a—B)=al, + L,_1,
B" = BE, + F,_1,
"5 =" (@ = B) = =BLu = Lu-1,
8" = —aF, + Fyy1,
"5 =aL, — Ly,
o = (=1)""aF, + (—1)"Fy41,

and
B = (-1D)"aF, + (-1)"F,_1.

Carlitz [4] (also Hoggatt et al. [11]) derived the identity F, = o*F; + 3! F}, which can be put in the form

ast+t = Ozs+kFt —|— (—1)t048_tFk,

*This paper is a slightly modified version of the preprint [2]
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or equivalently,
Q@ Fypy =T E, + (—1)kozskot. (8)

As Koshy [14, p.93] noted, the two Binet formulas

Fn:an_ﬂna
a—p

expressing F,, and L,, in terms of o™ and 3", can be used in tandem to derive an array of identities.

Ln =a" +Bn7

The aim of this paper is to derive numerous Fibonacci and Lucas identities by emphasizing identities (1)—(6), expressing
a™ and 8" in terms of F,, and L,,. The method used in this paper for deriving the mentioned identities relies on the fact
that « and § are irrational numbers. The following fact is used frequently in the remaining part of this paper: if a, b, ¢, and
d are rational numbers, and if v is an irrational number, then ay + b = ¢y 4+ d implies that a = ¢ and b = d; an observation
that was used by also Griffiths [8,9].

As a quick illustration of the above-mentioned method, take « = aF}, and y = F},_; in the binomial identity

i (n) aly T = (z+y)",

i=o M

to obtain .

n\ o
Z (])aJFZ{Fz?—lj =a",

Jj=0

which, after multiplying both sides by «?, can be written as

> (n> o HFJ R = o, ©)
=0 M
which, by (1), gives
“n\ SN
ay <J'>F13FP1]FJ'+¢1 +2 (j)FZszlijJrq—l = 0Fprg + Fpig-1- (10)
=0 =0

Comparing the coefficients of « in (10), one finds

n

n i
Z (j)Fng—lij-i-q = Foptq, (11)
j=0

which is valid for every non-negative integer n and for arbitrary integers p and ¢. Identity (11) contains many known
identities as special cases. If one writes (9) as

8 (e oo

§=0
and applies (2), then the Lucas version of (11) is obtained; namely,

S (M\piprin. 1 (12)
Z j Fp p—1+Jj+tq — “nptq:

j=0

Identities (11) and (12) are known in the literature; for example, see [19]. A more general identity that includes (11) and
(12) as special cases is

"\ e
Z <j)F1‘sz—1JGP+q = Grpior

§=0
where (G)rez is the Gibonacci sequence (a generalization of the Fibonacci sequence) whose initial terms Gy and G, are
given integers, not both zero, and

Gr =Gr_1+Gr_2, G_p=G_py2—G_p41. (13)

Lemma 1.1. The following properties hold for the rational numbers a, b, ¢, and d:
ax+b=ca+d < a=c, b=d, P1

aB+b=cBb+d < a=c, b=d, P2
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1 c c+d
_ _ _ P3
ca+d (02—d2—cd>a (02—d2—cd>’
1 c c+d
— =1 P4
cB+d (02—d2—0d>/8 <02—d2—cd)’
ac+b  cb—da ca—db—ch P5

ca—l—d_cQ—dQ—cda 2 —cd—d?’
and
af+b  cb—da ca —db— cb

= ) P6
cf+d 2—d?—cd +czfcdfd2

Properties P3 to P6 follow from properties P1 and P2. Observe that P3 is a special case of P5 and P4 is a special case of
P6. The next section aims to re-discover some known identities, using the above-mentioned method, and to discover some
new results that may be easily deduced from the known ones. Presumably new results are developed in Section 3.

2. Preliminary results

In this section, the method described in the preceding section is utilized to re-discover some known identities and to discover
some new identities that may be easily deduced from the known ones. In establishing some of such identities, one requires
the fundamental relations F», = F,,L,,, L,, = F,,_1 + F,41,and 5F,, = L,,_1 + Ly 41.

Fibonacci and Lucas addition formulas
To derive the Fibonacci addition formula, use (1) to write the identity
aPte = Pl
as
aFpiq+ Fpig-1 = (aFp + Fpoa)(aFy + Fyq).
By simplifying the right side of the last identity and then making use of (1), one gets
aFpyq+ Fppq1 = a(FpFy + FpFy 1 + Fy1 Fy) + FpFy + Fy1 Fya (14)
= a(FpFyi1 + FprFy) + FpFy + Fp 1 Fy1.

By equating coefficients of « (property P1) from both sides of (14), one gets the well-known Fibonacci addition formula:
Fprqg=Fplgp1 + 1 Fy. (15)
A similar procedure using the identity
Olpﬂq — (_l)qap*q (16)

produces the subtraction formula
(*1)qu—q = FpFq1 — Fpa kg,

which may, of course, be obtained from (15) by changing ¢ to —g. The Lucas counterpart of (15) is obtained by applying (1)
and (2) to the identity
aPTi/5 = (ap\/g)aq,

and proceeding as in the Fibonacci case:
Lprq=FpLotr + Fp1Lq.

Application of (1) to the right side and (2) to the left side of the identity
5Pt = (a?V/5)(a?V5)

produces
5Fp+q = Lqu+1 + Lpfqu.
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Fibonacci and Lucas multiplication formulas
By subtracting (7) from (8), one has

Fy (@t — (=1)Fa* %) = B (ot = (=1)fa”7). am
By applying (1) to (17) and equating coefficients of a, one obtains

Fy (Fopr — (—1)FFog) = Fy (Faye — (—1)'Foy)

which, upon setting k£ = 1, gives
F,Ly = Fopy — (—1)'Fo_y. (18)

Writing (17) as
F, (aerk\/gi (71)%‘54@\/3) —F, (asﬂt\/gi (71)%‘54\/5) _

By applying (2) and equating coefficients of «, one gets
Fy (Lot — (1) Ly—g) = Fio (Lore — (=1)"Ls—s) ,

which, upon setting k£ = 1, gives
S5FFy = Lgyy — (—1)'Ly_y. (19)

By adding (7) and (8), making use of (1), and then equating the coefficients of «, one obtains
2F i Fs = Fy (Fopn + (=1 Fog) + Fi (Fage + (=1)'Foy)

which, at & = ¢ reduces to
LiFy = Foyp + (=1)'Fy_y. (20)

Identities (18), (19), and (20) are already known, see [14, p. 118, Formulas 55-57]. Similarly, by adding (7) and (8),
multiplying with /5, making use of (2), and then equating the coefficients of «, one has

2FpytLs = Fy (Loqr + (=1 Lo_y) + Fi (Lsge + (—=1)"Ls_y) ,

which, at & = ¢ reduces to
LiLe= Loty + (_1)thft~ (21)

Identities (20) and (21), first reported by Carlitz [4, Identities (10) and (15)], are identities (15a) and (17a) of [18].

Cassini’s identity

Since
o B = (af)" = (=1)"; (22)
applying identities (1) and (5) to the left hand side of the above identity gives

a"B" = (aF, + F-1)(—aF, + F41)
= _OZQF»,% + a(FnFn—i-l - FnFn—l) + Fn—an+1
=a(-F2+F} -~ F>+F, 1F, 1.

Thus, according to (22), we have
O[(—Fs + F72L) - F72L =+ FTL—lFTL+1 = (_1)’”

Comparing coefficients of o from both sides gives Cassini’s identity:
FoaFop = F2 + (-1 (23)

To derive the Lucas version of (23), write

(@"V5)(B"V5) = (-1)"5;
apply (2) and (6) to the left hand side, multiply out and equate coefficients, obtaining

Ly 1Lpg — L2 = (=1)""'5.
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General Fibonacci and Lucas addition formulas and Catalan’s identity
From (7), we can derive an addition formula that includes (15) as a particular case.
Using (1) to write the left hand side (lhs) and the right hand side (rhs) of (7), we have
lhs of (7) = aF Fyqt + Fs_1Fpts (24)
and
rhs of (7) = aFs 1 Fy + Foyp1 Fy + (1) Fs_Fj, 4+ (—1)'Fs_4_1 F}, 25)
= a(Fsp1Fy + (—1)' Fsm1 Fr) + (Fspno1 By + (1) Fs_y1 Fy,).
Comparing the coefficients of « from (24) and (25), we find
FyFyiy = Foy 1 Fy 4 (1) Fy_y Fy, (26)
of which (15) is a particular case.
Setting t = s — k in (26) produces Catalan’s identity:
F2=F, wFo i+ (-1)°*TFF2
Multiplying through (7) by /5 and performing similar calculations to above produces
LyFyit = Loy, Fy + (—1)' Ly Fy, 27
which at t = s — k gives
Fog = Loy Fyop + (=1)" 7 Fy.
Identities (26) and (27) appeared as problem proposals in The Fibonacci Quarterly [17, Problems B-460, B-461].
Sums of Fibonacci and Lucas numbers with subscripts in arithmetic progression
Setting z = o in the geometric sum identity
n ) 1— n+1
Z 2= r (28)
. 11—z
7=0
and multiplying through by a? gives
n pitq Q1 — aPntpta
Y = @9
7=0
Thus, we have
Z QPite — &(Fpntptg — Fg) + Fpniprq—1 — Fo1
=0 OéFp-ﬁ-Fp,l — ]. ’
from which, with the use of (1) and property P5, we find
(30)

iF R Fp(Fanerrqfl - qul) - (prl - 1)(Fpn+p+q - Fq)
pitq — L _ 1 + (—l)p_l )
j=0 P

valid for all integers p, ¢ and n. The derivation here is considerably simpler than the one involving the direct use of Binet’s
formula; as done, for example, by Koshy [14, p. 104, Theorem 5.10] and Freitag [7] or by Siler [16] who first derived (30).

Multiplying through (29) by /5 gives

i apj+q\/5 _ aq\f _ apn+p+q\/5’

4 1—aP
j=0

from which, by identities (2), (1), and properties P5, P1, we find

zn: - Fp(Lpn+p+q71 - qul) - (prl - 1)(Lpn+p+q - Lq)
Pj+q — L —1+ (_1)p—1 :
J=0 P

Identity (31) was first derived by Zeitlin [20] who established a generalization of Siler’s result.
Equations (30) and (31) can be summarized as

iG o Fp(szﬂﬂrqfl — Gqfl) — (Fp—1 — 1)(Gpn+p+q — Gq),
0 e Ly —1—(=1)p! ,
j=

which is a special case of (2.11) in [13] and (2) in [3].

(31)
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Generating functions of Fibonacci and Lucas numbers with indices in arithmetic progres-
sion

Setting © = yaP in the identity

jgoszl—x

and multiplying through by a4 gives

oo
Zaijrqyj _ ol _ Foa+ Fy_ .
= 1l—aty —yFa+1—-yF,_4

Application of (1) and properties P5 and P1 then produces

- - F + (-1)9F, gy
Fpivqy’ = —2 poaz_ 32
jZ::o P T T Ly + (CDry 42

To find the corresponding Lucas result, we write

1—ary

0o ) . a./5
Zapj+q\/5y.7 _ .~ V5
j=0

and use (2) and properties P5 and P1, obtaining

- i Lg— (=1L, .y
. Jj_— 4 P—q
;Lmqy Lyt (33)

Identities (32) and (33) were first derived by Zeitlin [20]. Identity (32), but not (33), was reported by Koshy [14, Identity
18, p.245]. The case ¢ = 0 in (32) was also obtained by Hoggatt [10] while the case p = 1 in (33) is also found by Koshy [14,
Identity (13.13), p.246]. Identity (33) is a special case of the generating function of k-Lucas numbers with indices in
arithmetic progression derived by Falcon [6].

3. Main results

Fibonacci relations involving several subscripts

Theorem 3.1. The following identities hold for integers p, g and r:

Eorgir =B Frn + BBy, — Fp  Fy 1 Frq, (34)
Lptgir = Fp1 Fgp1 Ly + FpFyLy, — Fp 1 Fy_1L,_q, (35)
5Fptgr = Lpt1Lgs1Frp1 + Ly LyF, — Fy 1 Fy_1F,_q, (36)
5Lyearr = Lys1Las1Lysr + LyLoLe — Lyt Ly Ly_1. 37

Proof. Identities (34) — (37) are derived by applying (1) and (2) to the following identities:

aPTIT" = oPada’,

ap+q+r\/g _ (ap\/g)aqar’
FoPtatr — (ap\/g)(aq\/g)aT,
5015 = (0 V5) (V5 (o V)

replacing o® with o + «, replacing o with a + 1 and making use of property P1.
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Identity (34) appeared as problem H-4, proposed by Ruggles [15]. The identities (34) and (35) can be generalized as
Gpigtr = Fpr1Fg1Grpr + F FyGr — Fp 1 Fy 1 Gy
Similarly, identities (36) and (37) can be generalized as
5Gpigtr = Lp+1Lg+1Gri1 + LpyLyGyr — Ly—1Ly—1Gr_1.

Theorem 3.2. The following identities hold for integers p, q, r, s and t:

Fp+q7rFt75+r + Ferqfrletferrfl = prsFH»q + prslet+q717 (38)

Fp+q7rLtfs+r + FerqfrflLtferrfl = prsLtJrq + prsflLH»qfla (39)
and

Lerqertferr + LerqfrflLtferrfl = Lpstthq + LpfsflLt+q71- (40)

Proof. Identity (38) is proved by applying (1) to the identity

QPta—rot=—str — ap—sat-%q’
multiplying out the products and applying property P1. Identity (39) is derived by writing
aPHIT (T /B) = aP =5 (al+9V/5)
and applying identities (1) and (2) and property P1. Finally (40) is derived from
(@B (a5 VE) = (aP~*VE) (atTVE).

Identities (38) and (40) can be generalized to

Gp+q—7'Gt—s+7' + Gp—i—q—’r'—th—s-i-’r—l = Gp—sGt+q + Gp—s—th+q—1~

Binomial summation identities

Lemma 3.1. The following identities hold for positive integer n and arbitrary x and y:

n

> @ Y = (@ + )", (41)

=0
2 (-1 (n> (@ +yYa"™ = (=1)"y", (42)
=0 J
> (-1 (") Y (z+y)" 7 =a", (43)
=0 J
> (T.L>jy-“x"j = n(z +y)", (44)
i=o
S (1) (T.L)j(:c +yy e = (<) (45)
=0 J
and .
Z(—l)j1<7f‘>yjlj(m+y)"j =na"" . (46)
i=1 J

Proof. Identities (42) and (43) are obtained from (41) by obvious transformations. Identity (44) is obtained by differenti-
ating the identity

n

(et
j=o N
with respect to z and then setting z to zero. More generally,

- n 4 n—j dr

=0

z=0

Identities (45) and (46) are obtained from (44) by transformations.
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Theorem 3.3. The following identities hold for integers k, t, s and positive integer n:

= i(n j n—j n
> (-1nH (J’)FiFt "Fstiyn—(t+r)j = FlyrFon, (47)
j=0
Z ( )F F a L(s+k)n (t+k)j — t+kLsn7 (48)
7=0
n n
Z (J) k+tF F(S+k)n k= (= l)n(tH)FI?FN(S*t)’ (49)
=0
n n )
(-1) (])Fk]HF L(S+k)n k= (= 1)n(t+1)FlgL”(5*t)’ (50)
§=0
(1)(t+1)j( >FJF]?_H Fop tj — FtnFn(s+k:)7 (61
Jj=0 J
(— 1yt <J)F]F1?+5Lsn—tj = F{" Lu(s+1), (52)
Jj=
" n n— n
Z (j) FJ 1F JF(k+e)n+t s—(ktt); = (— 1! Fk-s-le%(n 1) (53)
j=1
i n j— 1 _j n—1
(j)]F L(k+s)n+t s—(k+t)j = (- 1) Fk+t L s(n—1)> (54)
j:l
S (- ( ) F) L F T Flpsnes—ig = (—1)" DT ER T R, (55)
Jj=1
Z ( > F;g;_tF L(k+s)n s—kj *( 1)n(t+1)+tnFI?_1L(3—t)(”—1)’ (56)
j=1
n
> (=t (J) T Faneaetg = (C)™ 0 F T g e 67)
Jj=1
and "
> (0 (I R Lty = (DR Ly, (58)
Jj=1

Proof. Choosing r = o*T*F; and y = (—1)!a®*~*F}, in (41) and taking note of (7), we have

(_1)tj (?) F]gFt7L—ja(s+k)n—(t+k)j — F]?'thans- (59)
j=0

Application of (1) and property P1 to (59) produces (47). To prove (48), multiply through (59) by v/5 to obtain

Z < >F]Fn g (s+k)n (t+k)j \[ Fk-}-tans\/g (60)

j=0

Use of (2) and property P1 in (60) gives (48). Identities (49) — (58) are derived in a similar fashion.
O

Identities related to or equivalent to some of the identities listed in Theorem 3.3 were also derived by Carlitz [5] and
Griffiths [9].
We list below the Gibonacci versions of identities (47) — (58).

n /n o .
Z (—1)" (j>FIth TG lsrin—(t+k)j = FfykGon, (61)
7=0
(I%J%J’@mmm(lme%H% (62)
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n .
(—1)+ni (J)FJF:; Gon—tj = F{'Gr(sth) (63)
§=0
u (TN i n—j n
Z (-1)¥ <j)JF1§ 'F; TG hrsynti—s—(k+)j = (—1) an+th (64)
j=1
= i T - n n—
(=¥ <J> FL L F T Glgsyn—s—ig = (1" DT E TGy 0oy, (65)
j=1
and .
Do (=)t (]) F T R Gyt = (1) T0E T G oy nen)- (66)
j=1
Lemma 3.2. The following identities hold true for integer r, non-negative integer n, and arbitrary x and y:
~ 2n+1 <n+j+1) —j 2j+1 nt1, r— ntl r—
D e T i L A 67)
Sntj+1\ 2j+1
n .
2n+1 n+.]+1 r—j j r+n r—m r+n r—n
Zn+]+1< 2j +1 )Wﬂf—y)) TyPIt = g™t (@ — )T = (- )T (68)
j=
and
" 2n41 41 .y
n+ (’fl +7+ >(y(y - x))r—jx2]+1 _ yr—i—n—i—l(y _ x)r—n _ (y _ x)r+n+1yr—n. (69)

Sentj+1\ 2 +1

Proof. Jennings [12, Lemma (i)] derived an identity equivalent to the following:

i 2n+1 (n+j5+1 22 -1 2j72222"fz’2”
n+ji+1\ 2j+1 P 21

Jj=0

Setting 22 = z/y in the above identity and clearing fractions gives (67). Identity (68) is obtained by replacing y with x — y

in (67). Identity (69) is obtained by interchanging x with y in (68).

Theorem 3.4. The following identities hold for non-negative integer n and integers s, k, r and t:

~ 2n+1 (n+j+1 rej p2i+1
D 1< 2+ 1 >(F’“+th) TR F sy st (2t41)j
=0

<.

- ( 1) ngf+1FtT nFs(r—i—n+1)+(s+k)(r—n) - (71) FT+n+1F]:+t F(s+k)(r+n+1)+s(r n)s

Qmﬁ

on +1 <n+j+1

i 2j+1
n+]+1 2 +1 )(Fk+tFt) IRt Ly (254 k) +s—t—(2t4+k)j

( 1) Flzj-_:-i_lFr an(T'+n+1)+(s+k)(r—n) ( 1) Fr+n+1FI:-i-tnL(s-l-k)(r+n+1)+s(r—n)7

) Fist B T FP T o pis :
FO( ) n—l—j—l—l( 941 )( ke ly) 0 Fy (25— 1) +s+k-+(2k+1)]
= ( l)tnF]:j:tn—i_lFT_ Fs(2r+1)—t(r—n) - (71)tn+tFT+n+1F]:+t Fs(2r+1)—t(r+n+1)7
n .
- 2n+1 (n+j+1 i2i
AT Froe F) T FP L 00 s :
j:O( ) n+j+1< 2 41 )( krely) T F (25— 1) s+ h-+(2k+1)]
= ( 1)tnF]:itn+lFT "L s(2r+1)—t(r—n) - (_l)tn+tFT+n+1F]:+Z L s(2r4+1)—t(r+n+1),
s oy 2n41 41 2541
_1(t1)3 FFTJFJ e (Vg
j:O( ) n+j+1 27 +1 ( t ) k—+t s(2r+1)+(k¢ t)yr—(k—t)j

= (=) B T ) k(b )t ()

- (_1)(til)(n+1)Fg+n+1Ftr_nFs(2r+1)—k:(n—r)—t(r—i—n—i—l)

O

(70)

(71)

(72)

(73)

(74)



K. Adegoke / Electron. J. Math. 4 (2022) 20-31 29
and
. by 2041 (n4j+1 s
(=" 1)Jn+j+1< 27 + 1 >(FtF’“) TFET Lo(ar 1) (b—tyr—(b—1)3
= (75)

= (_1)(t_l)”FtrJrnJrlFlzian(2r+1)+k(r+n+1)+t(n7r)

— (=L)AL T 1) k() —t(r 1)

Proof. Each of the identities (70) — (75) is proved by setting z = a***F, and y = (—1)’a*"*F} in the identities of Lemma

3.2 and taking note of (7) while making use of (1) and (2) and property P1.

Summation identities not involving binomial coefficients

O

Lemma 3.3 (See [1, Lemma 1]). Let (X;) and (Y;) be any two sequences such that X; and Y, t € Z, are connected by a

three-term recurrence relation hX, = f1 Xy o + foYi_y, where h, f1 and fs are arbitrary non-vanishing complex functions,

not dependent on t, and a and b are integers. Then, the following identity holds for integer n:

f2 Z flnijhjyvtfnafb+aj = hn+1Xt - fin+1Xt—(n+l)a~
Jj=0
Theorem 3.5. The following identities hold for integers n, k, s and t:

n

Fy, Z (_1)k‘7Fn,(s—k)+s—t+2kj = (_1)nka(n+1)-Fs(n+l)—t7
j=0

n

Fk Z (_1>kjLn(sfk)+sft+2kj = (_l)nka(n+l)Ls(n+1)ft-
=0

(76)

(77)

Proof. Write (7) as ot F, = a*Fy,p + (—1)""'a*~'F), and identify h = o***, fj = o®, fo = Fr,a = —k, b= 0, X; = F; and

Y; = (-1)'"'a*~! in Lemma 3.3. Application of (1) to the resulting summation identity yields
(—1)" LR, Z (=DM Frs—kyrs—tiorj = FiF(sirymt1) — FeanrnpFsnrn)s
j=0

which, in view of the identity (see [18, Formula (20a)])
FoFy — Fa+Cbec = <_1)b_chFa+cfb

gives (76). Multiplying the a—sum by v/5 and using (2) gives
(—1)"H1 Z (—=1)" Ly(s—ky+s—t+2kj = FrListi)y(nt1) — FrrnankLsni1)s
3=0

which with the use of the identity (see [18, Formula (19b)])
FaLb - Fa+cLbfc — (_1)b_c_1FcLa+cfb

gives (77).

Lemma 3.4. The following identities hold for integers r and n and arbitrary x and y:

n
(I . y) Zyrfjxj _ yrfnzn+1 . yr+1’
§=0

n

23y @) =y )y
j=0

and

n
(a? _ y) Zwr—jyj = "t w'r—nyn+1.
7=0

(78)

(79)

(80)
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Proof. Identity (78) is obtained by replacing x with z/y in (28). Identity (79) is obtained by replacing x with x + y in (78).

Finally, identity (80) is obtained by interchanging x and y in (78).

Theorem 3.6. The following identities hold for integers r, n, s, k and t:

Fy, Z L F T Frsiypomt—kj = (1) F T FRE Foiysnr—n) — (C 1) FT T Flainy (ot

Fy, Z F]ngtFtT_]Lr(s#»kH»sftfkj = ( ) Fr nF]?+t s(r+1)+k(r—n) — (_1)tFtT+1L(s+k)(r+1)7

§=0

Ft Z( )tJFT JF]ﬁLtF (s—t)+s+k+tj — ( )TtFT nF]?J:glFr(sft)thn+s - (_1)tF]:+1F(sft)(r+1)a
j=0

F Z( )thT ]FkthLr(sft)anJrkthj = ( )rtFT nF]?th r(s—t)+tnt+s — (_l)tF]:+1L(sft)(r+1)>
=0

FkZFkHF Forptyps—tiky = (U FL Faany = GO Faiy ke,

and

FkZF]:H]FL rtyts—trk; = (D) FL i Lyryry — (D) L F T Loyt () -

O

(81)

(82)

(83)

(84)

(85)

(86)

Proof. Identities (81) and (82) and identities (85) and (86) are obtained by setting z = o F},;; and y = o***F} in identities
(78) and (80) while taking note of (7). Identities (83) and (84) are derived by setting z = a***F, and y = (—1)'a*"'F} in

(79).

Theorem 3.7. The following identities hold for integers p, ¢ and n:

. . Fpr(n+1)+q—1 - (Fp—l - 1)F;D(n-&-l)-&-q
Zjij+(I - (n+1) Lp—1+(—1)p_1

(F2p - 2Fp)(Fp(n+2)+q71 - Fp+q71)
(FQp—l - 2FP—1 + 1)(F2p+1 - 2Fp+1 + 1) - (FQP - 2Fp)2

_ (F2p—1 —2F, 1+ 1)(Fp(n+2)+q - Fp+q)
(F2p71 - 2Fp71 + 1)(F2p+1 - 2Fp+1 + 1) - (F2p - 2Fp)2

+

and

FypLpn+1)+q-1 = (Fp—1 = D) Lpnt1)+
ZJLpJJrq (n+1)-2 o )Lq — 1+E’_1)p—1 e
p

(Fop — 2F) (Lp(nr2y+q-1 — Lptqg-1)
(F2p71 - 2Fp71 + 1>(F2p+1 - 2Fp+1 + 1) - (F2p - 2Fp)2

. (ng,1 - 2Fp*1 + 1)(Lp(n+2)+q - Lp+q)
(Fop—1 = 2Fp1 + 1)(Fapy1 — 26,41 + 1) — (Fop — 2F)?

_|_

Proof. Differentiating (28) with respect to z and multiplying through by z gives

n
) anrl n+2

X
z—1 (z-1)2

— X

Setting © = o? and multiplying through by a? produces

n e (n + 1)ap(n+1)+q aP(nt+2)+q _ ,ptq
Z]a N aP —1 + 200 — a2 —1 "’

from which the results follow after the use of the identities (1) and (2) and properties P1 and P5.

O
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