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Abstract

A zonal labeling of a plane graph G is an assignment of the two nonzero elements of the ring Zs of integers modulo 3 to
the vertices of G such that the sum of the labels of the vertices on the boundary of each region of GG is the zero element
of Z3. A plane graph possessing such a labeling is a zonal graph. A planar graph G is zonal if there exists a zonal planar
embedding of G. If every planar embedding of GG is zonal, then G is absolutely zonal. A zonal planar graph G is conditionally
zonal if some planar embedding of G is not zonal. It is shown that there is a class of absolutely zonal graphs possessing an
arbitrarily large number of distinct zonal planar embeddings as well as a class of conditionally zonal graphs possessing an
arbitrarily large number of distinct zonal planar embeddings with prescribed irregularity and regularity properties.

Keywords: planar graph; graph embedding; zonal labeling; conditionally and absolutely zonal graph; irregularity and
regularity.
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1. Introduction

In 2014 Cooroo Egan introduced a vertex labeling of plane graphs (planar graphs embedded in the plane) called a zonal
labeling (see [2]). A zonal labeling ¢ of a plane graph G is an assignment of the two nonzero elements 1 and 2 of the ring Zs
of integers modulo 3 to the vertices of G such that the sum of the labels of the vertices on the boundary of each region (zone)
of G, called the value of the region, is the zero element in Zs3. If a connected plane graph G possesses a zonal labeling,
then G is a zonal graph. The plane graph G; of Figure 1 is zonal and a zonal labeling of (G; is given in that figure, while
the plane graph G5 of Figure 1 is not zonal.

Figure 1: A zonal plane graph and a non-zonal plane graph.

A planar graph G is zonal if there exists a zonal planar embedding of GG. If every planar embedding of G is zonal, then
G is absolutely zonal. For example, if G is a maximal planar graph of order 3 or more embedded in the plane, then the
boundary of every region of G is a triangle. Thus, the labeling that assigns the label 1 to every vertex of GG is a zonal labeling.
Therefore, every maximal planar graph of order 3 or more is absolutely zonal. A zonal planar graph G is conditionally
zonal if some planar embedding of G is not zonal. Since the graphs G; and G» of Figure 1 are isomorphic, it follows that G,
is a different planar embedding of G; and so the planar graph G; (or G>) is conditionally zonal.

It is the goal of this paper to describe (1) a class of absolutely zonal graphs having an arbitrarily large number of
distinct planar embeddings and (2) a class of conditionally zonal graphs possessing an arbitrarily large number of distinct
zonal planar embeddings with prescribed irregularity or regularity properties. Before doing this, however, we review some
information concerning zonal graphs, mentioned in [2], that illustrates some of the interest in studying zonal labelings. A
cubic map is a connected bridgeless cubic plane graph. The following result was obtained in [2].

Theorem 1.1. A connected cubic plane graph G is zonal if and only if G is bridgeless.
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Consequently, by Theorem 1.1, the only zonal cubic plane graphs are cubic maps. That every cubic map is zonal was
established in [2] with the aid of the Four Color Theorem (the chromatic number of every planar graph is at most 4). The
converse of this statement is also true (see [2]).

Theorem 1.2. If every cubic map is zonal, then the chromatic number of every planar graph is at most 4.

Thus, if it could be shown that every cubic map is zonal without using the Four Color Theorem, then the Four Color
Theorem would follow. This shows that studying zonal labelings of planar graphs are of interest, especially cubic planar
graphs, and cubic maps in particular.

2. Absolutely zonal graphs

The following result was shown in [2].
Proposition 2.1. Every nontrivial tree and every cycle is zonal.

Since there is only one planar embedding of a nontrivial tree or a cycle, it follows that every nontrivial tree and every
cycle is absolutely zonal. A nontrivial tree is connected but not 2-connected, while a cycle is 2-connected but not 3-connected.
There is a class of 2-connected absolutely zonal graphs, as we show next.

Proposition 2.2. Every 2-connected bipartite planar graph is absolutely zonal.

Proof. Let G be a 2-connected bipartite plane graph with partite sets U and W. Define a labeling ¢ of G by assigning the
label 1 to every vertex of U and the label 2 to every vertex of W. Let R be a region of G. Since G is a 2-connected bipartite
plane graph, the boundary of R is an even cycle C. Thus, half of the vertices of C are labeled 1 and half are labeled 2.
Hence, >, ev(C) ¢(v) = 01in Z3 and so / is a zonal labeling of G. Consequently, G is absolutely zonal. O

Whitney [3] obtained the following result on 3-connected planar graphs.
Theorem 2.1. (Whitney’s Theorem) Every 3-connected planar graph is uniquely embeddable in the plane.

As a consequence of Theorem 2.1, every 3-connected planar graph is either absolutely zonal or non-zonal. Every
wheel W,, = C,, vV K; (the join of C,, and K1), n > 3, is 3-connected. This observation gives rise to an infinite class of
3-connected absolutely zonal graphs and an infinite class of 3-connected non-zonal graphs. To establish this fact, we first
state a definition. Let ¢ be a labeling of the vertices of a graph G with the labels 1 and 2 of Z3. The vertex labeling ¢ of G
defined by /(v) = 3 — £(v) for each vertex v of G is called the complementary labeling of G. The following is then immediate
(see [2]).

Observation 2.1. If / is a zonal labeling of a connected plane graph, then so too is its complementary labeling /.
We now present the result on wheels indicated above.
Theorem 2.2. For an integer n > 3, the wheel W,, = C,, V K; is zonal if and only if n =0 (mod 3).

Proof. Since W, is a 3-connected planar graph, there is a unique planar embedding of W,, where, in a standard planar
embedding of I,,, the boundary of every interior region of W, is a triangle and the boundary of the exterior region is C,,. If
n =0 (mod 3), then the labeling of W,, that assigns the label 1 of Z3 to every vertex of W, is a zonal labeling and so W, is
zonal. For the converse, let n > 4 be an integer such that n £ 0 (mod 3). If there exists a zonal labeling ¢ of W,,, then ¢ must
assign the same label to the three vertices of each triangle of W,,, implying that £ must assign the same label to all vertices
of W,,. By Observation 2.1, we may assume that ¢ assigns the label 1 to every vertex of 1,,. Hence, ), ev(Cn) Lv)=n#0
in Z3. Since C,, is the boundary of a region of W, it follows that ¢ is not a zonal labeling and so W, is not zonal. O

We mentioned that every connected bridgeless cubic planar graph is absolutely zonal. If a bridgeless cubic planar
graph G is 3-connected, then it follows by Whitney’s Theorem (Theorem 2.1) that there is a unique planar embedding of G.
If a bridgeless cubic planar graph G is 2-connected but not 3-connected (that is, G' has connectivity 2), then G may have
two or more distinct planar embeddings, giving rise to distinct cubic maps. Since each cubic map is zonal, the graph G
itself is absolutely zonal. In fact, there is a class of connected bridgeless cubic planar graphs having an arbitrarily large
number of distinct planar embeddings.

Theorem 2.3. For every positive integer k, there exists a connected bridgeless cubic planar graph having at least k distinct
(zonal) planar embeddings.
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Figure 2: Three plane graphs.

Proof. For k > 3, ler Car—o = (a1,b1,a2,bs,...,a5_1,bk—1,a1) be a cycle of order 2k — 2. This cycle is shown in Figure 2 for
k=4. For1 < i <k —1,let F; and F/ be the planar embedding of a planar graph, also shown in Figure 2. Since the
boundaries of the five regions of F; and F] are the same, these are the same embeddings of a planar graph.

First, we construct a plane graph Gy from Csy,_5 and Fi, Fy, ..., Fr_, by identifying the edge a;b; of Csr_o with the
edge u;v; of F; for 1 < i < k—1. Next, we embed Gy in the plane such that (1) each interior region of G is either an interior
region of F; for some integer ¢ with 1 < ¢ < k —1 or the region whose boundary is C5;_» and (2) the boundary of the exterior
region of Gy is the cycle of order (2k — 2) + 5(k — 1) = 7k — 7. Hence, each F; (1 <14 < k — 1) lies outside of the cycle Cy;_2.
The graph G is shown in Figure 3 for k£ = 4. Observe that Gy is a cubic map and so Gy is zonal.

Figure 3: The plane graph G, for k = 4.

For an integer j with 1 < j < k — 2, we construct a graph G; from Cox—o, I{, Fy,..., F} and Fji1, Fji2,..., Fi—1 by
identifying the edge u}v; of F! with the edge a;b; of C5,_5 for 1 < i < j and the edge u,v; of F; with the edge a;b; of Caj,_o for
j+1<i<k—1. Wethen embed G, in the plane such that (1) each interior region of G, is either an interior region of F;
for 1 < i < 7, or an interior region of F; for j + 1 < i < k — 1, or the region whose boundary is C5;_5 and (2) the boundary
of the exterior region of G; is the cycle of order (2k — 2) +2j + 5(k — 1 — j) = 7k — 7 — 3j. Hence, each of F; (1 <i < j) and
F; (j +1<i<k—1)lies outside of C;_5. The graph G5 is shown in Figure 4 for £ = 4. Observe that each plane graph G;
is a cubic map and so G is zonal for 1 < j < k — 2.

Figure 4: The plane graph G, for k = 4.

The plane graphs Gy, Gy, ...,G_1 are all cubic maps and are planar embeddings of the same graph. Since G;, 0 <1i <
k — 1, has exactly k — 1 — i regions whose boundary is a 4—cycle and whose largest boundary cycle has order 7k — 7 — 3i for
0 < ¢ <k — 1, these cubic maps are distinct planar embeddings of the same graph. O
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3. Conditionally zonal graphs

We now turn our attention to conditionally zonal graphs, that is, planar graphs having at least one zonal planar embedding
and at least one non-zonal planar embedding. By Whitney’s Theorem, necessarily each such graph must have connectivity
less than 3. We now describe a class of connected bridgeless planar graphs. For integers n > 3 and k£ > 3, the (standard)
Dutch windmill graph DF is the graph obtained by taking k copies of the n-cycle C,, with a vertex in common. The Dutch
windmill graph D¥ is commonly called a friendship graph (every two vertices have a unique common neighbor). The Dutch
windmill graphs D3, D$, and D? are shown in Figure 5, the first of which is a friendship graph. The planar embedding
of D¥ in which the boundary of each region is either C,, or DF is called the standard embedding of D%, as shown in Figure 5

X %@%
v

Figure 5: The Dutch windmill graphs D3, D3, and D3.

For an integer k > 2, let S denote a multiset of k cycles and let D(S) denote the Dutch windmill graph constructed
from the cycles in S. The planar embedding of D(S) in which the boundary of each region is either a cycle in S or D(S) is
called the standard embedding of D(S). For example, if S = {C3,C5, Cy, Cs}, then the standard planar embedding of D(S)
is shown in Figure 6. This plane graph D(S) is zonal and a zonal labeling of D(.S) is given in Figure 6.

Figure 6: The Dutch windmill graph D(S) for S = {Cs,Cs, Cy, Cs}.

For a labeling £ : V(G) — {1,2} of a graph G and a subgraph H of G, let > (¢, H) = }_, oy (s {(2) in Z3. First, we show
that there is a class of non-zonal Dutch windmill graphs.

Proposition 3.1. For every multiset S of two cycles, the Dutch windmill graph D(S) is not zonal.

Proof. Let S = {C,C"} and let D(S) be the Dutch windmill graph constructed from the two cycles C and C’ in S. Assume,
to the contrary, that D(S) is zonal. Then there exists a planar embedding G of D(S) having a zonal labeling ¢. The plane
graph G has three regions whose boundaries are C', C’ and G. Since each of C' and C’ is the boundary of a region of G, it
follows that > (¢, C) =" ey () l(v) =0and 3 (¢, C") = 3 ey (o £(v) = 0. Let u be the vertex belonging to both C'and C".
Then the value of the boundary G of the third region is > (¢,C) + > (¢,C")] — é(u) = 040 — £(u) # 0 in Z3, which is a
contradiction. O

Next, we show that for every multiset S of three or more cycles, the Dutch windmill graph D(S) is conditionally zonal. It
is convenient to introduce some additional notation. For p > 2 graphs H, Hs, ..., H,, let v; be the vertex of H; for 1 <i < p.
Then Hy x Hy x - - - x H, denotes the plane graph constructed from H,, Hy, ..., H, by identifying the p vertices v1,vs,...,v,
and denoting the identified vertex by v. For example, if Sy = {Cs5,C5,Cy,Cs}, then D(S4) = C5 x C5 x Cy x Cs shown in
Figure 6. The following elementary lemma will be useful to us.

Lemma 3.1. Let X be a nonempty set of vertices of a graph.
(1) Foreach i =1,2, thereis a labeling ¢; : X — {1,2} C Z3 of X such that > (¢;, X) = iin Zs.
(2) If | X| > 2, then there is a labeling {y : X — {1,2} C Z3 of X such that > ({y, X) = 0in Zs.

Theorem 3.1. For every multiset S of three or more cycles, the Dutch windmill graph D(S) is conditionally zonal.



A. Bowling and P. Zhang / Electron. J. Math. 4 (2022) 1-11 5

Proof. Let S be a multiset of k > 3 cycles. We consider two cases, according to whether k£ = 1 (mod 3) or k # 1 (mod 3).

Case 1. k =1(mod 3). First, we show that D(S) is zonal. Let G be the standard planar embedding of D(S) such that
the boundary of each region of G is either a cycle C € S or the graph G. We show that the plane graph G is zonal. Let
u be the center of G, that is, deg, u = 2k. Since every cycle C' € S is zonal, there is a zonal labeling /¢ : V(C) — {1,2}
of C. By Observation 2.1, we may assume that /- (u) = 1 for every cycle C' € S. Since Y (¢c,C) = 0 and ¢¢(u) = 1 in Zs,
where C € S, it follows that > (¢, C — u) = 2 in Z3. Define a labeling ¢ : V(G) — {1, 2} of G by ¢(v) = £c(v) if v belongs to
acycle C € S. Let B be the boundary of a region in G. If B = C € S, then ) (¢,C) = > (¢¢,C) = 0 in Z3. Thus, we may
assume that B = G. Since k > 4 and k£ = 1 (mod 3), it follows that k = 3¢ + 1 for some integer ¢ > 1. Hence,

LB =1+ )Y (lo,C—u)=1+2k=1+2(3t+1) =0in Zs.
Ces
Therefore, ¢ is a zonal labeling of G and so D(.S) is zonal.
Next, we show that D(S) is conditionally zonal. Let C; and C> be two cycles in S and let H be the planar embedding
of D(5) by placing the cycle Cs within the cycle Cy of D(S). This is illustrated in Figure 7. Thus, if B is the boundary of a
regionin H, then either B = C € S—{C,}, B = C;*C; (consisting of C; and C5 with common vertex u), or B = H—V (Cy—u).

&

Figure 7: The planar embedding H of D(S).

We claim that the plane graph H is not zonal, for suppose that H has a zonal labeling /. By Observation 2.1, we may
assume that ¢(u) = 1. This implies that (1) > (¢,C —u) = 21in Z3 for each cycle C € S—{C1}, (2) > (¢,C1 —u)+> (¢, C2) =0
and so > ((,C1 —u) =0,and 3) 1 + > _ccg_(c,y 2-(6, C — u) = 0. However, since

> (4,C—u) =0,

it follows that for the boundary B = H — V(Cs — u) of a region of H, we have

SUB) =1+ Y D (le,C—u)=1+2(k—2)=1+2(3t 1) =2in Zs,
ceS—{C2}
which is a contradiction. Thus, H is not zonal and so D(S) is conditionally zonal.

Case 2. k # 1(mod 3). Let S = {C,,,,Ch,,...,Cp,} be a set of k cycles of length n; for 1 < i < k. First, we show that
D(S) has a zonal planar embedding. We consider two subcases, according to whether % is odd or & is even.

Subcase 2.1. k > 3 is odd. Define the planar embedding D(S) of D(S) such that C,,, is placed inside C,,, , for 2 <i < k.
This is illustrated in Figure 8. Thus, if B is the boundary of a region of D(S), then B is C,,,, Chn,» or Cp, x C,

'niys fOr
1 <i <k —1. Let u be the center of D(S).

Ch,

Figure 8: A planar embedding D(S) of D(S) in Case 1.
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We show that D(S) is zonal. For 1 < i < k, let Q; = C,, — u be the path of order n; — 1 > 2. Define a labeling
¢:V(D(S)) — {1,2} such that £(u) = 1 and

(a) Y.(¢,Q;) =21in Zj3 for each odd integers ¢ with 1 < i < k and
(b) >>(¢,Q;) = 01in Zj3 for each even integer i with 2 <i < k — 1.

Such a labeling in (a) and (b) is guaranteed by Lemma 3.1. Let B be the boundary of a region of D(S). If B = C,, for
i = 1,k, then Y (¢,B) = l(u) + > ({,Q;) = 1+2 =0inZs. If B = C,,, xC,,,, for 1 < i < k-1, then } ({,B) =
O(u) +3°06,Q:) + 324, Qi41) = 1 +2+0 = 0 in Z3. Consequently, / is a zonal labeling of D(S).

Subcase 2.2. k > 6 is even. Let Sy = {C,,,Chy, - -.,Cp,} be the subset of k — 4 cycles in S and let D(S,) be the planar
embedding of D(S,) such that C,,, , is placed inside C,,, fori = 5,6, ..., k—1. Thus, if B is the boundary of a region of [)(So),
then B is C,,;, Cp,, or Cp, xCy, ., for 5 <i < k — 1. Then D(S) = Cpy x*Chy x Cpy xChyy * f)(So) is the planar embedding
obtained by identifying the center of D(S;) and a vertex in Cp, for i = 1,2, 3,4. This identified vertex u is then the center
of D(S). This is illustrated in Figure 9. Thus, if B is the boundary of a region of D(S), then B = C,, for i € {1,2,3,4,k},
or B=C,, xC,
region of D(S).

i for5<i<k—1,or B=C,, xCp, xCp, xC,, xCy; where in this case B is the boundary of the exterior

Chs

071,3 Cng
Figure 9: A planar embedding D(S) of D(S) in Case 2.

We show that D(S) is zonal. For 1 < i < k, let Q; = C,, — u be the path of order n;, — 1 > 2. Define a labeling
0:V(D(S)) — {1,2} such that ¢(u) = 1 and

(a) Y>.(¢,Q;) =2in Z3 for 1 < i < 4 and for each even integer ¢ with 6 < i < k and
(b) > (¢,Q;) = 01in Zj3 for each odd integer ¢ with 5 <i < k — 1.

Again, such a labeling in (a) and (b) is guaranteed by Lemma 3.1. Let B be the boundary of a region of D(S ). If B=C,,
for i € {1,2,3,4,k}, then > (¢,B) = l(u) + > ((,Q;) = 1+2 =0inZs. If B = Cy, ¥ C,,,, for 5 < i < k — 1, then
SW,B) = u)+>06,Q:) +>(¢,Qi41) =1+4+2+0=0inZ3. If B = C,, * Cyy, x Cpy *x Cp, % C,y,, then > (¢, B) =
(u) + 30 S2(6,Q) + S2(£,Qs) = 1+4-2+0 = 0in Zs. Consequently, / is a zonal labeling of D(S).

It remains to show that D(S) is conditionally zonal. Let G be the standard planar embedding of D(S) such that the
boundary of each region of G is either a cycle C' € S or the graph G. We show that the plane graph G is not zonal. Assume,
to the contrary, that there is a zonal labeling ¢ : V(G) — {1,2} of G. We may assume that ¢(u) = 1 by Lemma 3.1. Since
> (¢,C) = 0 for each C € S and ¢(u) = 1 in Zs, it follows that > (¢,C — u) = 2 in Z3. Let B = G be the boundary of the
exterior region of G, then > ({,B) =1+ > 4> (¢,C —u) = 1+ 2k in Z3. Since k # 1 (mod 3), it follows that } (£, B) # 0
in Z3, which is a contradiction. Therefore, ¢ is not a zonal labeling of G and so D(.5) is conditionally zonal. O

4. Irregular Dutch windmill graphs

In this and the next section, we study Dutch windmill graphs with an irregularity or regularity property (see [1] for a
discussion of irregularity in graphs). A Dutch windmill graph is irregular if no two cycles in the graph have the same
length. Thus, if S is a set of k > 3 distinct cycles, then the Dutch windmill graph D(S) is irregular. By Theorem 3.1, for
every multiset S of three or more cycles, the graph D(.9) is conditionally zonal. For example, if S = {C5, Cy, C5, Cs}, then
D(S), which is the standard plane embedding, is irregular and zonal. A zonal labeling of D(S) is shown in Figure 10.
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Figure 10: A zonal labeling of an irregular Dutch windmill plane graph.

There is a class of irregular Dutch windmill graphs none of which is absolutely zonal but having an arbitrarily large
number of distinct zonal planar embeddings all of which have a similar structure. First, we introduce some additional
definitions and notation and preliminary observations.

Let A = {C',C?,...,C"} be a set of p > 2 cycles, let D(A) denote the planar embedding of the Dutch windmill graph
constructed from these p cycles in A by placing C',C?, ... ,C?~! inside CP. For example, if A = {C!,C?,C?,C*} is a set
of 4 cycles, then D(A) is shown in Figure 11, where the three cycles C!,C? C? are placed inside the cycle C*. Thus, the
boundary of a region in D(A) is either C? for i = 1,2,3,4 or D(A).

C4
Figure 11: A plane graph D(A) for A = {C*,C?,C3,C*}.

For a set S of p > 4 cycles, let IT = {S7,59,...,5,} be a partition of S into ¢ > 2 subsets S1,5s,...,S5,. For 1 <i <g,let
D(S;) be the Dutch windmill plane graph with center u,;. The plane graph D(II) = D(S1)*D(S2) *- - -* D(S,) is constructed
from the ¢ plane graphs D(S1), D(S2), ..., D(S,;) by identifying their centers wu;, uq,...,u, and denoting the identified
vertex by u. For example, let S = {C1,C?,...,C%} and let II = {5, S, S3, 5,4} be a partition of S into four subsets, where
Sy ={CY,C?,C3,C*}, S, = {C°,C8,07,C8}, S3 = {C?,C*0,C1t C12}, and Sy = {C'3,C14, C15, C16}. Then D(II) is shown in

Figure 12. In this example, if B is the boundary of a region of D(II), then either B = C' for some C* € S—{C*, C%, C'2 O},
or B= D(S;) for 1 <i <4,or B=C*xC?xC' (1% having center u where the region is the exterior region of D(S).

016 Cc15
Cl4
D(S4) - c13

C12

Figure 12: A planar embedding of a graph.

We now present the following lemma.

Lemma 4.1. Let S be a set with 4k elements for some positive integer k. The number of partitions of S into four k-element

subsets is
ﬁ ik—1\  (4k—1\(3k—1\[2k -1 )
s\k-1) \k-1)\k-1)\k-1)
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Proof. For k = 1, the expression in (1) is 1, which is correct since there is only one way to partition a set with 4 elements
into four subsets. Thus, we may assume that & > 2. Suppose that S = {a;,as,...,a4;}. In any partition of S into four

k-element subsets, the element a; must belong to a k-element subset of S in this partition. The number of ways to choose

a k-element subset of S containing a; is (4}5:11)' Once such a k-element subset S; of S in the partition is given, let a; be

3k—1
k—1
disjoint k-element subsets S; and S, of S in the partition are given, let a; be an element of S — (S; U S3). The number
of ways to chose a k-element subset of S — (57 U S;) containing a; is (2,5:11). Once three such pairwise disjoint k-element
subsets 51, S, and S3 of S in the partition are given, only %k elements remain in S — (S; U S3 U S3), which constitutes the

fourth k-element subset of S in the partition. Therefore, the total number of such partitions is (4kk:11) (Skk:ll) CEh. O

an element of S — S;. The number of ways to choose a k-element subset of S — S; containing a; is ( ). Once two such

For 1 < i < 4k, let n; = 10* + 1. If k = 4, then n; = 11, ny = 101, ng = 1001, ny = 10001, and n;s = 10--- 01 where there
are fifteen Os between the two 1s. In general, for 1 < ¢ < 16, the first and last digits of n; are 1 and the remaining i — 1
digits of n; are 0 (where there is a total i — 1 Os between the two 1s in n;).

Theorem 4.1. There is an irregular Dutch windmill graph that has an arbitrarily large number of distinct zonal planar
embeddings.

Proof. Let k > 4 be an integer such that £ = 1 (mod 3) and let II(k) = H?Il (’,f__ll) We show that there is an irregular
Dutch windmill graph having at least II(k) distinct zonal planar embeddings. For 1 < i < 4k, let n; = 10’ + 1 and let
S ={Ch,,Cn,,...,Chp,,.} be the set of 4k cycles of length n; for 1 < i < 4k. By Lemma 4.1, the number of partitions of S
into four k-element subsets is II(k). For 1 < j <TI(k), let II; be a partition of S into four k-element subsets and so D(II;) is
a planar embedding of the Dutch windmill graph D(S). We show that D(Il;), D(IIz), ..., D(Ilyy)) are II(k) distinct zonal
planar embeddings of D(S).

First, we make an observation concerning the structural property of D(II;) where 1 < j < II(k). For example, let

IT; = {54, 52, 53,54} be the partition of S into k-element subsets where

Sl = {C’nlvc’ngv .. an,}y 52 - {an+1vcnk+27 sy C’ngk}7
S3 = {Cn2k+1 ) Cn2k,+27 EER ] Cnsk}? and 54 = {Cnsk,+1 ) Cn3k+27 EER ] Cn4k}‘

Ifk =4and C' = C,, for 1 < i < 4, then D(II;) is shown in Figure 12. For the plane graph D(II;), there are 4k + 1
regions Ry, Ry, ..., Ryr41 of D(I1;), where

o the k regions Ry, Rs, ..., R have the boundaries C,,,C,,,...,Cy,_, and D(S), respectively;

e the k regions Ry i1, Ryyo,. .., R, have the boundaries C,,,,,,Ch, .., ..., Cn,,_, and D(S:), respectively;

e the k regions Rop 1, Rok2, ..., R3x have boundaries C,,, . ,,Ch,, .y, - - -, Cny,_, and D(S3), respectively;

e the k regions Rspi1, R3i42, ..., R4 have the boundaries C,,,, . ,,Cr,,.0,- - Cn,y,_, and D(Sy), respectively;
o the exterior region R4, has the boundary C,,, * Cy,, * Cpy, * Cp,,. -

In particular, the boundary of Ry is D(S;) which has order b; ;, = 10™ + 10" + --- + 10™ + 1, the boundary of Ry is
D(S3) which has order by 5, = 10™+! 4 10™+2 4 ... + 10"+ + 1, the boundary of R3j is D(Ss) which has order b; 3, =
10™2k+1 4 10"2k+2 4. .. 4-10™3F 4 1, and the boundary of R4y, is D(S4) which has order by 4, = 1078%+1 4 1078542 4. .. 410"k 4 1.
First, we show that the planar embeddings D(II.), D(Ily), ..., D(Ilyy(x)) of D(S) are distinct. Let i1,4, € {1,2,...,II(k)}
such that i; # 5. From the way in which the plane graphs D(II;) where 1 < j <II(k) are constructed, it follows that

{biy s iy 285 0y 38, Diy ar b 7 {big ks big 2k, Diy 38, Dig i}

Hence, D(I1;, ) and D(II;,) are distinct. Consequently, D(II,), D(Ily), ..., D(Ily ) ) are distinct planar embeddings of D(S).

Next, we show that each D(II;) is zonal for 1 < j < II(k). It suffices to show that D(II;) is zonal since the argument for
showing that D(II;) is zonal for 2 < j < TI(k) is similar. By Theorem 3.1, the plane graph D(S;) is zonal for i = 1,2,3,4 and
so there is a zonal labeling ¢; of D(S;). Let u be the center of D(II;). By Observation 2.1, we may assume that /;(u) = 1
for 1 < i < 4. Define a labeling ¢ of D(II;) by ¢(v) = ¢;(v) if v belongs to D(S;) for 1 < i < 4. We show that / is a zonal
labeling of D(II;). Let B be the boundary of a region R of D(II;). If R is an interior region of D(II;), then R is a region
of D(S;) for some integer ¢ with 1 < i < 4 and so > (¢, B) = _(¢;, B) = 0. Thus, we may assume that R is the exterior
region of D(II;) and so B = Cy, * Cp,, * Cp,, x C,,, whose center is u. Since > (¢;,Cy,.) = 0 in Z3 (that is, the value of
the boundary of the exterior region of D(S;) is 0) and ¢;(u) = 1 for 1 < i < 4, it follows that > (¢;,Cy,, — u) = 2 in Zs.
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Hence, > (¢,B) =1+ Z?:l > (i, Cp,, —u) =1+4-2=0in Z3. Therefore, D(II;) is zonal. Consequently, D(II;), D(Il),
-+, D(Iyy(x) are distinct zonal planar embeddings of D(S).

Let N be an arbitrarily large positive integer. Since limy_, ., II(k) = oo, it follows that there is an integer ky such that
ko =1 (mod 3) and II(kg) > N. Let S = {Cy,,Ch,, ..., Cp,, }. Then the Dutch windmill graph D(S) has at least II(ko) > N
distinct zonal planar embeddings. O

For an integer k¥ > 4 and k£ = 1(mod 3), the irregular Dutch windmill graph used to verify Theorem 4.1 has or-
der (10***! —1)/9. An irregular Dutch windmill graph of smaller order can be used to verify Theorem 4.1 by changing the
base integer of each integer n; (1 < i < 4k) from 10 to a smaller base. For example, if we let n, = 2! + 1 (using base 2), the
same proof applies and the order of the irregular Dutch windmill graph is 24*+! — 1.

5. A special class of Dutch windmill graphs

In the proof of Theorem 4.1, no two cycles in the irregular Dutch windmill graph have the same length and we were able
to obtain an arbitrarily large number of planar embeddings of the graph such that the structure of these embeddings are
similar. If the cycles of a Dutch windmill graph all have the same length (and is consequently a regular Dutch windmill
graph), then this proof does not provide the desired result. In this case, however, by varying the embedding of the Dutch
windmill graph, the same conclusion can be obtained.

Before presenting the next result, we construct a sequence F}, Fs, F3, ... of plane graphs recursively as follows. The
plane graph F; = D3 consists of a triangle 77 within which are three triangles, as indicated in Figure 13. The vertex of
degree 8 in F} is the center of F3. The plane graph F5 is constructed from three copies of F; and a triangle 75 by placing
the three copies of F} inside 75> and identifying their centers with a vertex of 75. Thus, the identified vertex is the center
of F5 and has degree 26 in F3, as indicated in Figure 13. For & > 3, the plane graph F} is constructed by placing three
copies of F}_; inside a triangle T} and identifying their centers with a vertex of 7. The plane graph Fj is shown in
Figure 13 whose center has degree 80. Observe that the boundary of every region of F}, either has order 3 or 9 for all & > 1.
Therefore, if every vertex of Fj were to be labeled 1 in Z3, then each region would have the label 0 in Z3. The region of Fj,
whose boundary is the triangle T}, is referred to as the exterior region of Fj and each of the other regions is referred to as
an interior region of Fj,.

T1 T2 T3

v i V
F F R I By, Fy
Fo: Fy Fs:

Figure 13: The plane graphs F; = D3, F, = D13 F3 = D3°.

For a positive integer k, let ¢, denote the number of triangles in F}. Then
3k+1 -1
2

th=143+34+3 4. 43" =

For example, t; = 4, to = 13, and t3 = 40. For k£ > 1, the plane graph F}, is a specific planar embedding of the Dutch
windmill graph Dé’“ of order 2t;, + 1 = 3¥*1, Furthermore, F}, is a planar embedding of the friendship graph (¢, K>) V K;.
The graph Fj, therefore has one vertex of degree 2t;, and 2t;, vertices of degree 2.

Proposition 5.1. For a positive integer k, the plane graph F}, is zonal.

Proof. For k > 1, define a labeling ¢; : V(F}) — {1,2} by £i(x) = 1 for every vertex x of Fj. Since the boundary B of a
region of F, has order 3 or 9, it follows that > (¢, B) = 0 in Zs. O

For a positive integer k, the integer (k) is defined as

b3t 1
7T(]€) = tth"'tk = H <2> = 7H(3Z+1 — 1)
=1 ]
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Thus, 7(1) = t; = 4, 7(2) = t1ts = 4- 13 = 52, and 7(3) = titat3 = 4 - 13 - 40 = 2080. Since 3! = 0 (mod 3), where 1 < i <k,
it follows that 3! — 1 = 2 (mod 3) and so
3t 1
2
Therefore, 7(k) = 1(mod 3) and 27 (k) + 1 = 0 (mod 3) for every positive integer k. By Theorem 3.1, the Dutch windmill
graph Dg(k) is zonal. For 1 <i <k, let

=1 (mod 3).

(k)
t;

Then s; =1 (mod 3) for 1 <i < k and so 2s; + 1 = 0 (mod 3). Since ¢; < t2 < ... < t, for a fixed positive integer k, it follows
that s;1 > s9 > ... > sp.

For a Dutch windmill plane graph H, let H,, Hs, ..., H, be p copies of H and let v; be the center of H; for 1 <14 < p. Then
p % H denotes the Dutch windmill plane graph constructed from H,, H», ..., H, by identifying the p vertices vy, vs,...,v,
and denoting the identified vertex by v. For example, let F» be the planar embedding of the Dutch windmill graph D33
shown in Figure 13 and p = 4, then the plane graph 4 x F5 is shown in Figure 14. Thus, 4 x F; is a planar embedding of the
Dutch windmill graph D52

S; =

Fy
F1 F1 F1
o)
P B
| R B B
F1 Fl
n F R
Fy

Figure 14: The plane graph 4 x F5.

Theorem 5.1. There is a regular Dutch windmill graph that has an arbitrarily large number of distinct zonal planar
embeddings.

Proof. Let k be a positive integer. We show that the Dutch windmill graph Dg(k) has at least k distinct zonal planar
embeddings. For k& = 1, the zonal planar embedding of Dj = DI ) shown in Figure 15 is zonal. Hence, we may assume
that £ > 2. Here we show that there are k distinct zonal planar embeddings of Dg(k). Let Gi,1 be the planar embedding
of Dg(k) such that the boundary of each interior region is a 3-cycle and the boundary of the exterior region is Dg(k). Since
Dg(k) has order 27 (k) + 1 = 0 (mod 3), the labeling that assigns the label 1 in Z3 to each vertex of Gy ; is a zonal labeling.
For2 <i<k,lets; = %") and let G ; = s;_1 * F;_1 be the planar embedding of Dg(k). We show that G 1,Gr2,...,Grk
are k distinct zonal planar embeddings of Dg(k). Observe that if B is the boundary of a region of Gy, ;, where 2 < i < k, then
the order of B is 3,9 or 2s,_1 + 1, where 2s,_1 + 1 = 0 (mod 3). Since (k) > 51 > s2 > --- > s;_1, these planar embeddings
are distinct. By assigning the label 1 in Z3 to each vertex of G}, ; for 2 < i < k, we see that the plane graph G}, ; is zonal.

Figure 15: The zonal plane graph Dj.

Let N be an arbitrary positive integer. Since limy_,, 7(k) = oo, it follows that there is an integer kq such that ky = 1
(mod 3) and 7(kyo) > N. Then the Dutch windmill graph Dg(k”) has at least w(ky) > N distinct distinct zonal planar
embeddings. O
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We illustrate the proof of Theorem 5.1 for k = 2, 3.

x Ifk = 2,then7(2) = 52and t; = 4. Thus, s; = 52/4 = 13. Let G2 1 be the planar embedding of D3%, where the boundary
of each interior region is a 3-cycle and the boundary of the exterior region is D5? and let G5 5 = 51 xF} = 13x Fy. Here,
G2.1 and Gy 5 are distinct planar embeddings of D32

* If k = 3, then 7(3) = 2080, t; = 4, and ¢, = 13. Thus, s; = 2080/4 = 520 and s, = 7(3)/t2 = 2080/13 = 160. Let G5
be the planar embedding of D2°%° where the boundary of each interior region is a 3-cycle and the boundary of the
exterior region is D3%0 let G35 = s1 x Fy = 520 x Iy, and let G3 3 = so % Iy = 160 x Fy. Here, G3 1, G3 2, and G5 3 are

distinct planar embeddings of D3%%°.

As we saw in the proof of Theorem 5.1, for a given positive integer k, the graph G = Dg(k) has k distinct zonal planar

embeddings. Since the graph G has order 27 (k) + 1, which is large for a large positive integer k, a question here is whether
there is a graph of smaller order with this property. We now discuss this question.

For a positive integer k, let u(k) = lem{¢y,t2,...,¢;} be the least common multiple of ¢y, ¢, ..., tx. Since t; = * 1
(mod 3) for 1 < ¢ < k, it follows that 3 1 ¢; and so 3 1 u(k). Thus, p(k) = 1(mod 3) or u(k) = 2 (mod 3). If u(k) = 2
(mod 3), then 2u(k) = 1 (mod 3). Hence, p(k) = 1 (mod 3) or 2u(k) = 1 (mod 3). Consequently, either @ = 1 (mod 3) for
ie€{1,2,...,k}or 2’1—“” = 1(mod 3) for i € {1,2,...,k}. If k is sufficiently large, then 7 (k) is substantially larger than (k)

or 2u(k). Applying the argument in the proof of Theorem 5.1, we have the following result.

Proposition 5.2. Let k be a positive integer.

x If u(k) = 1 (mod 3), then the zonal Dutch windmill graph DY *) s conditionally zonal and has at least k distinct zonal
planar embeddings.

x If (k) = 2 (mod 3), then the zonal Dutch windmill graph Dg“(k) is conditionally zonal and has at least k distinct zonal
planar embeddings.

We now illustrate Proposition 5.2 for integers k£ with 1 < k£ < 12. In this case, expressing each integer ¢, and (k) as a
product of primes, we have the following, where each underlined integer is congruent to 2 modulo 3.

t1=4=2° p(l) =22

to =13 u(2) =2%-13

t3=40=2%.5 u(3)=2%-5-13

ty =121 =112 n(4) =2%-5-112-13

ts =364 =22.7-13 u(5)=2%-5-7-112-13

te = 733, w(6) =23-5.7-112.13-733

t7 = 2200 =23 .52 - 11 w(7)=23-52.7-112.13-733

ts = 6601 = 7-23 - 41 w(®) =2%-52.7.112-13-23-41-733

tg = 19,804 = 22 - 4951 w(9) =23.52.7.112.13-23 - 41 - 733 - 4951

t10 = 59,413 =19-53-59 | p(10) =2%-52.7-112-13-19-23-41-53- 59 - 733 - 4951

t11 = 178,240 =26.5.557 | pu(11) =26.52.7-11%2-13-19-23-41-53 - 59 - -557 - 733 - 4951
t1o = 534,721 = 11 -48611 | p(12) =26-52-7-112-13-19-23-41-53- 59 - -557 - 733 - 4951 - 48611

Hence, p(k) = 1(mod 3) for 1 < k < 6, while u(k) = 2(mod 3) for 7 < k£ < 11 and p(12) = 1(mod 3). Therefore, if
1 < k < 6 or k = 12, then the zonal Dutch windmill graph DY *) ig conditionally zonal and has at least & distinct zonal
planar embeddings; while if 7 < k& < 11, then the zonal Dutch windmill graph Dg“ (k)
least k distinct zonal planar embeddings.

is conditionally zonal and has at
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