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Abstract

The generating function approach is utilized to establish several convolution formulae between Chebyshev polynomials
and other well-known numbers and polynomials; for example, numbers/polynomials of Bernoulli/Euler and Fibonacci/Lucas

numbers.
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Hermite polynomials.
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1. Introduction and motivation

The Chebyshev polynomials of the first kind and the second kind form important classes of special functions that have

wide applications in pure mathematics and applied sciences. They are defined by

T, (cos ) = cos(nbh)
and admit several useful properties (for example, see [17]):

e Recurrence relations (n > 2):

and U,(cosf) =

sin(n + 1)0

sing '’

Tn(y) = 2yTn_1(y) - Tn—2(y)a
Un(y) = 2yUpn—1(y) — Un—2(y)
e Initial conditions:
To(y) =1, Ti(y) =y,
Uoly) =1, Ui(y) =2y.
e Ordinary generating functions:
1—ny -
P A — Tn 'IL7 1
1 oo
— =N U,y 2
oy ; (y)n @)
o Binet formulae: "y gn
o
Tuy) = 55 2
a71+1 _ Bn—&-l ’ a7ﬁ =Y + ye = 1. (3)
Un(y) = Ta_p
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¢ Exponential generating functions:

ene 4 enB e n"
# = Z HTn(y), 4)
n=0
el — BenB O n
> ), (5)
2 Yy = 1 n=0
e Fibonacci and Lucas numbers: I
Up(3) = Fopai® and T,(3) = 7”1".

The reader can find, in the recent papers [1,4,13,16], more formulae about trigonometric expressions, generating functions,
and power sums as well as convolutions.

By means of the generating function approach (see [20]), we investigate convolution sums involving Chebyshev polyno-
mials. In the next section, classical convolutions are examined through ordinary generating functions, that lead to several
convolution identities including Catalan numbers, harmonic numbers and Fibonacci/Lucas numbers. Then in Section
3, by employing the exponential generating functions, we establish further convolution formulae of binomial type con-
cerning numbers/polynomials of Bernoulli/Euler, Hermite polynomials, as well as Fibonacci/Lucas numbers. Among the
identities presented in this paper, the following two unusual convolution formulae about Bernoulli numbers proposed by
Frontczak [11] are contained as very particular cases:

(1 —=n)B, F,\, niseven;

Z (n>Banka)\Ln)\k>\ = (6)

k=0 k 7nB’n,—an)\7 n is Odd,

- n I (1 - n)Bn,Fn)\, nis even,;
Z (k>Ban—ka)\Ln)\—k)\ = (7)
k=0 0, n is odd,;

where B!, = B,(2'"" — 1) and \,n € Nwith A > 1 and n > 3.

2. Ordinary generating functions

For an arbitrary sequence {®,,}, suppose that its ordinary generating function is given by the formal power series ¢(7).
Denote by [1"]¢(n) the coefficient of n™ in ¢(n). We have the following relations:

¢(n) = @.n" ifandonlyif @, =[n"]¢(n) forall n e No.
n=0

The main result of this section is the following theorem.

Theorem 2.1 (A € N). Let Ty (y) and Ui (y) be Chebyshev polynomials. Then for an arbitrary sequence {®} (of numbers or
polynomials), the following universal convolution formula holds

n Uy n
> 0k Uka—1 (1) Tor—a(y) = ,\%(y) P IX e
k=0 k=0

Proof. For a positive integer A, rewrite the formal power series ¢(n) by

d(na) = Bp(nat)", (8)
n=0
6B = ()" )

n=0

Now, multiplying (8) + (9) by (8) — (9) and then extracting the coefficient of 1", we get the equality

S B, (0" — ) @ g = ) 6P (na) — 620 | (10)
k=0
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Because the right member of (10) is substantially equal to (o™ — 3"}) times the coefficient ¢2(n), we have the equality
Z (I)k(bn_k(ak)\ _ Bk)\)(an)\fk)\ + ﬁm)\fk)\) — (an)\ _ 5”’\)[77n]¢2(77)- (11)
k=0

Dividing the (11) by o — 8 and then writing in terms of Chebyshev polynomials, we confirm the convolution formula stated
in Theorem 2.1. O

It should be noted that U_;(y) = 0 in Theorem 2.1, which can be obtained from the Binet formulae of Chebyshev

polynomials. Letting y = % in Theorem 2.1, we get the following convolution formula involving Fibonacci and Lucas

numbers.

Corollary 2.1 (\ € N). For an arbitrary sequence {®;} (of numbers or polynomials), we have the convolution formula
> 0Pk FirLnr-ia = Fux Y @y
k=0 k=0

By choosing properly the sequence {®;} in Theorem 2.1 and Corollary 2.1 so that the convolution sums on the right
hand sides can be evaluated in closed form. In this case, we would find closed expressions for the convolution sums on the
left hand sides. Some interesting identities are exhibited below.

Catalan numbers

Recall the Catalan numbers (see [12, §5.4])

1 2n
Ch =
' n—l—l(n)

1-yI—4p &
= Cnnn

that are generated by the function

and admit the following convolution formula

Z CiCr- = Cpi1.

k=0

By specifying ®,, = C,, in Theorem 2.1 and Corollary 2.1, we derive the two identities as in the following proposition.

Proposition 2.1 (n € Ny).

3 U1 (4)Cn
@ > ChCrmilUino1 () Tr—ia(y) = Unr-1(y)Cni1

2 b
k=0
(b) Z CrCrniFpaLna—ix = FuaCryr.
k=0
Harmonic numbers
The harmonic numbers are defined by (see [12, §6.3])
| "1
k=1 k=1
Applying the generating function (see [2,5])
> In(1 —
S Hop = U0,
n=0 =
we can express the convolution as
. n 1112(1 B 77)
> HyH, x=n ]ﬁ
k=0 K
By means of the MacLaurin series
1 = / g In2 S n'ti
e ;f +1)y" for In’(1—7) Z: o
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the rightmost double sum can be reformulated, under i + j = k, as
[eS) k—1

I 1 1\ o~ Hi1 g,
DM = BN SN RS DN

i—1

Therefore we get the equality

k=2 1<i<k<n = k=1
n n k—1 n n n
1 1 n—1
g Hi_1 = - = E - 1= =nH, —n;
1 (3 1
k=2 k=21=1 =1 k=i+1 =1

we find the following closed formula

S HyHyop, = (n+ 1){H§ - H;2>} — 2nH, + 2n.
k=0

In Theorem 2.1 and Corollary 2.1, letting ®,, = H,, yields immediately the following two convolution identities.

Proposition 2.2 (n € Ny).

n Un 3
(a) ZHan—kUk)\—l(y)Tn)\—k)\(y) = )\Tl(y){(n + 1)(H§ — Héllz)) —2nH, + 271},
k=0

(b) Z HiyHy pFiyLpy—ikx = Fn)\{(n +1)(H; — H”) —2nH, + 2n}.

k=0
Chebyshev polynomials
For the Chebyshev polynomials defined in (1) and (2), by manipulating their generating functions
2(1 — an)? 1 1—an
= 1+9Dy)—
(1—2zn+n2)2  1-—2zn+n? A ")1—2xn+n2’
2(1 — 2?) 1 1—an
= 1-2 Dy
(1 —2xn+ n?)? 1—2x77—|—772+( z+m) "1 —2xn +n?
and then making use of the recurrence relation
Thi1(z) = 22T (x) — T ()
we can evaluate, in closed form, the following two convolutions
= Up(z) + (n+ 1T, (x
k=0
- _ Un(z) — (n + 1)Th10(z)
ZUk(JJ)Un,k(a?) = 2(1 7‘%2) .

k=0
Now, specializing ®,, = T,,(z) and ®,, = U, (z) in Theorem 2.1 and Corollary 2.1, we establish two pairs of convolution

identities below.

Proposition 2.3 (n € Ny).

@ > Ti(@)Tnk(2)Uka-1 (1) Tur—ra(y) = Um_l(y){Un(x): Sk 1)Tn<x)},
k=0
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Unr-1(){Un(@) = (n 4+ 1)Tnya(x)}
4(1 — x2) ’

(b) ZUk Un—k(@)Urx—1() Tur—ra(y) =

Fo{Un(x) + (n + )T, (z)}
5 :

(c) ZTk To—k(2)FixLna—kx =

n)\{Un(x) - (n + 1>Tn+2('r)}
2(1 — x2) '

(d) ZUk ) FxLpa—kx =

Fibonacci numbers and Lucas numbers

According to the convolution formulae (see [14])

2 1)L, — 2F,
> Bl = M DI 2
k=0

ZLkLnfk =(n+1)Ly, +2F,41;
k=0

we get, by putting ®,, = F,, and &, = L, in Theorem 2.1 and Corollary 2.1, two pairs of identities as in the following
proposition.

Proposition 2.4 (n € Ny).

UnA—l (y)

F Fn—, CA— Tn —K =
(a) Z k1 Ukx—1 () Tux—ra(y) 0

k=0

{(n Y 1)L, — 2Fn+1},

Upr—
(b) ZLkLn kUka—1(y) Ta— kA(y)*ATl(y){(n+1)Ln+2Fn+1}a
=0

n F,
(© > FiFy pFoxLna—kx = 7/\{(71 + 1)L, — 2Fn+1}»
k=0 g

(@) > LiLn—kFiaLnr—kx = Fn,\{(n +1)Ln + 2Fn+1}~
k=0

We remark that these four identities can also be obtained as consequences of Proposition 2.3 under z = %

3. Exponential generating functions

The convolution identities produced in the previous section admit binomial convolution counterparts. This can be fulfilled
by employing exponential generating functions. Suppose that {¥,,} is a sequence whose exponential generating function
is the formal power series ¢(n). Then there are similar relations:

o0

v
P(n) = Z ﬁn" ifand only if ¥, =nl[n"]¢(n) forall n e Ny.

n=0
Now performing the substitutions ®;, — ¥, /k! in Theorem 2.1 and then making some routine simplification, we deduce
the following binomial convolution formula.

Theorem 3.1 (A € N). Let Ty (y) and U (y) be Chebyshev polynomials. Then for an arbitrary sequence {¥;} (of numbers or
polynomials), the following universal convolution formula holds

n n U\ n n
> (k> UV Upr—1 (1) Trr—ra(y) = ATl(y) > <k;) VeV
k=0 k=0

Analogously, letting y = % in the above theorem yields the formula below about Fibonacci and Lucas numbers.

i
2

Corollary 3.1 (A € N). For an arbitrary sequence {¥} (of numbers or polynomials), we have the following convolution

n n
n n
U0, 1 FiLos—ix = F U0,

k=0
As applications of Theorem 3.1 and Corollary 3.1 to convolution identities, we show five examples by specifying sequence

formula

¥,, with known polynomial and number sequences.
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Bernoulli polynomials and numbers

Bernoulli polynomials and numbers are defined by (see [6] and [9, §1.14])

n
en—1 ¢ n! en
n=

ne*n B 0 n" n B © n"
~Bu(z) and - = ZHBH.
n=0
By applying the following known convolution formulae (see [3, 8] and [10, §24.14()])

Z <Z>Bk(x)Bnk(y) =(1—-n)By(z+y)+n(z+y—1)B_1(x +v),
k=0

3 (Z)Bank = (1—n)B, — nBy_1;

k=0

and then specifying ¥,, = B, (z) and ¥,, = B,, in Theorem 3.1 and Corollary 3.1, we derive two pairs of identities as in the
proposition below.

Proposition 3.1 (n € Ny).

Unx—1 (y)

> {(1 — ) B (2x) + n(2z — l)Bn_l(Zx)},

(a) kZ:O (k)Bk(x)Bn—k(x)UkA—l(y)Tn/\—k)\(y) =

Un)\— 1 (y)

(b) Z (Z)B’fB"—kUkA—l(y)Tn,\—k/\(y) = 5
k=0

{0 =n)B, ~nB, 1},
(c) i <Z>Bk(l’)Bn_k(x)Fk)\Ln)\_kA = FnA{(l —n)B,(2z) + n(2z — 1)Bn—1(2$)},
k=0

" /n
(d) kZ_O (k>Banka)\Ln/\kA = Fn)\{(]- —-n)B, — anq}.

In particular, the case x = 0 of identity (c) (equivalently, the case y = 5 of identity (b)) recovers the identity (6) proposed
by Frontczek [11].

Alternatively, letting z = 1 in the first identity (a) of Proposition 3.1 and keeping in mind that B, (1) = (—1)"B,,, we
get the following interesting formula.

Corollary 3.2 (n € Ny).

" /n 1—n
Z (k>Bk(;)Bn—k(é)Um—l(y)Tm—m(y) = (=" 2 B Unx-1(y)-
k=0
Taking into account the following further fact
B,(3)=B,=02'"-1)B,
we can rewrite the last identity as
" /n 1—n
Z (k)BI/CB;L_}gUkA—l(y)Tn/\—k/\(y) = (_1)"TBnUn)\—l(y)'

k=0

Finally by letting y = 35, we recover another formula (7) due to Frontczek [11].

Euler polynomials and numbers

Euler polynomials and numbers have the following generating functions (see [9, §1.14] and [7,19])

2e%1 e nn 2¢" e nn
= —F and = —FE,.
1+ en RZ:O n! n(®) 1+ e2n = nl "
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By letting ¥,, = E,,(z) and ¥,, = F,, Theorem 3.1 and Corollary 3.1, and then appealing to the convolution formulae
(see [8] and [10, §24.14G)])

n

> (Z)Ek(x)En_k(y) =2E,1(z+y) —2@@+y—1)Eu(z+y),
k=0

" n FE 2
E En _ 2n+2 n+ 2n+2 1):
2 <kr) HEne =2 )

we establish two pairs of identities as in the following proposition.

Proposition 3.2 (n € Ny).

<a>Z( () B @)U () Tor- 5 (9) = Uns 2 () B (22) — 208 (22) + By (22) .

E'n.
(b) Z (Z)E =k Uka—1(Y) Tor—rr(y) = 2n+1Un,\—1(y)n7_:;(2n+2 —1),

(c) ( By (@) By () Fiox Lo k)\7FM{2En+1(2x)f4xEn(2:z)+2En(2:c)},

" /n FE, "
(d) Z (k>EkEnka/\Ln)\k)\ = 2”+2Fn>\n7£(2 o).

Hermite polynomials

Hermite polynomials H,(z) are defined (see Rainville [18, §103]) by the exponential generating function
exp(2xn — 77 Z H,(

which satisfy the convolution equation

n

> (Z)Hk(x)an(y) = H,(z + ).

k=0

By letting ¥,, = H,,(z) in Theorem 3.1 and Corollary 3.1, we find the following two respective identities.
Proposition 3.3 (n € Ny).

(a) Z <n> Hy i (@) Upx—1(y) Tox—ia(y) = Un%l(y)Hn(Qx),

o

(b) Z (Z)Hk(z)Hn—k(l')FkALnA—m = FH,(22).
k=0

Chebyshev polynomials

By combining the exponential generating functions (4-5) with the Binet formulae (3), we can compute without difficulty
the convolutions of Chebyshev polynomials

i( ) To-k(v) —mmw

k=0
2yn e2ne 4 e2nB

n e n
=nln ]T‘i‘n![?? ] 1

_ 2n71yn+2n72(an+6n)’
and

(e — BenB)?

(3 ) o vsto) =t 2
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2yn 2 2na 2 .2nB
e a“e ™ + B¢
2(1-y?) 41— y?)
2n71yn 27172 g2 a2
71_?]271_?}2(0& +5 )v

that result in the following closed formulae

> (3 )1 =2+ 1)

k=0
> (3 ) o Uosts) = T o = s},
k=0

According to Theorem 3.1 and Corollary 3.1, by assigning ¥,, to T,,(z) and U, (x), we deduce two pairs of convolution
identities as in the following proposition.

Proposition 3.4 (n € Ny).

T () Ty () Upr—1(y) Tor—ix (y) = 2n72UnA—1(y){xn + Tn<m)}v

1— 22

(&)
S L e e X )
k=0
(&)

Tio(x) Ty (@) FoaLnr—kx = Qn_an)\{CL‘" + Tn(l‘)},

k=0
(d) Zn: i U (2)Un—k (%) FgaLnx—kx = 2"_1£{m" —T, 2(37)}.
k=0 k " " 1— 22 nt

Fibonacei numbers and Lucas numbers

Finally, specializing ¥,, by F,, and L,, in Theorem 3.1 and Corollary 3.1, and then making use of the following closed
formulae (see [15, P235])

" /n on 2
Fan :7Ln_77
Ej(k) Mok =g 5

k=0

Z (Z)Lkl/nk =2"Ly, +2;

k=0
we find two further pairs of convolution identities, that can also be obtained by letting x = % in Proposition 3.4.

Proposition 3.5 (n € Ny).

n 1
FrFo it Uxn—1(9) Tor—ia(y) = Unr—1(y) {an - 5} ;

2n 2
By By FiaLpy—kx = Fy {5Ln - 5} )

(&)

(b) Y (n>LkLn—kUk)\—1(y)TnA—kA(y) =Una(y) {1+2" "L},
(&)
(&)

LkLn—k’FkALn)\_k)\ = Fn>\{2 + QnLn}
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