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Abstract
For a connected graph G, the reciprocal degree distance is defined as RDD(G) = 3°,, ,cv(a) (da(u) + da(v)) (2de(u,v)) -
where dg(u) denotes the degree of a vertex u in G and d¢(u, v) represents the distance between the vertices v and v in G.

In this paper, upper bounds for the reciprocal degree distance of graphs, arising from four operations introduced by Eliasi
and Taeri in [Discrete Appl. Math. 157 (2009) 794-803], are provided.
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1. Introduction

Throughout this paper, we assume that G is a finite, connected, undirected, and simple graph, with vertex set V(G) and
edge set F(G). The degree of a vertex = in G is denoted by dg(x) and the distance between u,v € V(G) is denoted by
de(u,v).

Topological indices provide contemporary tools to predict diverse psychochemical features of chemical compounds. A lot
of available research shows that topological indices are easy to compute and they efficiently encrypt significant structural
information of chemical compounds. Distance-based topological indices form a vital class of indices and these indices have
significantly better efficiency.

The Zagreb indices have been introduced around a half century ago by Gutman and Trinajesti¢ in [6]. They are defined
as

MG = 3 da?= Y (do(u) +dg(v))
weV(G) weE(G)
and
My(@G) = Y de(u)da(v).
weE(G)
In the definitions of the Zagreb indices, if one takes the sums over the edges of the complement of G then the resulting
quantities are the Zagreb coindices. More precisely, the first and second Zagreb coindices of G are defined as

M(G)= > [da(u)+da(v)]
uwvg E(G)

and

MG = Y dolu)de(v).

wg E(G)
One of the oldest and well-studied topological indices is the Wiener index. The Wiener index of G is defined as the sum
of the distances of all unordered vertex pairs in G, that is,

1
W(G) = B ;(G) de(u,v).

Another distance-based topological index, defined in a fully analogous manner to the Wiener index, is the Harary index
which is equal to the sum of the the reciprocal distances overall all unordered vertex pairs in G, that is,

HGO) =3 Y ;)
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Dobrynin and Kochetova [3], and Gutman [5] independently proposed a vertex-degree-weighted version of the Wiener
index known as the degree distance (D D), which is defined as

PD@) =5 Y (dou) +da())da(u,v)
u,veV (G)

The reciprocal degree distance (RDD) of a connected graph G is defined [1] as

1 da(u) + dg(v)
RDD(G) = 3 ) UEEV:(G) ol

One can observe that the degree distance and reciprocal degree distance are defined by using the concepts of the first
Zagreb index, Wiener index, and Harary index.

Chemical applications and mathematical properties of the reciprocal degree distance are well studied [1,8,12]. Hua and
Zhang [7] obtained lower and upper bounds for the reciprocal degree distance of graphs in terms of other graph parameters.
The mathematical behavior of the reciprocal degree distance of some composite graphs was analysed in [10,11]. In the
present paper, we obtain upper bounds for the reciprocal degree distance of F-sums of graphs introduced in [4].

2. Main results

In order to state and prove the main results, we need some definitions. In the following, we define four graphs generated
from a given connected graph G.

(i). The graph formed by inserting a new vertex on every edge of G is known as the subdivision graph S(G) of G.

(ii). The graph deduced from G by first inserting an additional vertex corresponding to every edge of G and then joining
every newly added vertex to the end vertices of the corresponding edge is denoted by R(G).

(iii). The graph deduced from G by first inserting an additional vertex into every edge of G and then joining with edges
the pairs of new vertices on adjacent edges of G is denoted by Q(G).

(iv). The total graph T(G) of G has the vertex set consisting of the vertices and edges of G. Two vertices in T(G) are
adjacent if and only if they are either adjacent or incident in G.

For F € {S,R,Q, T}, the F-sum or Eliasi-Taeri sum of the graphs G;(V1, F1) and G2(V2, E3) is denoted by G; +r G2 and
is defined as the graph with the vertex set V(G +r G2) = (V1 U E7) x V, and two vertices (u1,u2) and (v1,v2) of G1 +p G2
are adjacent if and only if either u; = v; € V; and usvs € E3 or ug = v and ujv; € E(F(Gh)).

The following known lemmas are used in the proofs of our main results.

Lemma 2.1 (see [13]). For a graph G and v,v' € V(G), we have

1
ids(G)(’U,”U/) = dy(c)(v,0") = dr(e)(v,v") = dg(e)(v,v") — 1 = dg(v,v).

Lemma 2.2 (see [13]). For an edge e € E(G) and a vertex v € V(G), we have

1
5 s (e,v) +1) = dr) (e,v) = dra) (€, v) = do(e) (€, v)-
Lemma 2.3 (see [4]). Let G and G2 be two connected graphs and v = (v1,v2) be a vertex of G1 +r Ga. Then

). If vi ¢ E(Gy), then for every u = (uy,u2) € V(Gy +r G2) we have
da, 1 pGy (U, ) = dp(a,)(u1,v1) + da, (uz2, v2).
(ii). If v1 € E(G1), then for every u = (u1,uz2) € V(G1 +F G2) with us # ve, u1 = ujv] € E(G1) and ul,v] € V(G1) we have
Ay 1ps (U, 0) = 1+ da, (uz,v2) + min {dp,) (uy, v1), dpa,) (01, v1) ) -
(iii). If v; € E(Gy), then for every u = (uy,us) € V(G1 +r G2), where us = v9, and uy € E(G1), we have

dGy+rGs (U, 0) = dp(c,)(u1,v1) + de, (u2,v2) = dpa,) (U1, v1).
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Lemma 2.4 (see [4]). Let G1 and G2 be two connected graphs, ui,v1 € E(G1),us,v2 € V(G2), and F € {S,R}. Then for
u = (ul,uQ) and v = (’Ul, 1]2) in V(Gl +r Gg), with us 7& Vg, We have

2+ dg, (ug2,v2) if ui =1,

dpa,)(u1,v1) +da, (uz,v2) if uy # v1.

dG1+FG2 (u7 U) = {

Lemma 2.5 (see [4]). Let G and G5 be two connected graphs, ui,v1 € E(G1),us,v2 € V(Gs), and F € {Q,T}. Then for
U = (U17u2) and v = (1)1,1}2) in V(G1 +r Gg), with ug % v, We have

24+ d(;2 (U27 ’1)2) lf Uy =M
dG1+FG2(u7U) = .

L+ dpa,)(u1,v1) + da, (ug,v2) if uy # v, ug # va.
Lemma 2.6 (see [2]). Let G be a graph.

(i). If uy € V(G), then dp(g,)(u1) = kdg, (u1), where

1 if Fe{SQ},
2 if Fe{R,T}.

(ii). Ifu = u'lu’l' € E(G), then we have dS(G) (Ul) = dR(G)(ul) = 2and dQ(G)(ul) = dT(G) (ul) = ds(G)(ul) = dL(G)(ul) + 2,
where dL(G) (ul) = d(G)(u’l) + d(G) (ulll) — 2.

Lemma 2.7 (see [9]). Let g be a convex function on the interval Z and z1, z3,...,2, € Z. Then

g(zl+22+--.+zn) <9 +g(z2) + .. +9(z)
n - n

with equality if and only if 21 = 20 = ... = z,.
Now, we are able to state and prove the first main result of this paper.
Theorem 2.1. For i = 1,2, let G; be a connected graph with n; vertices and m; edges, and take F € {S, R}. Then

ng(ng — l)k

_|_
+ 711(711 ml) :

RDD(G1 +r GQ) < %%RDD(F(Gl)) RDD(GQ) + ngmgH(F(Gl)) + (Ml(Gl) — 2m1)
H(G»)

4

2 _
+WM1(G1)+

|:(3k + 2m1 - Q)Ml(Gl) + kﬂl(Gl) + 4m1(k(m1 - 1) + nl)

n3mq(kmy + ny)
5 .

Proof. Let G = Gy +r G2. By the definition of the reciprocal degree distance, we have

1 Z dg(ul,u2)+dg(vl,112)

RDD(G) = *
(u1,u2),(v1,v2)EV(G1+rG2) dG((U17U2)7(v1”U2))

_ 1 3 da(ur,uz) + dg (v, v2)

(u1,u2),(v1,02)EV(G1)xV(Gz2) dG((ul, UQ)’ (’Uh ’02))

da(uy,uz) + dg(vy,v2)
da((u1,u2), (v1,v2))

_|_
(u17u2)€V(G1)XV(Gz),(U1,’UQ)GE(Gl)XV(GQ)

+1 Z dg<u1,u2)+dg(’ul7’02)

(u1,u2)(v1,v2)€EE(G1),u1=v1,u27#v2 dG((uh U2)’ (1)1, 1}2))

1 do(uy,us) + da(vy,v
2 2 Zé&ufim (il( ) |
(u1,u2)(v1,02)EE(G1) XV (G2),u1#v1 ’ ’ ’

=51+ Sy + S5+ 54,

where S1, S, S3, S4 are the sums in order.
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First, we compute S;. By Lemma 2.3, we have

Z dr(c,)(w) +da, (u2) + dpay)(v1) + da, (va)

S =
! dp(a,)(u1,v1) + dg, (u2,v2)

1
2 (u1,u2),(v1,v2)EV(G)

1 > > { dpG,)(u1) + dpa,)(v1) d(G,) (u2) + dg, (v2)
2u1,v1€V(G1)u2,szV(G2) dF(Gl)(U1’U1) + dG2 (UZ7U2) dF(Gl)(U1,U1) * dGQ (U%UQ)
By Lemma 2.7, we have,
1 1 1

< b
dpy)(ui,v1) +da, (uz,v2) = 4dpg)(u1,v1)  4dg,(uz,v2)

with equality if and only if dr(¢,)(u1,v1) = dg, (u2, v2). Therefore,

1
S1o= é > > l(dF(Gl)(Ul)ﬂLdF(Gl)(Ul)) (dF(Gl)tul,Ul) +dG2(u2702)>

u1,v1 €V (G1)u2,v2€V (G2)

+(dsy () + disy (02)) ( ot a ) 1

dpay)(u1,v1)  dg,(uz,v2)

1 dp(a,)(u1) + dra,)(v1) dr(c,)(u1) + dra,)(v1)
s )+ ¥y (e

d Uy, v
u1,v1 €V (G1)uz,v2€V(G2) F(Gl)( b 1) u1,01 €V (G1)uz,v2€V (G2)

LYy (dc2<u2>+dc~2<v2)> Py Y (dczﬁlg(;flg)(“”ﬂ.

d Uy, v
u1,v1 €V (G1)uz,v2€V(G2) F(Gl)( L 1) u1,01 €V (G1)uz,v2€V (G2)

By the definitions of the Harary index and reciprocal degree distance, we obtain

n3 drp(ay(u1) +dp@(v1) 1
S < §2 > (ld) 0 1())1) +ZH(G2) > (dF(Gl)(ul)+dF(G1)(vl)
ul,v1€V(G1) F(Gl) 1,51 ’ul,’U1€V(G1)
1 n?
- ——— + —=RDD(G5).
—|—2n2m2 dF(Gl)(ula'Ul) + 1 (G2)

uy,v1 €V (G1)

For any vertex (u, v) S V(G1 +r GQ), we have dG1+FG2 (u) = dF(Gl)(ul) + dGz (Ug) and dGﬁ—p(Gg)(”) = dF(Gl)(U1)~

6 — dpG,)(u1) + da, (u2) + dp(c,)(v1)
2T Z Z Z dpy)(ut,v1) +da, (ug,v2)
u2,’U2€V(G2)’U.1€V(G1)’U1€E(G1) ( 1) ’ 2 ’
By Lemma 2.3, we obtain
% = ¥ 3 3 [ dr(c,)(u1) + dra,)(v1) N da, (u2)
uz,v2€V (G2) u1 €V (G1) vi€EE(G) dF(Gl)(U1’U1) +dG2(U2,U2) dF(Gl)(uhUl) +dG2 (UQ,UQ)

By Jensen’s inequality, we have,

1 1 1
< + ,
dp(ay)(u1,v1) +da, (uz,v2) = 4dpc,y(ui,v1)  4dg,(uz,v2)

with equality if and only if dr(¢,)(u1,v1) = dg, (u2,v2). Thus

52 i > > 2 Kdﬂc:l)(ul) + dF(Gl)(Ul)) <dF(G1)1u17U1) " e (;,vz))

u2,02€V(G2) u1 €V (G1) vi€E(G1)

+dg, (u2) ! + !
G212 dpay)(ur,v1)  dg,(uz,v2)

i[ 3 ¥ 3 <dF(G1)(u1)+dF(G1)(U1))

U2 €V (Ga) ur €V(Gr) v1 €E(Gr) dr(Gy)(u1,v1)

IN

IA

[dr(a,)(ur) + dra,)(v1)]
D DD DD ic. ()

u2,02€V (G2) u1 €V(G1) vi€E(Gy)
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YD M S R DD DD S o

F(Gl) Uy, V1
u2,v2€V(G2) u1 €V (G1) vi€E(G1) u2,v2€V(G2) u1 €V (G1) vi€E(G1)

- = > 2 l[drey)(u1) +dry (v1)]
1

W EV(G1) v1€B(Gh) dpa,)(u1,v1)

SH(G2) Z Z dpay)(ur) + dpay (1) +1n2m2 Z Z _
2

u1€V(G1) v1€E(Gy) G menie PG (UL, v1)

1
“v‘zmlanDD(Gz)

In order to calculate S5 and Sy, we assume that v and v are the vertices such that u € E(G1) xV(G2) and v € E(G1) x V(Ga).
By Lemma 2.4, we have

o 2dp(c,)(u1)
S3 = B) Z Z (2+dG2(U2av2))

u1 €EE(G1) uz,v2€V (G2);uzsF#ve

1[d d

3 3 Hdr@nln) | drent) ) oquality if dg, (uz.va) = 2)
4 2 dG2 (UQ, 7.)2)

u1 €EE(G1) uz,v2€V (G2);usF#ve

_ dpc,)(u1) |1 dr(Gy)(u1)
- Z Z ] +Z Z Z de, (uz, v2)

IN

w1 EE(G1) uz,v2€V (Ga)jus#vs w1 EE(G1) u2,v2€V (G2)jusFvs
1 1
= g(ng —ng) Y dpy(m)+ S H(G2) > dry(m).
uleE(Gl) uleE(Gl)
By using Lemma 2.4, we have
S, = 1 Z Z dF(Gl)(ul) + dF(Gl)(Ul)

d d '
2 nCV (C) ut on € B (G )s 1 sn r(ay) (UL, v1) + da, (uz, v2)

By Jensen’s inequality, we have

1 1 1
< + ,
dp(ay)(u1,v1) +da, (uz,v2) = 4dpg,)(ui,v1)  4dg,(uz,v2)

with equality if and only if dr(q,)(u1,v1) = dg, (u2,v2). Thus,

1 d uy) +d v
S o= 3 3 >y F(Gl)d( 1) +dpG,)(v1)
u2,v2€V(G2) u1,01 €B(G1); w171 F(Ga)(u,01)

) ) drc,)(u1) +drc,)(v1)

+
da, (uz,vz2)

ug2,v2€V (G2) u1,v1 €E(G1);u1#v1

1 3 3 drc,)(u1) +dpe,)(v1)

8 d
u2,v2€V(G2) u1,01 €EE(G1); ui#v1 F(G1)(u1,01)

~H(G?2) Z (dr(cy)(u) + dray) (V1))

u1,v1 €EE(G1)5u1#v1

From the obtained values and inequalities of S;, S5, S35, and S4, we get

RDD(G) = S1+ 8+ 8535+854

n3 drgy(u1) + dpigy (v 1
< §2 Z F(G )( 1) F(G )( 1) + ZH(GQ) Z (dp(Gl)(ul) +dF(G1)(U1)>

u1,v1 €V (G1) dF(Gl)(uhUl) u1,v1 €V (G1)

i 5 d uy) +d )
+%RDD(G2)+% DS F(Glc;( ) : F(a)ﬁ( )
u1 €V (G1) vi €E(G1) F(G1) U1, V1

+%n2m2 Z

u1,01€V(G1)

SH(G2) Z Z dr(cy)(u1) +dr(ay(v1) | + nzmz Z Z —
u1,v1)

u1 €V (G1) v1€E(Gy) u1 €V (G1) vi€E(G1)

dpay)(u1,vr)
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1 1 1
+mim RDD(Gy) + g(”g —ng) Y dpey(m)+ S H(G2) > dpey(m)
’u.1€E(G1) u1€E(G1)

L > dp(c,) () + dpea,)(v1)

w101 €F (G )1 01 dF(Gl)(UhUl)

—H(G2) Z (dpeyy(u1) + dpig,)(v1)). (@)

u1,v1 €E(G1);u1#v1
Now, we calculate the sums given in (1) separately.

(i). By Lemma 2.6, one has

Z Z [dra,)(ur) + dpa,)(v1)] = Z Z [kdg, (u1) + 2] = 2km3 + 2min;.

ulev(Gl)’UleE(Gl) uleV(Gl)vleE(Gl)

(ii). By the definition of the Harary index, we get

SOy L awre) - !

u1€V(G1) v1 €E(G1) dF(Gl) (U1’ Ul) u1,v1 €E(G1)u1 #v1 dF(Gl)(uh Ul)

D S D

u1€V(G1) v1 EE(G1) dp(cy)(u,v1)

H(F(Gh)).

u1,v1EV(G1) dp (G, (u1, v1)

IN

(iii). By Lemma 2.6, we have

Y dreywm) = > kdg,(w)

uleE(Gl) uleE(Gl)

= kY dyeywm),

Ul EE(Gl)

= k Z (dG1 (u/l) + dG1 (u/ll) - 2)

ur=ujuf €E(G1)

= k[Ml(Gl) 727711].

@iv).
Z (dF(Gl)(ul) +dF(G1)(Ul)> = Z <k dGl (ul) + ka dG1 (V1)>
u1,01€V(Gy) uy,v1 €EE(G1)
+ ) (k da, (uy) + k, dGl(V1)>
ul,v1¢E(G1)
= k[M(G1) + M(Gy)).
).
> (dr@G,)(u1) +drG,)(v1)) = > (dr(cy)(w) +dre)(v1) +4)
uy,v1 €EE(G1)ju1#v1 u1,01 €E(G1);u1#v1
= > (dr(cy)(u1) +drc,)(v1))

u1,v1 €EE(G1)ju1#v1

+4 > (1)

u1,v1 €EE(G1);u1#v1
= 2(m1 — 1)(M1(G1)) — 2m1 —|—4(m% — ml)

= 2(m1 —1)M1(G1)
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(vi). We note that (dp(q,)(u1, vl))_1 < 1 with equality if dp(,)(u1,v1) = 1. By (i), we have

d uy) +d v
Z Z (dp(G,)(u1) (G, (01)) < Z Z (dr(cy)(u1) +dF(G1)(v1)):2kmf+2mm1.

w1 €V (G1) v €E(GY) dpG)(u,v1) W €V (G1) vi €E(Gr)

Now, by making use of (i)—(vi) in (1), we get

RDD(G) < %gRDD(F(Gl)) 4 M) B D (Gy) + nama HF(G)) + P22 VE (0 6) — 2my)
n%(mi - 1)M1(G1) " H(G>) (3k 4+ 2my — 2)M;(G1) + kM1 (Gy) +4my(k(my — 1) +ny)

nZmq (kmy +ny)
5 )

Next, we state and prove the second main result of this paper.
Theorem 2.2. Suppose that G; is a connected graph with n; vertices and m, edges, i = 1,2, and take F € {Q,T}. Then

nl(nl + ml)

Z RDD(G5) + 2nomoH(F(Gh))

2
RDD(Gy +5 Go) < %RDD(F(GO) +

52) { (My + M1(G1))22m — 1(kmy +ny) + Ml(Gl)iml -1)
#1200, (s — 1)oms 1) 240 1)) - A=)

Proof. Let G = Gy +Fr G5. By the definition of the RDD index, we have

1 Z dG(U17u2) +dg(’01,112)

RDD(G) = 1+
(u1,u2),(v1,v2)EV(G1+rG2) dG((UI7U2)7(U17v2))

_ 1 3 da(ur,uz) + dg(vi, v2)

(u1,us),(v1,02) EV(G1) XV (Ga) da((u1,uz), (v1, v2))

dg(u1,uz) + da(vi, vz2)
dG((u17u2)7 (U1’U2))

(u1,u2)€V(G1) XV (G2),(v1,v2) EE(G1) XV (G2)

+} Z da(u1,uz) + dg(vi, v2)

(u1,u2),(v1,02)EE(G1),u1=v1,us#v2 dG((ub ’LL2)7 (vh UZ))

1 dg(ui,us) + dg(vi,v
3 2 oy sy

(u1,u2),(v1,02)EE(G1) XV (G2),us=v2;u1 #v1 ’ ’ ’
Z dg(u1,uz) + dg(vi, va)
dG((Ul,UQ),('Ul,'UQ))

1
3
(u1,u2),(v1,02) EE(G1) XV (G2),u27#v25u1 #v1

= S1+ 5 +S53+854+ S5,

where Sy, Ss, -+, S5 are the sums in order.
First, we compute S; and S;. By Lemma 2.4 and a similar way as used in Theorem 2.1, we obtain

1 3 dpa,)(u1) + da, (uz) + dpa,)(v1) + dg, (v2)

ST = =
2(ul’u2)7(vwg)ev(c) dpay)(u1,v1) + dg, (uz, va)

2 dray(u1) + dpiay) (v 1
% Z F(G )( 1) F(G )( 1) + ZH(GQ) Z (dF(Gl)(ul) +dF(G1)('U1)>

d Uy, v
ul,meV(Gl) F(Gl)( L 1) ul,meV(Gl)

IN

1 1 n?
+onamy Y ———————+ —LRDD(Gs).
2 wrnev(ey PP@n i) 4
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Similarly, we have

S, = Z Z Z dr(c,)(w) +da, (u2) + dp(a,)(v1)

u2,v2€V2 u1 €V (G1) v1€EE(G1) dF(Gl)(ul’ Ul) + dG2 (u27 U2)

'rL2 Ul V1
IQ Z Z dF(G1)( )+dF(G1)( ) 4 %H(G2) Z Z (dp(cl)(ul)—i-dp(gl)(vl))

W €V (G1) v1€E(G1) drG)(u,v1) W €V(G1) vi €E(G)

nam 1 mn
=D DR L RDD(G).

u1 €V (G1) v1€E(G1) dr(cy)(ur, Ul) 4

IA

To calculate S5 and S, we assume that v and v are the vertices such that v € E(G1) x V(G2) and v € E(G1) x V(G2). By
Lemma 2.4, we have

_ 1 2dF(G1)(u1)
SB o 5 Z Z 2+dG2(U,2,’02)

u1 EE(G1) uz,v2€V (G2)juz#vs

IN

1[d d

3 3 { F(Gy)(u1) N F(Gl)(m)} (with equality if d, (12, vs) = 2)
) 2 ng(u2702)

u1 EE(G1) u2,v2€V (G2);us#vs

_ dpG,)(u1) 1 drc,)(u1)
- Z Z 8 " 1 Z Z dG2 (u27v2)

u1 €EE(G1) u2,v2€V (G2)juz#ve u1 €EE(G1) uz,v2€V (G2);us#vso
n3 —ns H(G,
= 2 3 Z dr(Gy)(u1) + (2 ) Z dr Gy (u1)-
uleE(Gl) uIGE(Gl)

By Lemma 2.5, we get

1 dra,)(w1) + dra,)(v)
So= 3 ) > )

d UL,V
u1,v1 €EE(G1); ui17#v1 uz,02€V(G2) F(Gl)( L 1)

_om 3 dp(Gy)(u1) + dpc,)(v1)
w1 EEGL); unvy dr(Gy)(u1,v1)
Finally, the quantity of S5 is computed as follows.

1 dr(cy)(u1) + dray)(v1)

S5 = > .
2 w11 €E(GL); ursbvr ua waEV (Go)iuasbvs (14 dpay)(ur,v1) + da, (uz, v2))

By using Lemma 2.4 and Jenson’s inequality, we have

1 1
Jr
dpay)(u,v1)  da,(ug,v2) +1

s < 1Y S (e () + drey (1))

u1,v1 €E(G1); u17#v1 u2,v2€V (G2);uz#ve

(with equality if dp(q,) (w1, v1) = d(g,)(u2,v2) + 1)

1 3 3 dpay)(u1) + dpa,)(v1)

Ap(Gy)(u,01)

IN

u1,v1 €EE(G1); u1#£v1 u2,v2€V (Ga)jusFvs

1 1
+37 Z Z {() + 1} (with equality if dg, (ug, v2) = 1)
w1,v1 EE(G1); u1#v1 us,v2€V (Ga);us#va Go\U2, V2
1
= 372 Z Z (dF(Gl)(Ul) + dF(Gl)(Ul))
u1,01 €E(G1); u17#v1 u2,v2€V (Ga) us#va
. 3 3 dr(cy)(u1) + dpiay)(v1)
8 dF(G )(ulavl)
u1,v1 €E(G1); w1701 uz,02€V (G2)jus#v2 1
L1 3 3 dp(a,)(u1) + dpa,) (v1)
32 dGz (u27 1)2)

u1,v1 €EE(G1); u1#v1 u2,v2€V (Ga)jusFvs
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nZ—n
B 23722 > (dr(Gy)(w) + drGy)(v1))
w101 €B(Gr); uan

+n§ — 12 Z dray)(u1) + dpay)(v1)

w1 01 €E(Gr); uavn dF(Gl)(ula Ul)

H(G
G S G ) + i ().
u1,v1 €EE(G1); ui#v1

By using the obtained values and inequalities of S;, S5, -+ , S5, and an argument similar to the one used in the proof of
Theorem 2.1, we obtain

ny + ml)

RDD(G) < %%RDD(F(Gl))er( 7 RDD(Gs) + 2nomoH(F(Gy))

H(G>)
2

Ml(Gl)(ml — 1)

* 4

[’;XMI + B1(Gh))22m — 1(kmy + 1) +

+%M1(G1) ((21712 — 1)(mq — 1) + 2k(ns — 1)> _ W

We end this paper by posing the following open problem which is related to our main results.

Problem 2.1. Characterize the graphs attaining the upper bounds given in Theorems 2.1 and 2.2.
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