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Abstract

Initial-boundary value problems for the 3D Kuramoto-Sivashinsky equation posed on smooth domains and parallelepipeds
are considered. The existence and uniqueness of global regular and strong solutions as well as their exponential decay are
established.
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1. Introduction

This work is concerned with the existence, uniqueness, regularity and exponential decay rates of solutions to initial-
boundary value problems for the three-dimensional Kuramoto-Sivashinsky (KS) equation:

bt A6+ Mg+ |V =0, W

Here A and V are the Laplacian and the gradient in R3. In [11], Kuramoto studied the turbulent phase waves and Sivashin-
sky in [21] obtained an asymptotic equation which simulated the evolution of a disturbed plane flame front; see also [8].
Mathematical results on initial and initial-boundary value problems for the one-dimensional KS equation are presented
in [3,5,7,13,15,18,23,25] (see references cited there for more information). In [4, 5], the initial value problem for multi-
dimensional KS type equations has been considered. Two-dimensional periodic problems for the KS equation and its
modifications posed on rectangles were studied in [2,16-18,20,25], where some results on the existence of weak solutions
and nonlinear stability have been established. In [14], three-dimensional Kuramoto-Sivashinsky-Zakharov-Kuznetsov
equation has been studied.
For three dimensions, (z,y, z), Equation (1) can be rewritten in the form of the following system:

g + AU+ Au 4 uugy 4+ vuy + ww, = 0, 2)
v + A% + Av + uuy, + v, + ww, =0, 3
wy + A%w + Aw + uu, + vv, +ww, =0, 4)
Uy = Vg, Uy = Wy, Vy = Wy, (5)

where u = ¢,, v = ¢,, w = ¢,. Let 2 be the minimal parallelepiped containing a given smooth domain D:
Q= {(xaya Z) S Rgax S (OaLl)vy € (OaLQ)vz S (OaL3)}

The first essential problem that arises while one studies either (1) or (2)—(5), is destabilizing effects of Au, Av, Aw; they
may be damped by dissipative terms AZu, A%v, A?w provided that D has some specific properties. Admissible domains
called “thin domains” are appeared here naturally, where some L; are sufficiently small while others L; may be arbitrarily
large i,5 = 1,2,3; i # j, (see [2,10,20]).

The second essential problem is the presence of semi-linear terms in (2)—(4) which are interconnected. This does not
allow to obtain the first estimate independent of u, v, w and leads to a connection between L, Lo, L3 and u(0), v(0), w(0).
Taking into account these arguments, we study initial-boundary value problems for (2)—(5) posed on smooth domains D,
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where the existence and uniqueness of global regular solutions as well as their exponential decay of the H?(D)-norm are
established. Moreover, we obtained a “smoothing effect” for solutions with respect to initial data. On the other hand, we
also study initial-boundary value problems for (2)—(5) posed on unbounded parallelepipeds and establish the existence and
uniqueness of global strong solutions as well as their exponential decay of the L?(D)-norm.

This paper has the following structure. Section 1 is the introduction. Section 2 consists of notations and auxiliary
facts. In Section 3, formulation of an initial-boundary value problem for (2)—(5) in a smooth bounded domain D is given.
The existence and uniqueness of global regular solutions, exponential decay of the H?(D)-norm and a "smoothing effect”
have been established. In Section 4, an initial-boundary value problem for (2)—(5) posed on a horizontal parallelepiped D,
is formulated. The existence, uniqueness and exponential decay of the L?(D,)-norm for global strong solutions are also
established in Section 4. (Similar results can be proved for the 3D Kuramoto-Sivashinsky system posed on parallelepiped
parallel to axes 0Y and 0Z.) Section 5 gives concluding remarks.

2. Notations and auxiliary facts

Let  be a sufficiently smooth domain in R? satisfying the cone condition (see [1]) and 2 = (x1, 72, 73) € 2. We use the
standard notations of Sobolev spaces W*?, LP and H* for functions and the following notations for the norms [1, 6] for
scalar functions f(x,t):

11 = [ 1522 Uy = [P W Beney = 3 1Dy sy = 1 lhwagon
Q Q 0<a<k
When p = 2, WFP(Q) = H*(Q) is a Hilbert space with the scalar product

((w,0)) ey = Z (D7u, D7), ||ullp=(q) = ess supg|u(z)|.
[71<k

We use the notation HE(Q) to represent the closure of C5°(), the set of all C*> functions with compact support in €, with
respect to the norm of H*(Q).

Lemma 2.1 (Steklov’s Inequality [22]). If v € H}(0, L) then

m? 2 2
72 17 < flua (D).
Lemma 2.2 (See [12], Theorem 7.1; [24], Lemma 3.5.). If v € H}(Q) and n = 3, then
V]l Ly < 2220V 4|Vol P4,

Lemma 2.3 (Differential form of the Gronwall Inequality). Let I = [tg,t1]. Suppose that the functions a,b : I — R are
integrable and the function a(t) is of any sign. Let v : I — R be a differentiable function satisfying

ue(t) < a(t)u(t) + b(t), for t € I and u(ty) = ug, (6)

then

t t s
ut) < wpedro “OU 4 [ el Mg s,
to

a(r)dr

Proof. Multiply (6) by the integrating factor evo and integrate from ¢, to t. O

The next Lemmas will be used in estimates.

Lemma 2.4 (See [1,9, 19]). Let Q be a sufficiently smooth bounded domain in R3 satisfying the cone condition. If
v € H2(Q) N HY(Q), then
5/8 3/8
lollsy < Ca (013550 1801750, + lellz))-

If v € HZ(Q), then

5/8 3/8
Ioll s () < Calloll3ato, 1AV

Lemma 2.5 (See [1,9, 19]). Let Q be a sufficiently smooth bounded domain in R3 satisfying the cone condition and
v e HYQ) N HY(Q), then
sup o(2)| < G (1A% |y + ol (e
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Lemma 2.6. Let f(t) be a continuous positive function such that
F'@&)+ (a—kf")f(t) <0, t>0, neN, (7

a—kf"0) >0, k>0.

Then f(t) < f(0) forall t > 0.

Proof. Obviously, f'(0) + (a — kf™(0))f™(0) < 0. Since f is continuous, there exists 7' > 0 such that f(¢) < f(0) for every

t € [0,T). Suppose that f(0) = f(T). Integrating (7), we find

T
(1) + / (0 — Kf"(0)f(8) dt < £(0).
0
Since

/0 (o — kf (1) £(t) dt > 0,

one gets f(T) < f(0). This contradicts the equation f(7) = f(0). Therefore, f(¢) < f(0) for all ¢ > 0.

3. KS equation posed on smooth domains
Let Q2 be the minimal parallelepiped containing a given bounded smooth domain D:

Q={(z,y,2) € Rz e (0,L1),y € (0,L3),z € (0,L3)}.

Differentiating (1) with respect to z,y, z and denoting v = ¢,, v = ¢, w = ¢., we come in Q; = D x (0,t) to the following

initial-boundary value problem:
up + A%+ Au+ wuy + v, + ww, = 0,
vt+A2v+Av+uuy+vvy+wwy =0,
wy + A%w + Aw + wu, + vv, +ww, =0,
Uy = Vg, Uy = Wy, Uy = Wy,
ulap = vlap = wlap = Aulap = Av|sgp = Awlap =0, t > 0,
u(z,y,2,0) = up(z,y,2), v(z,y,2,0)=1v(z,y,2),
w(z,y,2,0) =wo(z,y,2) in D.

Lemma 3.1. Let f € H*(D) N H(D) and Af|op = 0. Then

3 2

T
allfII> < IVFIP, @®lIFI7 < IAFIP, alVEAI? < IAFIP, a®|AfIP < |A%f|°, wherea=") "
i=1 ¢

Proof. Since
IV = Fall® + L 12+ 1A%
define

f(CC,t) =

_ f(z,t) ifx € D;
0 ifz e Q/D.

Making use of Steklov’s inequalities for f(z,t) and taking into account that |V f|| = ||V f||, we get

S n2  p2(L2L2 + L3L2 + L33
IVAI* = allfI[*, where a = ;F - 2£%L§L?§)+ =
On the other hand,
allfI* < IVFI* = —/DfAfdxdy < [[AFIIIAII-
This implies

alf < IAf] and a®[|If]]* < | AF]*.

€))
9
(10)
(11)

(12)

(13)
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Consequently, a||Vf||? < ||Af]]?. Similarly,
1
IAfI? = /DfAQfdxdy < IAFIIFT < IAFIIAL-
Hence, al|Af|| < ||A2f||. Proof of Lemma 3.1 is now complete.

Remark 3.1. Assertions of Lemma 3.1 are true if the function f is replaced respectively by u,v, w.
Definition 3.1. A triplet (u,v,w) of functions
u,v,w € L®(RT; H*(D) N H} (D)) N L*(R*; H*(D)),
ug, v, wy € L*(RY; L2(D))
satisfying a.e. in D (8)—(11) and (12) as well as (13) is a regular solution to (8)—(13).
Theorem 3.1 (Special basis). Let
1 L2I2I2

f=1—-=1

— > 0.
a m2(L3L3 + L3L3 + L3L3)

Given
o, vo, wo € H*(D) N Hy(D)

such that o
0 = = (Il + o2 + o [2) > 0,

where Cy = 4C} (1 + a%) Then there exists a unique triplet (u,v,w) of functions:

w,v,w € L¥(R: HA(D) 1 HY(D)) N LA(R*; HY(D)),
Ut, Vg, Wt € LQ(R+§ LQ(D))

which is a regular solution to (8)—(13). Moreover,

ll® @)+ 1el28) + ol ) < |

ol + ol + o] exp { - 252}

Ifin addition,

B i 2 2 2 2
0- 12 (14 1) €2(18ulP + |wl? + [Auol) >0,

then
[Au|l(t) + [ Av]? () + | Aw|?(t) < (IIAuoH2 + || Avol|* + IIAonz) exp{—a’0/2t}.

Remark 3.2. In Theorem 3.1, there are two types of restrictions: the first one is pure geometrical,
1 L3313
a 72(L2L3 + L3132 + Lng)

>0

which is needed to eliminate destabilizing effects of the terms Au, Av, Aw in (8)—(10):

AUl = [IVull®, [|Av]* = [Vol?, [Aw]? — [ Vw]]*.

It is clear that .
LiL3L3

lim
Dibabao0 n2 (1213 + [313 + I313)

=0,

(14)

(15)

(16)

hence to achieve the first restriction (14), it is possible either to decrease Lo, L3 allowing L, to grow, transforming as a limit

domain D into a horizontal unbounded thin domain or to decrease L1, L3 allowing Lo to grow, or to decrease L1, Lo allowing

L3 to grow transforming respectively as a limit the domain D into unbounded thin domain oriented along the axis OZ. There

is a number of various possible combinatios, for example, L3 is small while L1, L, may grow etc.

A situation with condition (15) is more complicated: if initial data are not small, then it is possible either to decrease

Ly, Lo, L3 to fulfill this condition or for fixed L1, Lo, L3 to decrease initial data ||uo||, ||voll, ||wol|-
The same approach is valid to fulfill the additional restriction (16)

12 1
=1+ —)C2 (Ao |2 + | Avo |2 + | Awl|?) >0

which guarantees decay of the H?(D)-norm.

0 —
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Proof. It is possible to construct Galerkin‘s approximations to (8)—(13) by the following way: Let w;(x,y,z) be
eigenfunctions of the problem:

A%w; + \jw; =01in D; wjlap = Awjlop =0, j = 1,2, ....

Define
Nx,y,z,t) = Zgl Jwi(z,y,2), vN(z,y,2,t) = Zgz twi(z,y,2), w(z,y,2,t) = Zgl (t)w;(x,y, 2).

Unknown functions g¥(t), g¢7(t), g*(t) satisfy the following initial problems:

%(uN,wj')(t) + (A% wy) (1) + (Au™, wy) () + (g wy) (1) + N0y wy) (1) + (N wy, wy) () =0,
%(vNywj)(t) + (A%, w;) () + (A" wy) (1) + (' wy) () + (0 vy’ wy) (1) + (wwy, w;) () = 0,

%(wN,wa')(t) + (A% wy) (1) + (Aw™ wy) (#) + (N ul w;) () + (0o wy) () + (wVwl wy)(t) =0,

The estimates that follow may be established on Gallerkin’s approximations (see [5, 7]), but it is more explicitly to prove

them on smooth solutions of (8)—(13).

Estimate I: « € L>°(R™; H) N L*(R*; H?>(D) N H(D)).
Multiply (8) by 2u, (9) by 2v and (10) by 2w to obtain

d

Sl () + 20 Aul* (1) = 20V ul*(£) + 2(us, w)(t) + 200z, w)(t) + 2wws, u)(t) =0, an
%HUHQ(L‘) +2[[A0](t) = 2[Vul|*(t) + 2(uy, v)(t) + 2(vvy, v)(1) + 2(wwy, v)(t) =0, (18)
%HWIIQU) + 2 Aw|*(t) = 2 Vewl* () + 2(uus, w)(t) + 2(vvz, w)(¢) + 2(wws, w)(t) = 0. (19)

Making use of (14) and the equalities (u?, u,)(t) = (v?,v,)(t) = (w?,w,)(t) = 0, we get

%IluH?(t) + 0l Aul* () + 0 Aul®(t) — (v, u0) () — (w?, ug) () <0, (20
%Ilvllz(t) + 0l Av](t) + 0]l Av[[*(t) — (u?,v,) (1) — (w?, v,)(t) <0, 21)
%Ilwllz(t) + 0l Aw|*(t) + 0l Aw|*(t) — (u®, w:)(t) — (v*,w:)(t) < 0. (22)

Making use of Lemmas 2.4, 3.1, and the Young inequality, we estimate

2 € 2 1 4
I = (v, ug) < illuIH + Z”UHL‘I(D)

IN

€ 1 5/8 3/8 4
Sl + S (01355 ) | A0l Pty + 0l 220

IN

€ 2 5/2 3/2
a2+ 22 (10124 1AV ) + o2 )

IN

€ 4
Sllall? + ZC (ol oyl A0 132 ) + 10l32())
[

€ 4 ||U||2L2(D)
S ol + =G (ol 7y 1AVl F2py + — 22 1 A0]?)

IN

| /\

1
el + 22 (14 =5 ) ooy 180032

IN

€ 1
%IIAUII2 + EClan%?(D)”A'U”2L2(D)v
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where C; = 4C% (1 + a—g) Similarly,
= (e, 0?) £ o |Aul? + il |Auls o),
Iy = (42,0) < |80 + 2Ol ) | Al
I = (2, vy) < | A0 + 2 Clull2a 1w s
Iy = (0, 02) < o[l + 5 Culula | Aul ),
o = (02, 02) < o |Awl? + = Callols o) 1801 0y
Substituting I; — I into (20)—(22), taking 2¢ = 1, making use of Lemma 3.1 and summing the results, we find

Dl + Bl ) + ol + & (1 2l(0) + | A0l2(0) + 1 Aaw]*(1))

o (20 + o) + el (NP (e) + 180 (6) + A1) ) < 0.

By condition (15) of Theorem 3.1,

+[0-
C
0 — = (Ihuol? + lloo|12 + wo2) > 0.

Making use of positivity of the second term in (23) and Lemma 2.6, we obtain
C
0 - f(”uH%ﬁ) + v (t) + ||w||2(t)) >0 fora.e. t>0.
Then (23) becomes

@ (Il ) + ol ) + ol + 5 (18l() + 18020 + [Aw](0)) < 0.

This implies

lull*(®) + [0l* () + lwll* () + g/o <||Au||2(7) + 1 Av]*(r) + IIAwIIQ(T))dT < lluoll® + llvol|* + flwoll*.

On the other hand, by Lemma 3.1, (24) is reduced to the form

L (Il + ol ) + Joll2(0)) + 57 (1 ll2(0) + 10120 + (1)) <.

This implies
a20t

el (8) + ol (8) + w22 < [Jluoll® + oo 2 + wo 2] e~ 7.

Estimate II: u € L=(R*; H2(D) N H (D)) N LA(R+; H4(D) N HL(D)).
Multiply (8) by 2A2u, (9) by 2A%v and (10) by 2A2%w to obtain

%IIAUIIQ(t) + 20 A% (t) + 2/ A%ull ()| Aul| (8) + 2(ue, A%u)(t) + 2(v0, A%u) (1) + 2(wws, A?u)(t) =0,

%Ilﬁvllz(t) + 2] A% (£) + 2| A%|| (1) | Al () + 2(ury, A%0)(E) + 2(vvy, A%0)(E) + 2(wwy, A%v)(t) =0,

%HAwHQ(t) + 2||A2w||%(t) + 2||A%w]| (1) | Aw|| () + 2(uw., A2w)(t) + 2(vv., A%w)(t) + 2(ww., A%w)(t) = 0.

For an arbitrary e > 0, making use of (14) and Lemmas 2.5, 3.1, we can write

(23)

(29)

(25)

(26)

(27)

d 1
$||AUH2(15) +(20 = 3e) | A%ul*(t) < - [SUPUQ(%%Zat)||VU||2(t) +supv®(z,y, 2, 1)[| Vol (1) + Supw2($7y7z,t)||Vw||2(t)}
D D D

< %[Ci(IIA"’UH(t) + Hu||(t)>2HVuH2(t) +c2(la%llt) + ||v\|(t))2

< 190P(0) + €2 (1A% 1) + full (1) [9]2(0)]
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1
< = 22 (1A%l (@) [Vl (8) + A% (1) | Vo] 2(2)
+ 1A% 2@ Vel2(1)) + 202 (lul (1) | Vul (1)
+ eIVl + PO Vul®) - (28)
In a similar way, we obtain
d 1
ZA0](E) + (20 = 36) [ A% (8) < = [202 (|A2PW Vul(8) + A% () Vol (2)
A% Twl?(0)) + 202 (Jlul 2@ Vul*?)
+ IE@IVOPE) + [l 2@ I Vwl®) ], (29)
d 1
ZlAw]2() + (20 = 36) | A%w]2(¢) < — 202 (| A2ul2(0)[Vul2() + [ A%]2(6)][ Vo] (1)
+ 1A% 2@ Vel 21)) + 202 (|l (1) | Vul (1)
+ [ POIVOIEE) + ] 2@ Vel 20)] (30)
Taking € = % and making use of Lemma 3.1, we rewrite (28)—(30) in the form:
i A 2 A 2 A 2 g A2 A2 2 AZ 2 9 A2 AQ 2 AQ 2
S (IaulPe) + 1AvI2@) + [12w[2®) + 5 (1A% (6) + [A%0]2() + [1A2]2()) + 0([A%ul(t) + [A%]2(E) + | A%w]*(?))
12
— 02 [ A%l (8)]| Aul2(2) + | A% 2(2) | Av]2(2) + | A%w]2 )] Aw] ()
1
+ = (Il @ 1A%)20) + [l 1A% + ol 2@ 1A%]2®)] < 0.
Since, by Lemma 3.1, a?||f||> < | Af||?; we can rewrite it in a more convenient form:

D (1l + 18020 + |AwlP(0)) + & (1%l 1) + 122020 + [16%]*(1))

12 1
+ [0 - S+ 2 (IaulP) + [ Av]20) + | Aw]2®)) | [A%ulP(6) + [A%0]2() + | A%]20)| <o. 31)
Condition (16) and Lemma 2.6 guarantee that
. E i 2 2 2 2
o (1+ &4) 2 (Iaul2@) + [ Av[2@) + [Awl*(®)) > 0, t > 0.
Hence, (31) can be rewritten as
d a2
= (haulPe) + 180]2) + 1Awl2®) + S (I18ul@) + [A0)2(0) + [Aw|*®) < 0. (32)
By integrating, we get
JAullP(t) + | Av2() + [ Aw2E) < (11 Auol + [ Avg|2 + | Auwg|2) 20/, (33)

Returning to (32), we find
t
JAul(t) + 1Av](E) + | Aw]2(2) + / (I1A2ul2(r) + 1A%0]2(7) + [|A2w]|?(r) ) dr < C (|| Auol2 + [|Avo |2 + [ Awo2).  (34)
Finally, directly from (8)—(10), we obtain u;, v;, w; € L>(R*; L?(D)).
This completes the proof of the existence part of Theorem 3.1.
Lemma 3.2. A regular solution of Theorem 3.1 is uniquely defined.

Proof. Let uy,v1,w; and us, vo, wo be two distinct solutions to (8)—(13). Denoting p = uy — ug, ¢ = v1 — V2, ¥ = w1 — wWa, We
come to the following system:

pe+ A%+ Ap+ %(u% fug)z + = (v} fvg)m + (w% fwg)z =0, (35)
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1 1
g+ A%+ Ag + E(uf — u%)y + 5(1}% — v%)y + (w% — w%)y =0, (36)
1 1
re + A%+ Ar + i(uf - u%)z + 5(1}% - vg)z + (w% — wg)z =0; 37)
Py =qz, Pz =Tz, 4z = Ty, (38)
plap = qlap = rlap = Aplap = Aqlop = Ar|ap =0, t >0, (39)
p(x7y7za0)ZQ(x7y7z7O):T<x7y7zao):01n D (40)
Multiply (35) by 2p, (36) by 2¢ and (37) by 2r to obtain
d
g\lpHQ(t) + 2] Ap[*(8) = 2Vl *(t) = {ur + u2}p, pa)(t) — ({01 + v2}g, pa) (1) = ({wr + w2 }r, ps)(t) = 0, (41)
d
£\|Q||2(t) +2[Aq|*(t) — 2/IVal?(t) — ({ur + ua}p, gy)(t) — ({v1 + va}q, @) (t) — ({wr + wa}r, q,)(t) = 0, (42)
d
@HTHQ(t) + 2| Ar|2(8) = 2| Vr|2(t) — ({ur + ua}p,m2)(8) — ({o1 + va}g, 72) () — ({wi + wa}r,r2)(t) = 0. (43)

We estimate

1
Slpell? + = ({u? +u} )

I = {u1 +uslp,ps) < 5

IN

€ 1
32 140l + S%p(ﬁ(x,y, z,t) + ud(z,y, 2, 1))||p||?

€ 202
9 1817 + == {{1A%u | + [|A%us || + [lua [2(2) + [lu2|* (O }Ip]*.

IN

Similarly,

2C'

2
= ({1 +v2}a,pa) < o |1 ApI* + —{IA% 0[P + A% + flor [2(®) + [loa 1% () Hlall?,

~ 2a

20?2

Iy = ({wi +wa}r,ps) < o[ Ap|* + 1A% ? + A% || + wnl*(8) + [lwa| @,

~ 2a
202
I = ({ua Jruz}imqy)<*||AQH2 (1A% + 1A% + [lua [*(2) + ual* (O} 2],
2C2
= ({v1 +12}q,qy) < *”AQHZ — {A%01 > + [|A%02 |2 + (o112 (6) + [l2]1*(8) HIall?,
I — < £ Adl? 2703 A2w: |12 A2 2 24 24 2
o = ({wr +wa}r gy) < o [|AG)" + ——{lI A% " + [|A%w2 | + flwi [%(E) + [lwa I () Il
I — <i Arll? ﬁ A2y 12 A2y, |12 24 2(4 2
7= ({wn +uzkp, ) < o A7+ == {[ A% |7 + [| A% | + flua [°(2) + [lu2lI* (@) Il
I« — <iA2ﬁA22A22 2(4 24 2
s = ({vr +v2}g,m2) < oo |AFIE + == (A% " + A7 + [loa|7(2) + [lv2l"(®) Il
202
Iy = ({wy +wa}r,ra) < o ||A I+ == {1 A%wn ] + [ A%ws|[* + fwnl*(£) + sl (O},
Substituting I; — Iy into (41)—(43), we get
d 1 3e C?
%leﬁ(t) +(2- = =) Ap|*(t) < 2= Kllﬁzul\\z(t) + [[A%us|2(t) + [lua|*(£) + IIU2||2(t)) Ipl1?(t)
a a €
(1201 26) + 1820 (0) + [oa|2(2) + o 2(2)) lal2(2)

(142w 20 + 182w (1) + lwr[2(8) + s |2()) I17128)] (44)

1 3¢ C?

Dl + 2~ = = 21agl) < 25 [(18%0]2(0) + 1A% (1) 4+ |2(6) + luall2(0)) ol )



N. A. Larkin / Electron. J. Math. 3 (2022) 1-15 9

+ (18202 (0) + 1A%l P0) + oa|20) + lealP(®) lal2(0)

+ (182120 + 182w 2(2) + wa[22) + w20 I12(0)] (45)
L + @ = A < 2% (182120 + 1A% 20 + fur |20 + ual*®) 120
+ (1A2002(8) + 1420 20 + loa|2(8) + 2l (0)) lal2(2)
- (1A%wn 20 + 1A%l 2(8) + a[2(8) + Jwa|2®) 720 (46)
By taking ¢ = 1, we transform (44)—(46) as follows:
LI+ 120 + 1)) < © (1A% 20 + 18%02(0) + 1A% (1) + 1A% ()

+ [[A%wr [[2(8) + [[A%ws | 2(2) + [ua]* (1) + luz]>(2) + [[o1]*(2)
+ [Joal 2 (8) + [lwa [12(2) + ||w2|\2(t)){\|pll2(t) + llall*@) + 7[> ()}
Since by (34) and Lemma 3.1,
1A% ]2 (), [|A%0: 2 (2), | A%wi]*(2), € L1 (RT)
and
il (8, il (0), llwil*(t) € LHRY), i = 1,2,
hence by (40) and Lemma 2.3,
1) + llall*(#) + [Ir]|(#) = 0 for all ¢ > 0.

Thus,

ul(x’ y)z7 t) = UQ(J:’ y) Z’ t); Ul(x7y’ Z7t) = /UQ(J:’ y) Z’ t); wl('r7 y? Z’ t) = wQ(x’ y7 Z’ t)'

This completes the proof of Lemma 3.2, and consequently, of Theorem 3.1.

O
4. KS system posed on unbounded parallelepipeds
Define
Dx = {(:c,y,z) € Rda T e (O,—FOO), S (07L27)7 KAS (03L3)}7 th = (Ovt) X Daﬁ) Hf||2 = ||f||%2(Dm)
Assertions of Lemma 3.1 are true also for D, provided that
3 on? 1
a, are replaced by a, = Llliniooa = ; f%’ 0, =1-— e
In @, consider the following initial-boundary value problem:
up + A%+ Au+ wuy + vug + ww, = 0, 47)
v+ A%+ Av + Uy + VU, + wwy = 0, (48)
we + A%w + Aw + wu, + vu, + ww, =0, (49)
Uy = Vg, Uy = Wg, Vy = Wy, (50)
ulop, = V|oD, = W|oD, = 6Nu 0D, = HarVloD,
0
= aiN’U)Lst = O7 t> O7 (52)
’LL(SC, Y, z, 0) = Uo(l’, Y, Z)? ’U(l’, Y, z, O) = IUO(:Ca Y, Z)a
w(z,y,2,0) =we(x,y,z) in D,. (53)

where % is an exterior normal derivative on 0D,,.
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Definition 4.1. A triplet
w,v,w € LZ(RY; HA(D,)), Au, A%, A%w e L®(R; L(D,)),

ug, v, wy € L°(RT; L2(D,)) N L*(RT; HZ(D,)

satisfying (561)~(53) and the following identities:

(ut, @) (t) + (Au, Ag)(t) + (Au, ¢)(t) + (uus, 9)(1) + (vvs, 9)(1) + (wwa, ¢)(t) =0, t >0, (54)
(v, 9)(1) + (Av, A)(t) + (Av, @) (t) + (wuy, §) () + (voy, §)(t) + (wwy, §)(t) = 0, £ >0, (55)
(we, #)(t) + (Aw, Ag)(t) + (Aw, §) () + (uuz, 9)(t) + (vuz, 9) () + (ww., )(t) =0, ¢ >0, (56)

where ¢(x,vy) is an arbitrary function from HZ(D,), is a strong solution to the problem (47)~(53).

Theorem 4.1. Let

. 3 2 1
a; = lim azzﬁ,ﬁwzl—f>0. (57)
i—o i

Li—4o0 Ay
Given ug, vo,wo € H*(D,) N HZ(D,,) such that

24
0, > 973/2(”710”2 + [lvoll? + ||w0||2>. (58)

zQx

Then the problem (47)—(52) has a unique strong solution
u,v,w € L®(RY; H3(D,)), A?u, A%v, A?w € L®(R"; L*(D,)),
ug, v, wy € L2(RT; L3(D,)) N L2(RY; H3 (D).

Moreover, u,v,w satisfy the following inequalities:

0, [
Jal6)+ 1ol0) + l0)+ 5 [ (I8ul)+ 180l() + [ 8wl < ol + ol + Jaols 9)
2 2 2 2 2 2 azf.t
Jall()-+ 101) + 1l() < (ol + eol? + ol exp { - 232 (60
2 2 2 2 2 2 az0st
Jrell26) + onl )+ leoe(8) < (Ihuel2(0) + loel2(0) + [ 2(0)) exp{ > }; (61)

O

el (#) + llvel* () + llwel | (2) + */0 (I\Aur||2(T) + | Av, [*(r) + IIAwTII2(T))dT < Jluel®(0) + [[vel|*(0) + wel|*(0).  (62)

2

Proof. Define the space W = H*(D,) N H2(D,,) and let {w;(z,y, z), i € N} be a countable dense set in W. We construct
approximate solutions to (47)—(52) in the form

N(z,y,2,t) = Zgl ywi(x,y,2); v (x,y,2,t) = Zgl Ywi(z,y,2); wh(z,y,2,t) = Zgl Jwi(,y, 2).

The unknown functions g¥(t), g¢7(t), gi(t) satisfy the following initial problems:
d

27wy (1) + (Au, Awy) (t) = (Vu, Va) (8) + (™ ug’, w;) (8) + (07 g ;) (8) + (w™wg, w)) () = 0, (63)
%(vN,wj)(t) + (AN, Awy) (t) = (Vo Vi) () + (N uy,wy) () + (0N vy, wi) (8) + (wwy’,w))(t) =0, (64)
%(wvaj)(t) + (Aw™, Awy)(t) = (Vo V) () + (u el wy) (8) + 0V ol w)) (1) + (wNwl,wy)(t) =0, (65)
97 (0) =955, 97(0) = gg;. 97 (0) =gg;, j=1.2,.... (66)

Estimate I. Dropping indices N, 7, multiply (47) by 2u, (48) by 2v and (49) by 2w to obtain

%HuHQ(t) + 2| Au|2(t) = 2|Vl () + 2(uug, v)(t) + 2(vvs, u)(t) + 2(wws, u)(t) = 0, (67)
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d
1017 @) + 21202 (@) = 2/ Vol (t) + 2(uty, v)(¢) + 2(vvy, v) (1) + 2(wwy, v)(¢) =0, (68)
d
el + 20 Aw|* (@) = 2 Vw[* () + 2(uus, w)(¢) + 2(vv, w)(¢) + 2ww., w)(¢) =0, (69)
Since
(W?,ug) (t) = (v?,0y)(t) = (w?,w:)(t) =0,
we get
d
Sl (@) + Ol Aul (1) + Ol Aul|* (1) — (v, ua) () = (w?, ua) () <0, (70
d
1017 @) + 01 Av[P (@) + O Avl (1) — (u*,0y) (1) = (w?,0,)(t) <0, (71)
d
Zr el () + 01 Aw]* () + Ol Awl*(t) — (w?, w2 )(t) = (v*,w2)(¢) < 0. (72)
Making use of Lemmas 2.2 and 3.1, we estimate
I = (v, ug) < luzlzap,lvllLacp,) vl
< 2o [[o] VAVl 14 Ve |
< 1/4IIUIIHV?JHIIAUII < el Aull* + 3/2HU|| 1A,
€a
Similarly,
Ir = (w?,us) < €| Aul® + 3/2 lwl?[|Aw]?,
€a
Iy = (u?,vy) < | Av[* + 3/2 [lull?[| A%,
€Qy
Iy = (w?,vy) < el Av|* + 3/2 [[w][*| Aw]?,
€a
Iy = (v, w:) < e Awl* + 3/2 [lull?[| A,
€Ay
Is = (v, w.) < e|| Awlf® + ” 3/QHUII 1A,
Substituting I; — I into (70)—(72), choosing 4¢ = 0, and taking into account (53), we get
d 2 2 Hi 2 2 2
= (@) + 102 + o)1) + = (1Al + [ A0] (1) + [ Aw]*®))
(00— s (P + 10120 + ll2@) | (180l + 1 20]2) + | Aw]P@) <0 (73)
© 0l ‘
Making use of (54) and Lemma 2.6, we obtain
d x
D (P e) + 11P(0) + 1l2(0)) + 2 (1 2ul2(0) + [180]2(0) + A1) <0 (74)
This implies
0. ("
[ull® () + [0l (t) + [lwl|* () + 5/0 (IIMII2(T) + [l Av][*(r) + HAwIIQ(T))dT < luoll® + llvol|* + flwoll*. (75)
On the other hand, by Lemma 3.1, (71) can be rewritten as
d 2 2 az0s 2 2 2 <0
lull®() + [[01*(t) + lwll*(2) ) + [[all” (&) + [[oll*(2) + [lw]|*(?) ) <
dt 2
that gives
lll2(6) + Woll2(6) + ol (2) < [Haol12 + ool + fwo 2] et =55, (76)
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Estimate II. Differentiate (47), (48), (49) with respect to ¢, then multiply the results respectively by 2u., 2v;, 2w; to get

%HWHQ(O + 2| A2 (8) = 2l Vue | (t) = 2(ute, wae) (£) + 2006, ae) (8) + 2w, uar) (1), 7
%Ilvtllz(t) + 2[|Avel*(8) = 2] Voe|*(8) = 2(uur, vye) (1) + 2(vve, vye) () + 2(wwr, vye) (B), (78)
%HU&HQ(@ + 2] w2 (8) = 2l Vvel*(t) = 2(uur, wz) (t) + 2(0ve, war) (8) + 2(wwe, war) (1) (79)

Making use of Lemmas 2.2 and 3.1, we estimate

I = 2(uuy, uge ) (8) < 2[|ull (&) [uell L1(ox) O Ve ]| L0, (£)

< a0 |0 [ 40 W 48 A | )

4 4
< 7 Il OIVue | Ol Auel| (1) < el Aug|*(t) + —575 lull* ()| Auel*(£),
Qg Ay €

where € is an arbitrary positive number. Similarly,

4
Iy = 2(vve, uee)(t) < el Aul* () + —75- [0 ()| Ave | (1),
az’' "€

Iy = 2(wwy, ugr) (t) < ef| Auy|*(2) + [l (£)]] Awwe | (2),

3/2
a,gg/ €

4
Iy = 2(uug, vye) (1) < el Ave () + — 75 lull* ()1 A |2 (1),
az’ "€

4
Is = 2(vve, vye) (8) < el Ave|*(t) + —75- [llP @)l Avel* (1),
ay "€
4
Is = 2(wwy, vye) (1) < el Ave|*(t) + —575- [wl® (@) Awe (1),
ay "€
4
Iy = 2(uuy, w2) (1) < el Awe|*(t) + — 75 [ull* (6)]| A | (2),
ay "€

4
Is = 2(vvg, w2 (t) < el Awe|*(t) + —75- [0]* ()| Ave|* (1),
ay "€

4
Iy = 2(wwp, we)(t) < €| Awg]|*(t) + 373 [[wl][* ()| Aw||*(2).
az "€

Taking into account that
2[| Aug|2(t) = 2[[ Ve |[2(2) > 260 || A |*(2),
2[| Ave|*(8) = 2 Vuel* (1) > 26 (| Av|*(t),
2[|Aw|*(t) — 2[[ Ve | (2) > 26| Awe (),

and choosing 6¢ = 6,., we get

D (elP0) + oelP(0) + Tooll2(0)) + % (Nl P(0) + AP (0) + | A1)

+

0. - 3/2 -l <>+||v2<t>+||w2<t>)] (18eal2(t) + 1 Awe2(2) + [ Awel (@) < 0. (80)

Taking into account (53), (54), we obtain

d

e 268) + ool + Twnl20) + 22 (1Al 20 + | Av 2(0) + | Awn () < 0. (81)
dt 2

By making use of Lemma 3.1, this can be rewritten as

a6,
D (el + o) + P9 + 2% (JuelP(0) + oel6) + el 2(8)) < 0. (82)
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Consequently,

ol (0) TP+ el (0) < (1P + o) + o P0) exp (=225 ). (53)

Returning to (78), we find that

el (8) + llwel*(£) + llwe ] |* () + %/ (HAUTII2(7) + 1 Av, *(r) + IIAwTIIQ(T))dT < Jluel®(0) + [[vel|*(0) + wel|*(0). - (84)
0

Here,
[[uel*(0) < C(lluollw)s [lve*(0) < Clllvollw), [lwel|*(0) < C(flwollw)-

Jointly, (72) and (81) imply that
u,v,w € L=¥(RY; H3(D,)),
ug, v, wy € L°(RT; L2(D,)) N L*(RT; H3(D,)). (85)

These inequalities guarantee the existence of strong solutions to (47)—(52), u(x, y, z,t),v(z,y, z,t), w(zx, y, z, t) satisfying (82)
and the following identities:

(ue, #)(t) + (Au, Ad)(t) + (Au, ¢)(t) + (vug, )(t) + (Vva, §)(t) + (wwe, §)(t) =0, ¢ > 0, (86)
(ve, @) (1) + (Av, Ag)(t) + (Av, 9)(t) + (uuy, §)(1) + (voy, §)(1) + (wwy, ¢)(t) = 0, t > 0, (87
(wi, 9)(t) + (Aw, Ag)(t) + (Aw, §)(t) + (uuz, §)(t) + (vvz, §)(t) + (ww2, 9)(¢) = 0, ¢ >0, (88)

where ¢(z,y) is an arbitrary function from HZ(D,).
We can rewrite (83)—(85) in the form

(Au, A)(t) = —(up + Au + vy + Vv, + wwy, ¢)(t)
(Av, Ag)(t) = —(ve + Av + uuy + vuy, + wwy, 9)(t),
(Aw, Ag)(t) = —(wy + Aw + uu, + vv, + ww,, P)(t).

It follows from here and (82) that
A?u, A*v, A?w € L®(RT; L*(D,)).

These jointly with (79) prove the existence part of Theorem 4.1.
Lemma 4.1. A strong solution of Theorem 4.1 is uniquely defined.

Proof. Let uy,v1,w; and us, v, wo be two distinct solutions to (47)—(52). Denoting p = uy — us, ¢ = v1 —vg, 7 = w1 — wo and
acting as by the proof of Lemma 3.2, we come to the following system:

S+ 21 AP0 = 2190 — (s +uadp o) (1) = (or + e} p)(O) — (s +wsbrp) () =0, (89)
S0+ 218q12(0) = 21720 = (s + w2}, 6)(0) = (or + 2o a)(0) = (Qwn + b)) =0, 90
S+ 21120 — 2V = (o + uakpra)0) = ({or + e} r) ) — ({wn +wadrr) (@) =0 @D
Py = Qo> Pz = Ty = = TWy, (92)
plon = dlop = rlan = acplan = macalon = acrlon =0, £> 0, 09
p(z,y,2,0) =q(z,y,2,0) =r(z,y,2,0) = 0. (94)

We estimate

I = ({u1 +u2}p, p2) < Ip2llpao,) Pl lur + valla(p,)

< 4llpa 1MV pa P Ipllllur + sl 41V (ur + ) |
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4 4
< WHPHHAPH”V(M +ug)|| < i

C
< ellapl? + = (IVuill? + [ Vuzl?) o]
Similarly,

C
I = ({or +v2}a.2) < el A9l + 2 (190 + V2l ]
_ 2, C 2 2 2
I = ({fwy +w2lr.pe) < el Apl2 + = (Vw2 + [V I,
C
L = ({ur + u2}p.a) < el Aql? + = (IIVer]|® + [ Vol ) )%
C
Is = ({vr + va}a.q,) < el Aql* + (Vo] + V02 ) ).
_ 2 c 2 2 2
o = ({wr + wolr.a,) < e Al + = (I Vwn | + [ Vel P,
c
o= (un -+ waprs) < el arl? + = (19wl + 9 )”) o],
c
Iy = ({1 +v2}g,2) < el Ar2 + 2 (1902 + [ Vel ],

C
I = ({fwy +wolrv2) < el Arf2 + Z (Vw2 + [V |?) )]

Substituting I; — Iy into (86)—(88) and taking 6¢ = 6,,, we come to the following inequality:

L (oI + 1al20) + 17120 < (Il + [ Vual2(0) + [ Voal(6) + 1 90al2(0) + [V [20) + |9 (1))

< {llplI* () + llall*(®) + lIr[1* ()}

Making use of (82) and Lemma 3.1, we get

IV l*(8) + [Vl () + [ Vor 2 () + Vo2l (8) + [V [7(8) + [Vwa|*(2) € LHRT).

Also, by Lemma 2.3,
IplI*(#) + llall*(#) + [|Ir[|(t) = 0 for all ¢ > 0.

Hence,

ul(x’ y)z7 t) = u2(x’ y? Z’ t); ,Ul(a:7y’ Z7t) = UQ(J:’ y)z7 t); w2(‘r7 y? Z’ t) = wQ(x’ y? Z’ t)'

This completes the proof of Lemma 4.1 and consequently of Theorem 4.1.

Il AP (V]| + [IVuzl))

O

Results similar to the ones presented in Theorem 4.1, can be established for the Kuramoto-Sivashinsky system (47)—(50)

posed on unbounded parallelepipeds D,, and D, where
D, = {(z,y,2) € R? z € (0,L), y € (0,+00), 2 € (0, L3)},

DZ = {(w,y,z) € R?); T e (O7L1)7 JBS (OaL2>)a kAS (07+OO)}

Assertions of Lemma 3.1 are true also for D, provided that

2 1

0 laced b, = i = 9 =1-— —

a, d are replaced by a, L a i;gL?, y a

and for D, provided that
3. .2

s 1

0 laced by a, = i = —,0,=1— —.

a, 0 are replaced by a L;}rriooa ZL2 o

=2 !
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5. Conclusions

This work is concerned with the formulation and solvability of initial-boundary value problems for the three-dimensional
Kuramoto-Sivashinsky system (8)—(11) posed on smooth bounded domains and on unbounded parallelepipeds parallel to
the principal axes 0X,0Y,0Z. Theorem 3.1 contains results on the existence and uniqueness of global regular solutions as
well as exponential decay of the H?(D)-norm, where D is a smooth bounded 3D domain. We define a set of admissible
domains, where destabilizing effects of terms Au, Av, Aw are damped by dissipativity of A?u, A%2v, A2w due to condition
(14). This set contains “thin domains” (see [10,17]), where some dimensions of D are small while others may be arbitrary
large. The limiting cases of “thin domains” are unbounded parallelepipeds and they are presented in Section 4, where the
existence and uniqueness of global strong solutions as well as exponential decay of the L?-norms are also established. Since
the initial-boundary value problems studied in this paper do not admit the a priori estimate independent of ¢, u, v, w, in
order to prove the existence of global regular solutions, we put conditions (15) connecting geometrical properties of D with
initial data wug,vg, wo. Additionally, condition (16) guarantees exponential decay of the H?(D)-norm. Moreover, Theorem
3.1 provides a “smoothing effect”: initial data ug, v, wg € H?(D) N Hg (D) imply that u, v, w € L?(R'H*(D)).
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