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Abstract

As there is a paucity of cubic Fibonacci and Lucas identities in the existing literature, this paper is devoted to evaluating
some cubic binomial Fibonacci and Lucas sums.
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1. Introduction
The Fibonacci numbers, F};, and the Lucas numbers, L;, are defined, for j € Z, through the following recurrence relations:
Fj = Fj,1 + Fj727(j >2), Fy=0,F=1

and
Li=Lj 1+L;j_5,(>2), Ly=2L =1,
with
F_ ;= (-1)"'F;, L_;=(-1)L;.
Details about the Fibonacci and Lucas numbers can be found in the excellent books written by Koshy [2] and Vajda [6].
Throughout this paper, we denote the golden ratio, (1 +1/5)/2, by a and write

1-+5 1
5 = D) =
(0%
so that a8 = —1 and «a + 8 = 1. Explicit formulas (Binet formulas) for the Fibonacci and Lucas numbers in terms of o and
[ are given as _ _
ol — 37 , P
j:T—B’ Lj:aj+,8], ]GZ

Nagy et al. [4] noted that there is a dearth of cubic Fibonacci and Lucas identities in the existing literature. Some
cubic Fibonacci identities with binomial coefficients were derived recently by Kronenburg [3]. The main goal of the present
paper is to evaluate the following sums:

n n n
n n n
E (k>F]§+s7 § (_1)k<k)F/?+a7 E Qk(k)F]§+sv
k=0

k=0 k=0
n n o n n n n o
S ([t S0t ()t 3 () e,

lns2) [n/2] n
3 3
> () X (") e

k=0 k=1

and the corresponding series involving Lucas numbers, for any non-negative integer n and for any integer s.
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2. Prerequisite identities for the main results

In this section, some results that are needed for proving the main results (presented in Section 3) are given.

Lemma 2.1. For a real or complex number z, assume that a given well-behaved function h(z) have, in its domain, the

representation h(z) =y ;2 g(k )27 %) where f(k) and g(k) are given real sequences and ¢, cy € [—00,00]. Let j be an integer.

Then,
ézg(k) AdBOFm = T f: <z)h (ﬁija(m_i)jz)7
i gk B Lm = Zm: <Z”>h (g‘a‘a(mfi)jz)_
k=c1 1=0
Proof. We have
gl g(k)z! B FT o = ki:lg(k k) (ajf(kzx;g)ﬁif(k))m
_ (\/é)m kg k)Z (2) BiFT () o (m =i ()
_ (\/%)m io (1)1‘(”;) kz g(k) (gija<m—i>jz)f<k>
- : 0 (e (et

The proof of (L) is similar.

Since fa™ ™" = (—1)'a™~ 2 identities (F') and (L) can also be written as

55 om0 = 5oy (D) (),

k=cy =0
= m - m ij . (m—21)7
> (k) BL ) = <Z>h ((—1) Tg(m=2 )32).
k=c1 =0

(F)

(L)

(F")

(L)

Lemma 2.2. For the non-negative integers m and n, the integers j, r and s, and the real or complex numbers x and z, the

following identities hold:

— (1 . Lk pm R . CiGs+D) (VY (m—2i)js i (m=23)gr \ "
Z(zc)x e = (g 2 Y i)° (+ (1 :)

k=0 =0

(Z) mnikszﬁrk-i-s) _ E (_1)zjs (T) a(m72z)js <£C + (_1)11ra(m72z)jrz> )
k=0

=0

Proof. Consider the binomial identity

n

h(z) =) g(k)=!®) = 2*(z + 2",

k=0

where

Fk)=rk+s, g(k)= (Z)x"—’f.

Thus,
h ((71)ija(m72i)jz) _ (71)ijsa(m72i)jszs(m i (71)ijra(m72i)jrzr)n'

Use of (1) and (2) in identity (F'), with ¢; = 0, co = n, gives

- Ui o . o n
Z (Z) ok ok JTrk—l-s) m Z Z(Js+1) ( Z) (m—2i)js (1, + (_1)Ura(m,21)ﬂ‘zr) 7
k=0 =0

from which identity (BF) follows when we write 2!/ for 2. To prove (BL), use (1) and (2) in identity (L).

(BF)

(BL)

(1)

(2)



K. Adegoke, A. Olatinwo, and S. Ghosh / Electron. J. Math. 2 (2021) 44-51 46

It is sometimes convenient to use the (a vs 3) versions of identities (BF) and (BL):

— (n n—k k pm _ 1 “ i TV pijs  (m—i)js ijr . (m—i)jr " !
g Rk (1)<_)5aa 3 (2 1 gimatm=iir2)", (BF)
];) (k) J(rk+s) (V5)™ ; i ( )
Z (Z) xn—kaL;_r(erJrs) _ Z (Tzn) Bijsa(m—i)js ((E + 5ij7'a(7rL—i)j7'Z) ) (BL/)
k=0 =0

Lemma 2.3 (Hoggatt et al. [1]). For the integers p and q, the following identities hold:
Lpiq — Lya? = —BPF,\/5,
Lpiq — LpB% = aPF\/5,
Fyiq — Fpat = BPF,,
Fpyq— FpB7 = ol Fy.
Lemma 2.4. Let a, b, c and d be rational numbers and \ be an irrational number. Then,
a+A=c+Ad <= a=c¢, b=d.

Lemma 2.5. For the integers p and g,

Lt (C1ya {(—l)paqu\/g7 if p and q have different parity;
+(—1)"a™ =

(—1)Pa?Ly, if p and q have the same parity;

and
(1o (—-1)*"'a4L,, if pand q have different parity;
1-(-1)fa™ =
(-1)P~ta9F,\/5, if pand q have the same parity.
Proof. We have

(71)p+q + (71)170[261 _ ap+qﬁp+q + ap+2qﬂp

= ap+q5p(aq + 5(1) 3)
= (—1)Pa’L,.
Similarly,
(—1)PTe — (=1)Pa?l = (—1)P"'a?F,V/5. 4)
O
Corresponding to (3) and (4), we have
(~1)PH 4 (1% = (1B, ®)
and
(—1)PH0 — (—1)PB% = (~1)?B7F, 5. ®)

Identities (3), (4), (5) and (6) imply
(-1)7+ a2l = ally,
(~1)7 — 0% = ~a"F,V5,
(-1)7 + 6% = L,
(=1)7 = 8% = B1F,V/5.
Lemma 2.6 (Hoggatt et al [1]). For p and q integers,
Lptqg—Lpa? = *Bqu\/ga
Lpyq — LpB? = aqu\/S,
Fpiq — Fpat = B°F,,

Fprq — FpB? = a’Fy.
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Lemma 2.7. The following identies hold:

l—a=p, 1-B=a, 1+a*>=2d> 1+p3°=28° (7

l+a=a% 1+8=p4, 1-0°=-2a, 1-p°=-28, (8)

1—2a=-V5, 1-28=+5, 1+2a°=0a3V5, 1+28%=-3%V5, 9)

2+a=aVh, 2+8=-6V5 2-a*=-V5 2-p3°=1/5 (10)

1+3a=a?V5, 1+438=-8%/5, 1-3a°=-2a%V5 1-38%=28%V5, (11)

3—a=-8V5, 3—-B=aV5, 3+a°=2uV5, 3+3°=-28V5. (12)

Proof. Each identity is obtained by making appropriate substitutions for p and ¢ in the identities given in Lemma 2.6. [

3. Cubic binomial Fibonacci identities

Lemma 3.1. For a non-negative integer n, integers j, r and s, and real or complex numbers x and z, the following identities

hold:
5\/52 (Z) xn_kaFjs(rkJrs) = a3j3(x + agjrz)" - ngs(x + ngqu)n
k=0
_ (—l)jSSOzjs(x + (_1)j7"aj7”z)"

+ (=135 (@ + (-1)7T BT 2)",

> (Z) WL g = 0 (w02 Y (a4 BT 2)"
k=0 F(—1)%3a%% (2 + (—1)"ad"2)"

+ (=1)75387%(z + (—1)I7BIT2)™.
Proof. Set m = 3 in identities (BF') and (BL).

Theorem 3.1. For a non-negative integer n and for any integer s, the following identities hold:

" /n 1.,
Z(k>FI§+s: 5(2 F2n+3s+3Fn—s)7
k=0

n n
Z (k) L%+s = 2nL2n+38 +3L,_s.
k=0

Proof. By settingz =1,z=1,j =1, =11n (F1) and utilizing identity (7), we obtain
= n
Wiy (k> Fpg = 2"(aF20 — B3520) 4 3(a ™" — B77°);
k=0

and hence identity (13). To prove identity (14), use these (z, z, j, ...) values in (L1).
A special case of (13), when s = 0, was obtained by Stanica [5].

Theorem 3.2. For a non-negative integer n and for any integer s,

- n 4 1 non ]
Z (k) (_1)kFI§+s = g((_l) 2" Fy3s — (=1)"3Fons),
k=0

- n
Z (71)16 <k‘> Li‘*‘s = (*1)n2nLn+3s + (*1)S3L2n+sv
k=0

Proof. To prove identity (15), set x =1,z = —1, j = 1, r = 1 in (F'1), noting the identities in (8), to get

5\/5i (—l)k (Z) F]§+S — (_1)n2n(an+3s _ ﬂn+3s) _ 3(_1)s(a2n+s . ﬁ2n+s),
k=0

from which the identity follows. The proof of (16) is similar. Use these values in (L1).

(F1)

(L1)

(13)

(14)

(15)

(16)
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Stanica [5] also found the special case of identity (15) when s = 0.
Theorem 3.3. For a non-negative integer n and for any integer s,
n n/2—1 _(_1\s . ; .
Z (n) 2kF’§+S _ 5 (F3n+3s ( 1) 3FS)7 I’fn s even; (17)
= \k 5"=3)/2(Lag, a5 + (—1)*3Ls) if nis odd,
n ) 57/2(Lan i35 + (—1)*3L), if n is even;
Z<H)2kL‘3 { (Lantss +(—1) ) (18)

P 50t D/2(Fy, 50 — (—1)°3F,) if nis odd.

Proof. The proof of (17) proceeds with the choice j = 1,r =1,z = 1, z = 2 in (F1), employing the set of identities (9), giving

5V 2 () P = (V) (¥ — (18575 - 3(-1)" (VB = (1)),
k=0

from which the identity follows in accordance with the parity of n. The proof of (18) is similar. Use these (z, z, 7, ..

in (L1).

Theorem 3.4. For a non-negative integer n and for any integer s,

Do (=DF

(n) on—k 3 _ 57/2=1((=1)*"13F, 1s + Fs,), if nis even;
K e 5(n=3)/2((=1)*"'8Ly4s — Lss), if nis odd;

zn: (—1)* (n) gn—k 3 57/2((=1)®*3Lyys + Las), if nis even;
k=0 K e 5(nt1/2((=1)*3F, 45 — F3s), ifnisodd.

Proof. The coice v =2,z = —1, j = 1, z = 1 in (F1), noting the set of identities (10) gives
5VEY (<104 ()21, = (V-1 — (C178%) - (V) (-1)°3(a" - (1)),
k=0

from which we get (19). The proof of (20) is similar.

Theorem 3.5. For a non-negative integer n and for any integer s,

>t )ae -

k=0

57271 (2" By i 3s — (—1)°3Fsnys), if nis even;
—5(=3)/2(9n Lo o+ (=1)3Lanys), if nisodd;

Xn: (—1)* (") 3FL3, . = { 52(2"Lopyas + (—1)°3Lanys), if nis even;

k=0 k _5(7L+1)/2<27LF271+35 - (_1)83F2n+s)7 lfn is odd.

Proof. Choose x =1, z=—-3,j=1,r =1in (F1). This gives, with the use of the identities in (11),

5\/52 (71)19 <Z> 3kFI§+s — (\/g)n(il)n2n(a2n+35 . (71)nﬁ2n+33) o (\/5)”(—1)53(012”+8 o (71)nﬂ2n+s).
k=0

Identity (21) now follows. The proof of (22) is similar.
Theorem 3.6. For a non-negative integer n and for any integer s,

n
Z (k 5(n=3)/2(9" [, s, +3L,_,), ifnisodd;

n n/2—1(9n . . .
>3nkff+s—»{ g (2" Fryss +3Fn—s), if nis even;
k=0

i (n> qn—k 3 { 5"/2(2"Ly135 + 3Ln—s), if nis even;

—\k P 50290 By sy + 3F,_),  ifnis odd.

Proof. Setx=3,z=1,j=1=rin (F1) and use the set of identities in (12) to obtain
26 (Z) B R = (VB)"2 (@ (<1)" ) 4 (VB)"3 (e — (1)),
k=0

from which (23) follows. The proof of (24) is similar. Use the same (z, z, . ..) values in (L1).

.) values

O

(19)

(20)

(21)

(22)

(23)

(24)
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Lemma 3.2. For a non-negative integer n, integers j, r and s and real or complex z,

[n/2]
5\/5 9 n ZQkF?) :a?)js 1+a3jrzn+a3js 1_a3jr2n_ﬁ3js 1+B3jrzn_ﬁ3js 1_63jrzn
2% (2rk+s)
k=0

J
L o o o (F2)
— (=1)7%a®3(1 4+ (=1)"a’"2)" — (—=1)7°a?*3(1 — (=1)""a"2)"
23 (2k) KL oy = 09 (14 0997 2)" - 099°(1— 0¥ 2)" 4 B (14 B ) 4 B — 5T
k=0
o o o o (L2)
+ (=1)7%a?°3(1 4+ (=1)""a?"2)" + (—=1)°a?*3(1 — (—=1)""a?"2)"
+ (_l)stjs?)(l 4 (_1)jr6jr2)n + (—l)jsﬁjs?)(l _ (_1)]'7"6]'7“2)7;’
[n/2] n
2k—1 13
5v5 Z 2(% _ 1)2 Filarkts)
k=1
_ aSj(r+s)(1 + a3jrz)n o aSj(rJrs)(l _ a3jrz)n . 63j(r+8)(1 + 53jrz)n + ﬂBj(r+s)(1 _ ﬁSsz)n (F3)
_ (fl)j(r+8)aj(r+5)3(1 + (1)) + (,1)j(r+s)aj(r+s)3(1 — (1))
+ (1) BTN  (S1)7 AT )" = (1) TR (<) R
[n/2] n
2%k—173
2 Z (2]€ _ 1>Z Lj(2rk+s)
k=1
_ a3j(r+s)(1 + a3jrz)n . a3j(r+s)(1 _ aSer)n + /B3j(7‘+8)(1 + ﬂSer)n _ 63j(r+s)(1 o ﬂ?)j’l"z)n (L3)
+ (fl)j(r+8)aa‘(r+8)3(1 + (1)) — (,1)j(r+s)aj(r+s)3(1 — (=1l Z)"
+ (LTI BTN 4 (“1)7FT )" = (1) TR (— )R
Proof. In the identities
[n/2]
_ n 2rk+s __ _s r\n s \Nn
hl(z)—ZZ(Qk)z =z2(1+2")"+2°1-2")",
k=0
[n/2] n
identify
gk) = 2(2’;) F) =2rk+s, =0, c=[n/2], h(z)=2"(1+2)" +2°(1— )",
and use these in (F) and (L) to obtain (F2) and (L2).
Similarly, use of
g(k) = 2<2kn 1), flky=2rk+s, c=1, ca=[n/2], h(z)=2°(14+2")"—-2°(1-2")",
in (F) and (L) gives (F3) and (L3). O
Theorem 3.7. For a non-negative integer n and for any integer s,
[n/2] n ‘
10 Y (53 )FBhes =2 (Fansa + (1" Fryan) = 31 (P = (=1)°F), 25)
k=0

[n/2]
n .
2 Z (2k> L3iis = 2" (Lantss + (—1)"Lnss) + 3(—1)° (Langs + (—1)° L ). (26)
k=0
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Proof. The choice of z =1 = j = r in (F2) gives
[n/2] n
n 2n+3s 2n+3s non n+3s n+3s
108 3 (1) Fls = 27020 = 91050 1 (2 a0 )
4 3(_1)5(53an o aan) o 3(_1)s(a2n+s _ ﬁ2n+s);
from which identity (25) follows. The proof of (26) is similar; use z = 1 = 7 = r in (L2). O
Corollary 3.1. For a non-negative integer n and for any integer s,
m A" L Fyniss — (=1)*3F,1sLan, if nis even;
03 () = it
o 4"F, Laptss — (—1)°3L,, 4 s F5,, if nisodd;
"/ A" Ly Lapass + (—1)*3L, s L3pn, if nis even;
2;0 < k) L3y = { 27

2 5(4"F, Fypyss + (—1)°3F, 1 s F3y,), if nisodd.

Proof. Write 2n for n in each of the identities (25) and (26). Simplification is achieved by the use of the following well-known

Fibonacci identities which are valid for any two integers v and v having the same parity:
Fu+ (=1)""2F, = Lyv) 2 Flutv) /25
Fy— (1) 2F, = Fi_y) 2 Liutv) 25
Ly + (=121, = Ly j2L(utv) 2,

L, — (_1)(u_v)/2Lv = 5F(u7v)/2F(u+v)/2-

Corollary 3.2. For a non-negative integer n,

9 — 1 22n=1 _3Fy, 1L, 1L,, ifniseven;
=\ 2k (227=1 — 3)5Fy, 1F, 1F,, ifnisodd,;

n 4™ 4+ 3)L,, L3y, if niseven;
= \2k (4" + 3)5F, Fs,, ifnisodd.
Proof. To prove (32), write 2n — 1 for n in (25) and set s = 0. To prove (33), set s = 0 in identity (27).

Theorem 3.8. For a non-negative integer n and for any integer s,

[n/2]
n S
10 ; <2k N 1) F23k+s = 2n(F2n+3s+3 - (_1)nFn+38+3> - (_1)( 3(F2n+s+1 - (_1)3Fn7871)7

[n/2]
n n n S S
23 (5" ) Bhirs = 2" Eansaesa = ()" Lusansa) + (178 (Laneass + (1) Loeca)

Proof. Set z =1 = j = r in identity (F3) to obtain
10V5 MZ/%] ( n )F3 — on(Q2nHBs 3 | gInasst3)  ((yngn(gnt3std | gnidstd)
2 \ok -1 2k+s
+ (_1)s+13(a2n+s+1 . /82n+s+1) + (_1)5+13(a71ﬂs+1 . as—‘—lﬁn);
from which identity (34) follows. The proof of (35) is similar.
Corollary 3.3. For a non-negative integer n and for any integer s, the following identities hold:
n { A" Fy Lan i3s3 — (—1)*3Lngs11F3,, if nis even;

2n .
o (2 ok
kzz:l 2k —1 4" Ly F3n 13543 — (—1)*3F 01 s11L3n, if nis odd;

- 2n 3 5(4"FF3n 43543 + (—1)°3F, 1 s41F3,), if nis even;
1

p A" Ly Lany3s+3 + (=1)°3Lnysy1L3n, if nisodd.

(28)
(29)
(30)
(31)

O

(32)

(33)

(34)

(35)
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Proof. Write 2n for n in each of the identities (34) and (35), and make use of identities (28) — (31). O

Corollary 3.4. For a non-negative integer n, the following identities hold:

" z": <2n _ 1) 3 (221 4 3)5Fy, 1 F,_1F,, ifniseven;
= \2k—1) 2| (@20 4 )Py, Ly 1L, ifnis odd;

- 2n 3
2; (% . 1)L2k1 =

{ (4" — 3)5F, Fs,,, if n is even;
k=1

(4™ —3)LyLsy,, ifnisodd.
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