Electronic Journal of Mathematics Electron. J. Math. 2 (2021) 15-25
www.shahindp.com/locate/ejm DOI: 10.47443/ejm.2021.0021

Research Article

Positive solutions with exponential decay for a singular semipositone Fisher-like equation

Abdelhamid Benmezai'-*, Nadir Benkaci-Ali?

I National Higher School of Mathematics, Sidi Abdallah, Algiers, Algeria
2Faculty of Sciences, University of M' hmed Bouguerra, Boumerdes, Algeria

(Received: 17 November 2021. Received in revised form: 20 December 2021. Accepted: 22 December 2021. Published online: 25 December 2021.)

(© 2021 the authors. This is an open access article under the CC BY (International 4.0) license (www.creativecommons.org/licenses/by/4.0/).

Abstract

This paper is concerned with the existence of positive solutions to the boundary value problem:
—u” 4+ cu' + du= f(t,u(t)), t € R,
lim:— — oo eklt‘u(t) = lim¢— 400 e”tlu(t) =0,

where )\ and c are positive constants, k,l € R, and f : R x (0,+00) — R is a continuous function. The main existence result
is proved by means of Guo-Krasnoselskii’s fixed point theorem.
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1. Introduction

In this article, we deal with the existence of positive solutions to the boundary value problem (BVP for short):

—u" 4+ cu' + = f(t,u), t € R,
{ 1

limy oo eFtlu(t) = limy_, o0 e!lflu(t) = 0,

where )\ and c are positive constants, &,/ € R, and f : R x (0,+00) — R is a continuous function. By a positive solution to
the BVP (1), we mean a function u € C?(R) satisfying the ordinary differential equation in (1) such that u(¢) > 0 for all
t € Rand lim;_, o e¥tlu(t) = lim;_, 1o el!lu(t) = 0. Notice that if the constants & and I are positive, then by the boundary
conditions in (1) we mean that we look for solutions having an exponential decay at +oc.

The positivity of the solution u is required here since the BVP (1) arises in the modeling of the propagation of wave
fronts in combustion theory and epidemiology (see [2,9]), where u stands for a concentration or a density. The positive
constants ¢ and \ refer to the wave speed of the front and the removal rate, respectively. The case where the BVP (1) is
autonomous, that is f(¢,u) = f(u) with f having a prescribed form, corresponds to the classical Fisher’s equation.

There are many papers in the literature considering the case of the BVP (1) posed on the half-line, see [1,4-6,10-12]
and references therein. However, to the best of authors’ knowledge, there is no paper in the literature considering the
singular semipositone case posed on the whole real line. Thus, the purpose of the present paper is to fill this gap.

Throughout this paper, we assume that

there exists a continuous function ¢ : R — R*such that fj;o 1 (s)q(s)ds < o0,
hm\t|%oo p(t)q(t) =0and (2)
f(t,u)+q(t) >0forallt € R and all u > 0,

and
for all p > 0 there exist functions w,, ¥, : (0,4+00) — (0, +00) such that ¥, is nonincreasing,
]

[, %) < w,(t)¥, (w) forallt € Rand w € (0, p],
limy e g (B)p (), (17(8)) = limy s 04 (p ()0, (r7(1)) = 0 and

S8 (s)w, (s) W, (ry(s)) ds < oo for all r € (0, ],

3

*Corresponding author (aehbenmezai@gmail.com).

& Shahin


www.shahindp.com/locate/ejm
www.creativecommons.org/licenses/by/4.0/
mailto:aehbenmezai@gmail.com

A. Benmezai and N. Benkaci-Ali / Electron. J. Math. 2 (2021) 15-25 16

where
() = el
q—(t) = max (p(t), e*!!l) = exp (max(k, —r2) [t]) ,
¢+ (1) = max (p(t), €M) = exp (max(l, —r2) |#])
7(t) = min(e?72t, e(r1=r2)t),
76 = 2 = min (e, ),

5 (t) = min (e7"t e7"2!) = (max (e™?, e”t))_1 ,
n (t) = max (e” "1t e "2t

r, and ry are the solutions of the characteristic equation —X2 4+ ¢cX + A = 0 with r; < 0 < r,.

Remark 1.1. Notice that in the case where k,1 > 0, we have
g-(t) = "', g () = &M

and so
lim e, (1) U, (ry(t) = lim eMw, (£) T, (ry(t)) =0

t——o0 t——+oo

implies that
+oo
/ d(s)w, (s) ¥, (ry(s))ds < oo.

— 00

In such a situation Hypothesis (3) can be relaxed to

for all p > 0 there exist functions w,, ¥, : (0,400) — (0, +00)

such that VU, is nonincreasing,

‘f(t, ﬁ)‘ <w, ()W, (w) forall t € Rand all w € (0, )],

limy oo €¥ltlw, (£) U, (ry(t)) = limy—s o0 etlw, (1) T, (ry(t)) = 0 for all v € (0, p] .
Remark 1.2. Hypothesis (3) cover the case of the BVP (1) where the nonlinearity f satisfies the polynomial growth condition
|f(t,w)] < alt) + b(t)u”
where 0 > 1 and a,b € C (R) are such that

lim_q_(Na(t) = lim g (Da(t) = lim_q_(b(t) (p(t) " = lim_qr(t)b(2) (p(t) 7 =0,

t——o0 t——+o0 t——o0 t—+oo

+oo
/_ d(s)a(s)ds < oo
and

+oo
/ 5 (5)b(s) (p(s)) 7 ds < cc.

To see this, one has to take
w, (t) = max (a(t), b(t) (p(t))*”) for all p > 0.

Notice that satisfying Hypothesis (3), the nonlinearity f may exhibit singular at v« = 0. It is well known that the BVP
(1) is called positone if ¢(¢) = 0 for all ¢ € R , and semipositone if ¢(tg) > 0 for some ¢, € R. Study of existence of positive
solutions for semipositone BVPs still attract the attention of many researchers (see for instance, [7, 8] and references
therein).

Our approach in this work is based on a fixed point formulation and we will use the Guo-Krasnoselskii’s fixed point
theorem. So, let us present some basic background related to this principle.

Let (E,||.||) be a real Banach space. A nonempty closed convex subset C of E is said to be a cone in Eif CN(—C) = {0g}
and tC C C for all ¢t > 0.

Let Q2 be a nonempty subset in F. A mapping A : Q — FE is said to be compact if it is continuous and A (2) is relatively
compact in F.
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The main tool of this work is the following Guo-Krasnoselskii’s fixed point theorem.
Theorem 1.1. Let P be a cone in E and let O, be bounded open subsets of E with 0 € Q1 and Oy C Q. If
T:PN(Q\Q) =P
is a compact mapping such that either:
1 ||Tul|| < |lull for w e PN Oy and ||Tu| > ||ul| for u € P N O, or
2. |Tu| > ||u|| for w € PN OQ; and || Tu|| < ||ull for u € PN 0N,
Then T has at least one fixed point in PN (Q2 \ Q).
The paper is organized as follows. The next section is devoted to the fixed point formulation of the BVP (1). In Section

3, we present the main existence result of this paper. We end the paper by giving an illustrative example.

2. Fixed point formulation

We start this section by the following important lemma. It will propose a cone in a specific functional Banach space,
favorable to the use of Theorem 1.1. Let G : R x R — R™ be the function defined by

1 exp(ri(t — s)), if s <,
re =711 | exp(ra(t —s)), ift <s.

G(t,s) =

Lemma 2.1. The function G has the following properties:

1). 0 < G(t,s) L_forallt,seR.

— Tr2—T1

(ii). For all t,T,s € R, the following inequality holds
p(t)G(t,s) = (1) p(T)G(7,s).

(iii). Let h : R — R be a measurable function. If §h € L' (R) then for all t € R, the following inequality holds
+o0 1 +oo
< —— .
N G(t,s)h(s)ds < =)o@ /_Oo d(s)h(s)ds

Proof. Part (i) is obvious. For proving Part (ii), we distinguish four cases. Set Q(¢, 7, s) = p((tigit"s))
P\T T,S8
Case (a). 7,t > 0. In this case, we have

exp (— (ro —r)t+ (rg —r1)7) > e 27t if s <7 <t

exp(— (re —r)t+ (ro — 1) s) > e” (et if 7 < s <t

1,ifr<t<s,

Q(t,T,S) -
exp (— (rg —ri)t+ (ro — 7)) 7) > e~ (27t if s <t <7,

exp((rg — 7)) 7 — (ra —11)8) > 1, ift < s <7,

1,ift<7<s

ThuS, Q(t7 T7 S) Z ’Y(t)
Case (b). 7,¢t < 0. In this case, we have

exp ((ro +7r1)t — (ro +71) 1) > (2t if s <7 < ¢,
exp (= (rg — 1)t —2rom + (rg — 1) 8) > e~ (27t if 7 < 5 < t,

(
(
Qt,7.5) = exp (2rot — 2reT) > et ifr <t <s,
exp ((rg +71)t — (ro +11)7) > elr2tm)t if g <t <7,
(
(

exp (2rat — (ro +71) 7 — (ro — 1) 8) > 22t ift <s <7,

exp (2rot — 2ro7) > €272 ift <7 < s
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Hence, Q(t,7,s) > v(t).
Case (¢). 7 <0,t > 0. In this case, we have
exp(—(rg =)t — (ro+1r)7) > e (27mt if s <7 <t
Q(t,7,8) =< exp(—(ro — 1)t —2roT + (19 —71) 5) > e (27Tt if 1 <5<t
exp (—2ro7) > 1, if 7 <t <,
Therefore, Q(t,7,s) > ().
Case (d). 7 > 0, t < 0. In this case, we have

exp ((ro +r1)t+ (ro —r) 1) > elr2tmt if s <t <7,
Q(t,7,8) = exp(2rat + (ro —r1) 7 — (rp —71) s) > 2™t ift <s <7,
exp (2rat), ift <7 <'s
Thus, Q(t,7,s) > ~(¢). Finally, we prove Part (iii). Let » : R — R* be a function such that 6k € L' (R). For all ¢ > 0 (the

case t < 0 is obtained similarly) we have

“+o0 0 t 400
(ro — rl)/ G(t,s)h(s)ds = e”t/ e " h(s)ds + e”t/ e " h(s)ds + e”t/ e "%h(s)ds
0 t

— 00

400 t
— “t/ §(s ds—&—e”t/ 5(S)h(8)d8+€ht/ el727%6 (s) h (s) ds
t

0

ge”t/w(s( s)h(s )ds+e”t/:OO5(s)h(s)dere”t/Oté(s)h(s)ds

+o0 +oo
< max ("', e"?") / d(s)h(s)ds = ﬁ / 5 (s)h(s)ds.

— 00 — 00

This completes the proof. O

It is well known that the use of Theorem 1.1 requires the positivity. Since the nonlinearity f is not positive, we will
make on the BVP (1) a translation v = u + ¢ where the associated modified problem has a positive nonlinearity. The
following lemma provides such a function ¢.

Lemma 2.2. Assume that Hypothesis (2) holds and let ¢ be the function defined by

+oo
o(t) = / G(t,s)q(s)ds for all t € R.

Then

Proof. For all t > 0, we have

() ro—m ert ert

s)ds +

IN

o — 11 oo erit

7‘1t —rla s erzt +°°efr28 s)ds
é(1) < I ds e ), 4 >d>

/+o<> e’!‘gte(’l‘l—’!‘z)t L"“X’ e_”sq(s)ds>

+oo
<o)L
ro —T1 fe'e)
Similarly, for all ¢ < 0 we have
gb(t) Tlte(’r’Q ’I“l)t e ef’l"zsq(s)ds /+oo o
= < 28 d
50 o T e
T
T2 —T1 0

This completes the proof. O
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The functional framework in which we will solve the BVP (1) consists in the following Banach space E and the cone P
given below and suggested by Lemma 2.1. In the remaining part of this paper, let F be the linear space defined by

[t|—o0

E= {u € C(R,R): lim p(t)u(t) = 0} .

Equipped with the norm ||-||, where for u € E ||u|| = sup,cp (p(t) [u(t)|), E becomes a Banach space. The subset P of E given
by
P={u€ E:u(t)>7(t)|ul forallt e R}

is a cone of E.
The following lemma is an adapted version to the case of the linear space E of Corduneanu’s compactness criterion
(see [3], p. 62). This lemma will be used to prove that the operator in the fixed point formulation of the BVP (1) is compact.

Lemma 2.3. A nonempty subset M of FE is relatively compact if the following conditions hold:
(a) M is bounded in E,
(b) the set {u : u(t) = p(t)x(t), x € M} is locally equicontinuous on R, and
(c) the set {u: u(t) = p(t)x(t), z € M} is equiconvergent at +occ.

Lemma 2.4. Assume that Hypotheses (2) and (3) hold k < —ry and | < ro. Then for all real numbers r and Rwith R > r > ¢*
there exists a compact operator T, g : P, rp — P, where P.p = PN (E(O, R) \ (B(0,7)) such that if v is a fixed point of T, g
then u = v — ¢ is a positive solution to the BVP (1).

Proof. Let r, R be real numbers such that R > r > ¢* and let ® be the function defined by
D(s) =wr (s) Yr ((r—¢7)(s)),
where wr and Ui are the functions given by Hypothesis (3) for p = R and notice that for all u € P, p and all ¢ € R, we have
[t u(t) = ¢ (1) +q(t) < () +q(t).

The proof is divided into three steps.

Step 1. In this step we prove the existence of the operator 7, p. To this aim let u € P, g, for all ¢t € R we have from Assertion
(iii) in Lemma 2.1 and Hypothesis (3),

+o0 +oo
3 G(t,s) (f(s,u(s) — ¢ (s)) +q(s)) ds < 3 G(t,s) (P (s) +q(s))ds
1 oo
< 7(7"2 =5 @ /_OO 0(s) (P (s) 4+ q(s))ds < 0.

Thus, let v be the function defined by

—+oo

o) = [ Glt,s) (f(s.uls) — 6 (s)) +q(s)) ds.

Clealy, v is continuous on R and v(¢) > 0 for all t € R. Moreover, we have

1

p(t)v(t) < (ra—11)

(J1(t) + Ja(t)) ,

where .
oo € (@ (s) +q(s))ds
exp (rg [t| — 7r1t)

S, e (@ (5) + a(s)) ds
exp (rg [t| — rat)

Ji(t) = and Jy(t) =

Since for ¢ <0,
t
D) < / 5(s) (@ (s) + q(s)) ds
and for ¢ > 0,

“+o0
Jo(t) = / 5(s) (® () + a(s)) ds,
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we obtain from Hypotheses (2) and (3) that lim;_,_, J1(¢) = lim;_, 1 J2(t) = 0. Now, applying L'Hopital’s rule, we obtain
from Hypotheses (2) and (3) that

e (@ (1) +q(t))

lim Ji(t) = lim lim p(t) (P (t) +4q(t) =0

t 400 t—+oo (rg — 1) exp ((re —r1) t) o (rog —r1) t=+o0
and (@) +a(t) 1
. .ooe t) +q(t .
1 =1 = 1 P =0.
Pl Ja(t) b 2rg exp (—2rat) 21y tJIEloop(t) (@ (1) +4a(t)) =0

Hence, we conclude that limp;_, o p(t)v(t) =0 and v € E.
Assertion (ii) in Lemma 2.1 leads to

for all ¢, 7 € R. Passing to the supremum on 7 yields

v(t) =27 (t) llv]l,
proving that v € P and the operator T, r : P, p — P where for u € P, ,
+o00
Trru(t) = G(t,s) (f(s,u(s) — o (s)) +a(s)) ds

is well defined.

Step 2. In this step, we prove that the operator T, i is compact. Let (u,,) be a sequence in P, g such that lim,,_, u, = u in
FE given by Hypothesis (3), then for all n > 1 we have

|77, run = Trgull = sup (p(t) [Ty, run (t) = Tr,ru (¢)])

£>0
ﬁﬂws s, Un(s) — @ (8)) — f((s,u(s) — ¢ (s))|ds
< sup (L [T 50 60 (6) = 6 ()~ St~ 6 s )
1 +ee
< e [T B s~ 66D~ £(Guls) — 9 () s

Because of
[f(s;un(s) = & (s)) = f((s,u(s) — ¢ (s))| = 0, as n — +oo
for all s > 0 and
6 (s) | f(s,un(s) =@ (s)) — f((s,u(s) — ¢ (s))] <26 (s) P (s)
with
+oo
/_ d(s)®(s)ds < o0,

the Lebesgue dominated convergence theorem guarantees that lim,,_, ||T} ru,, — Tr rul| = 0. Hence, we have proved that
T, r is continuous. Also, for all © € P, r, we have

p(t)

+o0
(ra—r1)6 (t) /0 3 () (@ (s) + q(s)) ds>

|uaRusSup(
>0

1
o —T1

IN

+oo
A 5(s) (@ (5) + q(s)) ds < oo,

proving that T, r (P, ) is bounded in E.
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Next, let t1,t5 € [, ] C R, for all u € P, p then we have

¢ oo
Ip(t2) T ru (t2) — p(t1)Tr ru (t1)] < |p1(t2) —p1(t1)|[ e (@ (s) +q(s)) ds + |pa(t2) —pz(tl)l/ e " (@ (s) +q(s)) ds

0 [ @)+ oo ds

t1

where for i = 1,2, p;(t) = e "2I!*7:t and

Cpc=2 sup p(t)G(t,s).
t,s€[n.(]

Because p1, p2, and t — fot (® (s) + q(s)) ds are uniformly continuous on compact intervals, the above estimate proves that

T, r is equicontinuous on compact intervals. Furthermore, for all u € T, r and ¢ € R, we have
+o00
p(t)Tr, ru(t) < p(t) G(t,s) (P (s) +q(s))ds = H(t).

— 00

By means of L’'Hopital’s rule, we obain from Hypotheses (2) and (3) that

lim H(t)= lim p(t) (P (t)+¢q(t)) =0,

[t] =00 [t] =00
proving the equiconvergence of T;. p. Therefore, in view of Lemma 2.3, T, r is relatively compact in E.

Step 3. In this step, we prove that if v € P, p is a fixed points of T g, then u = v — ¢ is a positive solution to the BVP (1).
Let v € P, i be a fixed point of 7). z and let v = v — ¢. For all ¢ € R we have

+oo +oo
ut) +ot) =u() + [ Glts)gls)ds = [ Gt 5) (f(s,u(s)) +q(s)) ds,
leading to
+oo
u(t) = G(t,s)f(s,u(s))ds
! <e“t /t e "5 f(s,u(s))ds + et /+00 e~ f(s u(s))ds)
ro —T1 o ’ ¢ ? ’
rit t rot 400
u'(t) = 7216_ o /_ e~ f(s,u(s))ds + :226_ o /t e "° f(s,u(s))ds and

r)?ert [t ) ro)?erzt [+
u’'(t) = (r)”en’ / e~ f(s,u(s))ds + (ra) e™ /f e "8 f(s,u(s))ds — f(t, u(t)).

o —T1 — o0 o —T1

Thus, we obtain

2 t 2 +oo
S () + el (8) + () = —T A / G(t, 5) f (s, uls))ds + —2 T2 A / G(t, s)f(s,u(s))ds + F(t,u(t))
T2 —T1 — 0 T2 —T1 t
= f(t u(t)).
Now, we need to prove that u satisfies the boundary conditions: lim;_, e””u(t) =limy 4 o0 ek“'u(t) = 0. We have
1t 1
eMlu(t) < (L1 (t) + La(t))
o —T1
and )
eFltly(t) < (K1 (t) + Ka(t)),
To —T1
where . +
C e D (s)ds e 5P (s)ds
L =1 Lol = ) ds,
exp (=1 |t] — 1) exp(—l|t| — rat)
t _ +oo  _
e "0 (s)ds r25p d
Kl(t):f_m ()ds _ a keyqpy = d o () ds

exp (—k|t| — rt) an exp(—k [t| — rat)
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Since for ¢t < 0,
[f . 8(s)® (s)ds, if 1 <11,
BOS s
,ifl>r
exp ((I — 71)t) !
and for ¢t > 0,
;roo 5(s)P (s)ds, if k < —ro,
< oo
Ba® < 1o 50000 (s) ds he
y 1 -T2,
exp (—(k + r2)t) ?
Hypothesis (3) and L'Hopital’s rule lead to
Jm Li(8) = Tim K(f) = 0.
Taking into account the conditions k£ < —r; and I < v, and Hypothesis (3), the L'Hopital’s rule leads to
—e7 "2t P () 1 .
lim Ly(t) = li _ lim e (s) =
A 0 = I T e () m L =0
and B (s) .
e_Tl S —_
lim K;(t) = i = lim o (s) = 0.
-y ey peey sy ey ) Bl e FLLU S A
Hence, we have proved that
i U[t| — L klt| _
t_lgr_nooe u(t) = t_l}inooe u(t) =0,
completing the proof of the lemma. O

3. Main result

Before proving the main result of this paper, we first introduce the following notations. Let
400
L§ (R) = {m : R — R" measurable: /

— 00

d(s)m(s)ds < oo}
and for o € L} (R) and 6 > 0, take
+oo
r'e) = sup (pos) | ct9a ds) ,

and

0
A (a,8) = sup (p(t)/ G(t,s)a(s) ds) .

teR -0
Theorem 3.1. Suppose that Hypotheses (2) and (3) hold, k < —ry,1 < ro, and
(@). there exist a function a € L} (R) and Ry > max (¢*,I" («)) such that

/ (t, pz‘t)) Falt) <a(t)

forallt e Rand u € (0, Ry);

(b). there exist 6 > 0, a function 3 € L} (R) and Ry € (¢*, A (j3,0)) with Ry # Ry such that

f(t,;é)) Falt) > B 0),

forallt € [-0,0], all u € [y, (R2 — ¢*) , Ro] where v, = minge[_g,g]7 (5)-

Then, the BVP (1) admits a positive solution.
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Proof. Without loss of generality, assume that Ry < R, and let T = Tj, r, be the operator given by Lemma 2.4. The
following estimates hold, for all v € PN 9B (0,R;) and all t € R,

+oo

p()To(t) :p(t)[ G(t,s) (f(s,0(5) = d(5)) +als)) ds
+oo

POTO®) <p(t) [ Glts)a(s) ds

< sup (1) et a) ds) = T(a),

— 00

Passing to the supremum in the above estimates, we get
[Tv]] < T(ar) < Ry = o] -
Forallv e PNdB(0,R:) and s € [0, 0],
Ry > (v(s) — ¢(s)) p(s) = (B2 — ¢")¥(s) = (R2 — ¢") 7 4)

Assumption (b) and (4) lead to the following estimates

0
[Tv]| = sup <p(t)/ G(t,s) (f (s, (v(s) — &(s))) +(J(S))d8>
teR —0

> sup <p(t) /_9 G(t,s)B (s) d8>

=A(B,0) = Ry = v

Thus, it follows from Theorem 1.1 that T, r, admits a fixed point v such that Ry < ||v|| < Ry. Then, by Lemma 2.4,
u = v — ¢ is a positive solution to the BVP (1). O

ft, 2o
fg:liminf< min M .
w

w—+oo \ te[—6,0]

For 6 > 0, take

We obtain from Theorem 3.1 the next corollary.
Corollary 3.1. Suppose that Hypotheses (2) and (3) hold, k < —r, and

(). there exists Ry > ¢* such that T'(«;) < Ry where
a1 = wr, (8) Ug, ((R1 —¢")7(s)) +aq(s),

(d). there exists 0 > 0, such that foA(~,0) > 1.
Then, the BVP (1) admits a positive solution.

Proof. Clearly, Condition (a) of Theorem 3.1 is satisfied for « = a;. We have to prove that Condition (b) is also satisfied.
Let ¢ > 0 be such that (fs —c)A (v,0) > 1. There exists o such that f(t, ;f55) > (fo —€)w forallt € [-6,0] and all w > R.

Let
_ « B ¢7(fo —)A(1,0)
R2_1+sup(R1a¢ + ,yd’(fes)A(V,o)l)

and
B(t)=(fo—c)(Ra—¢") v (s) +als),
where vy = min,c[_g ) 7 (s). Notice that
(fo —€)A(7,0) (Rz — ¢") > Ra.
We have then
A(B,0) = sup (p(t) /1; G(t,s) ((fo—e) (Ra — ¢%) v (s) + q(S))d5> > (fo—€) A(7,0) (Ry — ¢") > Ra.

This completes the proof. O
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4. Example

In this example, we consider the case of the BVP (1) when

f(t7u) = e_a‘tl (p(t)u)ﬁ + Ce_alt% — e_2a|t| (5)

with 8 < 0 and «, ¢ > 0. We obtain from Theorem 3.1 the following corollary.

Corollary 4.1. Assume that k < —r1, [ < 19,

o > max (%2, r1 — 2Prq, max(k, —r3) — 2fre, max(l, —re) + (r1 — r2) ﬁ) (6)
and cA (Bo,0) > 1+ ¢* for some 6 > 0 where
7@
S0

Then the BVP (1) within f given in (5), has a positive solution.

Proof. We have to show that all the assumptions of Theorem 3.1 are satisfied. We have

Wy el cw ot
f(t,p(t))—e <w5+1+w e ),

leading to
w
t,—)| <e (Wl +c+1).
‘f( p(t)>‘ < el )
Set q(t) = e~2*/*l and for all p > 0

w, () =e 1 W, (w) =w’ +c+1.

We have . o .
/ q(t)n(t)dt = / exp((2a — 7o) t)dt + / exp(— (2a + r1) t)dt.
—00 —o0 0
Since (6) gives
2 Ty T2
o> max(g,—?) =3
we obtain

+oo
/ q(t)n(t)dt < oo.
It is easy to see lim;_, o, p(t)q(t) = 0. Hence Hypothesis (2) holds. Since

(4(5) 8 exp (28rat) , if t <0,
S =
7 exp (B (r1 —r2)¢), if £ > 0,

we have for ¢ < 0,
q-(8)wp (5) ¥, (17 (5)) = (1 + ) exp ((— max(k, —r2) + @) t) + 7 exp (max(k, —r2) + a + 26r2) t)
and for ¢t > 0
0+(8)wp () 1 (ry (5)) = (1 + ¢) exp (max(l, —r2) — ) t) + 17 exp (max(l, =r2) — a + 26 (r1 = 72)) 1).

Since (6) leads to
max(k, —r2) + a > 0, —max(k, —re) + o+ 26ry > 0,
max(l,—r9) —a <0, max(l,—re) —a+28(r1 —ry) <0,
we obtain that
im g (s)wp () vy (ry(s)) = lim g (s)w, (5) ¥ (77 (5)) = 0.
Also, we have

+o00 0 o0
/ d(s)wpy (s)hy (ry(s))ds = (c—|—1)/ exp ((a —r1)s)ds+ (¢ + 1)/0 exp (— (a+13) 8)ds

— 00 — 00

0 400
—H"’@/ exp ((a — r1 + 20r2) s) ds—i—rﬁ/ exp ((—a—ro+ (r1 —r2) B) s)ds
oo 0
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and since (6) leads to
a—11+20re >0, —a—ro+(r1—re) B <0,

we arrive at oo
| e (900, (5)) ds < o,
Therefore, Hypothesis (3) is fulfilled. Now, for
ar(t) =M ((R= 6" (1) +c+1) + 2l
straightforward computations lead to
T(ar) < A(R) =\ (R—¢")" + A,

where

“+oo
A1 = sup (p(t) G(t,s)e ! (v (s))° ds) ,

teR —00

A2 = sup (p(t) o G(t,s) (e_o“sl (c+1)+ e_2°‘|s‘) ds) .

teR —o0

For large R;, we have
F(aRl) < A(Rl) < R

and Condition (a) in Theorem 3.1 is satisfied. Now, for all u € P with R = |ju|| > ¢* and ¢t € [0, 6] we have

p(t) (u(t) — o(t))
L4 p(t) (u(t) = ¢(1))

oot (lull = ) 5()
- T+ (lull = 6%)5 ()

flt,ut) — o(t) +q(t) > ce ol

and we take

_ —alt A’Yi(t) —
Bi(t) = ce™! lm = cfo(t).

Therefore, for R = 1 + ¢*, it holds that
A(B1,0) = cA(By,0) >14+¢" =R

and Condition (b) of Theorem 3.1 is satisfied. O
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