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1.

Abstract

We consider a single-span roadbed modeled as a Timoshenko thermoelastic beam in the context of type
III thermoelasticity for heat conduction, with frictional damping and suspenders. We are interested
in stabilizing the system. Our study is conducted within the framework of semigroup theory. For
the existence and uniqueness of the solution, we apply the Lumer—Phillips theorem, and for the
exponential stability, we use the Gearhart—-Huang—Priiss theorem. The results are obtained without
restrictions on the system’s coefficients. In order to illustrate the system’s dissipative behavior and
exponential stability, we present numerical simulations.
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Introduction

In the present paper, our main goal is to study the exponential stability of the coupled system

Py — QUgy — AN — u) + 10 + 1uy =0 in (0, L) x (0, 00), (1)
p1ow — k(e + 1) + Mo —u) + 79, =0 in (0, L) x (0, 00), (2)
P2¢tt - b¢xw + k((px + ¢) + 731#15 - O in (07 L) X (07 00)7 (3)
pg‘gtt — 591737 + 61utx — m@tm =0 in (O, L) X (0, OO), (4)
subject to initial conditions
U(l’, O) = Uo(l’), ut<$7 0) = ul('T)? (5)
QO(ZE,O) - 300(33)7 gOt(ZE, 0) - @1(1;)’ (6)
¢(33, 0) = ?ﬂo(ﬂf), %(% 0) = ¢1($)7 (7)
0z, 0) = o), Bu(x,0) = 0y (x), (8)
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and Dirichlet boundary conditions
w(0,t) = u(L,t) = ¢(0,t) = o(L,t) = 1(0,t) = (L, t) = 6(0,t) = 0(L,t) =0, 9)

where p, a, A\, 51, 71, p1, k, &, Y2, p2, b, 73, p3,0 are positive constants whose physical meanings are
well known.

The system (1)—(4) models a suspension bridge. A suspension bridge (see Figure 1.1) is a mechanical
structure that carries vertical loads through the main cable, modeled as an elastic string according to
Newton’s second law,

Uy — Oy = 0,

which is coupled to the deck by suspension cables, where x denotes the distance along the centerline of
the deck in its equilibrium configuration and ¢ denotes the time variable. The functions ¢ and ) denote,
respectively, the transverse displacement and the rotation angle of the deck, which is modeled as a
Timoshenko beam of length L.

Suspension Cables
Main Cable

Deck

Pillar Pillar

Figure 1.1: Suspension bridge. This figure is taken from the reference [28].

It is well known that Timoshenko beams, when partially damped, possess exponential stability if
and only if pﬁl = p% (see [34]), which imposes a restriction on the system coefficients and leads to the
equal wave velocity paradox. This restriction arises because the Timoshenko beam has two natural
frequencies, leading to the non-physical condition known as the second spectrum. The second spectrum
of frequencies was discovered in a series of analytical investigations (see [15,21]). On the other hand,
when the Timoshenko beam is completely damped, exponential stability occurs independently of the
wave speed or any other relationship between the coefficients of the equations; see [30]. In this work,
we consider a model completely damped by friction, thereby eliminating restrictions on the coefficients.
In addition, we consider the temperature 6 in the main cable, where 6 is governed by the thermoelastic
theory of type III.

Green and Naghdi [8-10] proposed three new thermoelastic theories in the 1990s: type I, which
recovers the well-known theory based on the Fourier law, where the system is dissipative and the energy
decays exponentially. However, this theory has the shortcoming of an infinite speed of propagation,
which is physically unacceptable for thermoviscoelastic materials. In type II theory, heat is allowed
to propagate by means of thermal waves and without dissipating energy; in this case, the system is
conservative. Type III theory is the most general formulation, considering the former two as limit
cases.

Recent contributions on suspension bridges can be found in [3,12,13,18,22,29, 35, 36], and on type
ITI thermoelasticity in [1,2,4,6,17,19, 20,23,26,31,33,38,39]. Our goal is to study the stability of the
model, that is, the asymptotic behavior of the solution of the system (1)—(4). The norm of the solution
of a PDE is controlled by the energy of the system. Therefore, to obtain the decay rate of the solution,
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we generally derive an estimate for the energy. The central idea is to establish an estimate for the total
energy E(t) of the model in the form

E(t) <CE(0)e™™, Vt>0, w>0, (10)
or, equivalently, to establish the exponential stability
S| < Ce™™, Vt>0, w>0, (11)

of the semigroup S(¢) generated by the system. For a long time, it remained open whether these two
estimates were equivalent; however, it is now known (see [37]) that they are equivalent. In this paper,
we use semigroup theory and, to prove the exponential decay of the solution, we use (11).

The paper is organized as follows: In Section 2, we present the energy of the system and prove
that it is dissipative. In Section 3, we use the semigroup approach to prove the well-posedness of
the system. In Section 4, we prove that the semigroup associated with the system is exponentially
stable and, as a consequence, the solution decays exponentially. Finally, in Section 5, we illustrate
the dissipative character and exponential stability established in the previous sections by presenting
numerical experiments for a reduced one-mode approximation of the Timoshenko—thermoelastic system
described by equations (1)—(4). The numerical method relies on a one-mode Galerkin approximation.

2. The Energy of the System

In this section, we define the energy of the system and prove that it is dissipative. For this goal,
multiplying (1) by w,, (2) by ¢4, (3) by 1, (4) by 6, and integrating over (0, L), we obtain

L L L L L
p/ Uppdr — a/ UppUpdT — )\/ (p — w)wdx + By / O udr + 1 / |lu|*dx = 0,
0 0 0 0 0

L L L L
p1/ Ouprdr — k/ (02 +V)aprdx + A/ (@ —u)pdr + / Yolipe|*dz = 0,
0 0 0 0

L L L L
tt td —b T td k x td t2d :0>
pa [tz =b [ betide k[ (o opidatan [ s

L L L L
pg/ Qﬁﬂtdx — 5/ 9m(9tdx + 61/ umetdx - :‘i/ thetdx = 0.
0 0 0 0

Integrating by parts and using the boundary conditions, we obtain

L L L L L
p/ Upedr + a/ UgUgpdT — )\/ (o — w)udxr — By / Opusdr + 71 / lug|*dx = 0,
0 0 0 0 0

L L L L
p1 / O prdr + k/ (pz + V) pudr + /\/ (p — u)ppdx + / Yol |*dx = 0,
0 0 0 0

L
0

L L L
o /0 btz + b /0 ot + [ (a+ 0 /0 2z = 0,

L L L L
pg/ ettetdl' + 5/ 996(91,56[% + ﬁl / utIQtdx + KJ/ \th|2dx = 0.
0 0 0 0
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Adding the previous equations, we obtain the following equation:

th / |t| x+§d—toz/ |0 dx+§%)\/ lo — ul d:v—i—%/ |ut| dzx

2dtp1/ |p¢ 2d$+§£k/ |0z + | d95+/0 Yole|*dx

—_—— 2 —_——
vyaon [ a3 [ par s [ e

+§£p3/ (AR d:r+ 6/ 6| dx+/</ |0, > dz = 0.
We denote the norm in L?(0, L) by || - ||. We define the energy of the system by
1
Et) =5 (P||Ut“2 + pulleel® + p2llel” + psllO:]® + arllua|® + bl [1* + 61162

+ Ml = ull® + kllea + vII).
Now, from (12), we obtain

E'(t) = — (mlluel® + relleel® + vsllvel® + £)0:) -

Therefore, the system is dissipative.

3. Existence and Uniqueness of Solution

(12)

(13)

(14)

In this section, we establish the well-posedness using semigroup theory. Let U = (u, v, p, w, ¥, z,0,p)T,

where u; = v, o, = w, 1y = z and 0; = p. We define the phase space
H = [H(0,L) x L*(0,L)]".

Here, H is a Hilbert space with the inner product
—_— L — —
(U, U)n = / [pv? + PLWT + p22Z + p3pp + Ty + AN — u) (@ — ) + by, + 00,0,
0

+ k(o + )7 +9)|do

where
U - (u?/U7 (p?w7/l/}7 Z? 97p)T7U - (H767¢7m7¥7§757]_j)T E H'

The norm in H is given by

L
HUH%Z/ [ﬂ!v!2+pl!w!2+p212|2+pa\p!2+a\ux!2+k\so — ul?+ 0], [P +610, | + ks +
0
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For U € H, we rewrite the system (1)—(4) in a first-order Cauchy problem
U — AU =0, fort > 0,
(15)

U(O) - U(),
where
T 0 I 0 0 0 0 0 0 ]
Y., — Apo Ty A 0 0 0 0 ﬁax
p p p
0 0 0 I 0 0 0 0
Ay o Fo _Ap ey Ly 0 0 0
A— P1 P1 P1 P1 P1
0 0 0 0 0 I 0 0o |’
0 0 —Fa o Lo _Fp Tmro 0
P2 P2 P2 P2
0 0 0 0 0 0 0 I
0 ﬁaz 0 0 0 0 iam %o,
L P3 P3 P3 |
with

u, ¢, ¥ € H*0,L) N Hg(0, L),

DA = UeH| v,w, z,pe€ HO, L),

80 + kp € H*(0, L) N H (0, L).
It follows directly from the properties of Sobolev spaces that D(.A) is dense in H.

Proposition 3.1. The operator A is dissipative.

Proof. For U = (u,v, o, w,,2,0,p)T € D(A), we have

v U
_Um“__(ﬂp_u)_épx_%v v
w 2
A
(et Ve — o —uw) — 2w | fw
(AU, U>H — P1 P1 P1 :
o (0
b V3
- Wxx — T x + -
2¢ p2< V) - ;
1 g 0
- [(56 + ’ip)zm - ﬁlvw]
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Hence, we have

L L L L
(AU, U)y = a/ UgpvdT + )\/ (¢ — u)vdr — Bl/ peodr — 71/ vodz
0 0 0 0
L L L
+ k:/ (pz + V) wdx — )x/ (¢ —uw)wdx — 72/ wwdzx
0 0 0
L L L
+ b/ Vyppzdr — k:/ (e +)zdr — 73/ zzdx
0 0 0
L L L
— B / Vepdx + / (00 4 £p) pepdx + 5/ po0,dx
0 0 0
L L L
+ a/ VU dr + )\/ (w—v)(p —u)dx + b/ 2 dx
0 0 0

+k/0 (wg + 2) (g + ¥)dx

Integrating by parts over (0, L), we have

L L L L
(AU, U) a/ Uy Vpdx — / (o —u)(w—v)dr+ 5 / pugdr — / vudx
0 0 0 0
L L
k:/ ©r + V) (wy + 2)dx — 72/ wwdxr — b wmzxdx
0 0
L L L
— 73/ zzdr — [y / vypdx — / (00 + Kp)pdr + 5/ pub.dx
0 0 0
L L
/ Vel dx + )\/ (w—v)(p —u)dx + b/ 2 dr
0 0

Tk / (wy + 2) (0 + )da

Consequently, we obtain

(AU, Uy = =(mllvl* + y2llwll* +sl2l1* + &llpa 1), (16)

that is,
Re(AU, U)p = —(nllvll* + vellwl® + sllzl* + sllp:[*) < 0. a7
Therefore, A is dissipative. O

We recall the Lax—Milgram theorem.

Theorem 3.2 (Lax—Milgram Theorem). Let V be a real Hilbert space, B : V xV — R be a bilinear,
continuous, and coercive form, and F : V — R be a linear, continuous form. Then, there exists a unique
V €V such that B(V,V) = F(V) forall V €V.

Proposition 3.3. It holds that 0 € p(A); that is, for every F € H, there exists a unique U € D(A) such
that —AU = Fin H.
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Proof. Let F' = (f1, f2, f3, f1, [5, fs, f1, fs)T € H. Then, the equation — AU = F in H leads to
—v = f, in HX0, L), (18)
— Qg — A — u) + Pipe + 110 = pfa in L*(0, L), (19)
—w = f3in H;(0, L), (20)
k(e + ¥)e + Mo — u) + yow = p1 fy in L*(0, L), (21)
—z = f5in Hy(0, L), (22)
by + k(pe + 1) + 732 = pafe in L?(0, L), (23)
—p = frin Hy(0, L), (24)
— (60 + £p)ew + Brvs = psfs in L*(0, L). (25)
Substituting (18), (20) and (22) into (19), (21) and (23) respectively, we obtain
—Qugy — M@ —u) = pfo+y1fi + Bufr, in L2(0, L), (26)
—k(s +1)s + Ap —u) = p1fa + 72f5 in L*(0, L), (27
~0ye + k(pe + ) = pafs + 3 fs in L*(0, L), (28)
—(00 = K fr)ew = pafs + Bifre in L*(0, L) (29)

Multiplying (26)—(29) by %, %, v, 00 € H}(0, L), respectively, with o > 1, integrating and using (24), we

obtain

L L L L L
a/ UpUpdr — /\/ (p —u)ude = p/ foudx + v / fiudx + B4 / fraudz,
0 0 0 0 0

L L L L

k /0 (s + O)@da + A /0 (¢ — wpde = py /0 fide + 7, /0 fide,
L L L L

b /0 o ada + k /0 (s + ¢)Tdz = ps /0 fothdz + s /0 Jodz,

L L L L
05/ 0,0,dx = 0p3/ fsOdx + o5 / flvxédx + am/ fmadx.
0 0 0 0
By adding (30)—(33), we construct the variational problem

B (<u7 12 1% 6)7 (E7¢ E 5)) (ﬂv P, Ea g)

where

B ((u, p,9.,0), (u,3,1,0)) :a/o umu_gcdx—l—)\/o (p—u)(® —u)dx

L

L L
+ k / (e +0)( Pz +)dz + b Yo de + 05/ 0,0,dx
0 0 0

and

(30)

(31)

(32)

(33)

(34)
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L L L L
F(a, @,1,0) :P/ fﬂdf‘f'%/ fiudx +51/ fraudz +Pl/ Japdx
0 0 0 0
L L L
g / fda + po / fodbdz + 73 / fybda
0 0 0

+ ops /OL fs0dz + oy /OL fl,xgd:c + oK /OL f77x0_$dx.
We define V = [H}(0, L)]* with the norm
VI = allus|® + Mo — ull® + Ellpz + 91" + bllva|* + 61161
where V' = (u, p,1,0) € V. Note that (34) can be written as
B(V,V)=F(V) forevery V € V. (35)
We note that B is symmetric and bilinear,

B:VxV —- R
(V,V) — B(V,V).

Now, we show that B is also continuous and coercive. Since

L L L L
B(V.V)| = Tadr + A —u)(® —u)dr + k . Tn +)dx + b ad
BV.7) a/ouuw/oao u)(@ U)x+/0(¢+¢)(90+¢)x+/0¢1/)x

?

L J—
+05/ 0,0.dx
0

we have

L L L L
BV, V)| < “/o |u$u—x|dm+A/O |<so—u><¢—u>|da:+k/o |<sox+w><@+a>|dx+b/o [ Blde

L —_—
+ 06/ 0,0, |dx.
0

Using the Cauchy—Schwarz inequality, we have

I 1/2 I 1/2 I 1/2 I 1/2
B(V,V of? 0 A —uf* p-u
BV, >|3a</0 \u|) (/ |u|) ' (/ o u|> (/ 7 u)
I 2)1/2( L _2)1/2 ( I 2)1/2< L_2)1/2
+k(/ eotol) ([ eerwr) o k) ([
L 1/2 L 1/2
wos ([ 1er) ([ @)

from which it follows that
BV, V)| < M|V IV,

for some M > 0. Therefore, BB is continuous.
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Here, we have
B(V,V) = allu||* + Alp — ull® + kllgs + 0II* + bl[|” + o016

Since o > 1, it follows that B(V,V) > |V||?. Therefore, B is coercive.
Clearly, F is linear,

F .V —- C
vV = F(V).

In what follows, we show that F is continuous. Since

L L L L
FV)=»p / foudz + v / fiudz + B4 / fr2udx + py / fapdx
0 0 0 0
L L o L o
+ 7o / fspdz + po / fedx + 73 / fsdx
0 0 0

L L L
—i—apg/ fggdx—l—aﬁl/ fo@d:c—l—a/i/ f7,xgda:,
0 0 0
we have

L L L L
[F(V)| < ,0/0 |fQU|d$+71/O \f1ﬂ|dx+51/0 |f7,xﬂ|d$+p1/o | fap|dx
L L L
o / f5lde + po / ol + 3 / F50lda
0 0 0

tops /0 VBl + o /0 U\ fualda + ok /0 | railda.
Applying the Cauchy—Schwarz inequality, we obtain
IF)L< pllfalll@ll + yll Al 7@l + Ball frall 1@l + ool fall 2]
+ 9l BB+ pall fell 1]+l fsll 1]
+ops|| fll1ON + o Bull frall 101 + okl frell 16]]-
Hence, there exists a constant N > 0 such that
FV)| < N[Vl

Therefore, F is continuous.

Now, according to Theorem 3.2, there exists a unique solution (u, ¢, 1, 6) € V of equation (35). From
(26)—(29), we have u, p,yp € H*(0,L) and 60 — xf; € H*(0,L). Since v = —f;,w = —f3,2 = —f5 and
p = —f7, we conclude that U € D(A). O

Now, we consider the following result that follows from the Lumer—Phillips theorem (see [14,
Theorem 1.2.4, p. 3]).

Lemma 3.4. Let A be a linear operator with dense domain D(A) in a Hilbert space H. If Ais dissipative
and 0 € p(A), then A is the infinitesimal generator of a Cy-semigroup of contractions in H, where p(A) is
the resolvent set of A.
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From Propositions 3.1 and 3.3 and the fact that D(.A) is dense in H, it follows by Lemma 3.4 that A
is the infinitesimal generator of the Cy-semigroup of contractions S(t) = e,
We are now in a position to present our result on the existence and uniqueness of the solution.

Theorem 3.5. For Uy € H, there is a unique solution U(t) € C([0,+0),H) to the problem (15).
Furthermore, if Uy € D(A), then U(t) € C([0,00[; D(A)) N C*([0, 00[; H).

Proof. Given that A is the infinitesimal generator of the Cy-semigroup of contractions S(t) = e?, it
follows from the theory of semigroups (see [24, p. 100]) that U(t) = S(t)Uj is the unique solution of the
Cauchy problem (15) under the conditions of Theorem 3.5. O

4. Exponential Stability

In this section, we prove that the semigroup S(t) = e associated with the system (1)—(9) is exponentially
stable. First, we present a result about the necessary and sufficient conditions for exponential stability
of a Cy-semigroup in a Hilbert space H. This result was established independently by Gearhart [7] and
Huang [11] (see also [25]). The following statement is due to Huang.

Theorem 4.1. Let {S(t)}+>0 be a Cy-semigroup of contractions of linear operators on a Hilbert space H
with infinitesimal generator A. Then {S(t)}:>o is exponentially stable if and only if

{18 : BeR}Cp(A)

and
sup [|(1B1 — A) ™| i) < 00,
BeR

where p(A) denotes the resolvent set of the operator A.
The resolvent equation in the Hilbert space # is defined by
(i1 — A)U = F, (36)

U= (U,U,@,U),@Z),Z, 07p>T S ‘D(A)7 F = (f17f27f37f47f5)f67f77f8)T cH and ﬁ € R. From the resolvent
equation, we obtain

1Pu v h
iBv fuse (0 —u) = Gpe — P J:
B w fs
L I I G e Dl I PR 37)
By : s
18z p%lﬁ;m - p%(%: +) =% fo
i30 p i
iBp 39— By, + = Daa e
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By (37), we have the following system:

ifu—v=f in Hy(0,

Y

ZﬁP'U — QUgy — )\((10 - U) + 51]% + 7U = pr in L2 07

Y

ifp —w = fy in HY(0,L),

(
(
(
iBprw — k(s +1)e + Mo — u) + 70w = p1 fo in L*(0,
B —z = f5 in Hy(
(
(
(

L)
L)
L)
L),
0,L),
iBpaz — by + k(e + ) + 732 = pafe in L*(0,L)

L)

L)

iB0 —p = f; in H}(0,

@BPSP - 69:51 + Blvz — RPzax = P3f8 in L2 07

Lemma 4.2. The resolvent set of the operator A contains the imaginary axis, that is,

(i : BER} C p(A). (38)

Proof. We argue by contradiction. Suppose that (38) is false. As 0 € p(A), by an argument in [14, p. 25],
there exists a sequence 3, € R with 8, — w, where w € R, and a sequence of complex vector functions
U, € D(A) with ||U,||3z = 1 such that ||(i8,] — A)U,||lx — 0 as n — oo, that is,

Bty — vy — 0 in HE(0, L), (39)

iBpUn — QU ze — MPn — Un) + BiPnz + 7100 — 0 in L*(0, L), (40)
iBppn — wp — 0 in HY(0, L), (41)

iBup1wn — k(e + ¥n)e + Mpn — up) + 2w, — 0 in L*(0, L), (42)
iBptbn — zn — 0 in HY(0, L), (43)

iBnp2rzn = D s + k(Pne +n) + 932, — 0 in L*(0, L), (44)

i300n — pn — 0 in HJ(0, L), (45)

18np3pn — 00n 20 + B1Vng — EDnge — 0 in L*(0,L). (46)

Taking the inner product of (i3,I — A)U, with U, in ‘H, and then taking its real part yields
Re{(iBul — A)Up, Un)pt = nl|vall* + vallwall® + y3ll2al1* + #l[pnel* — 0.

Hence
/Unawnaznapn,x—)o in L2(07L)7

and, by the Poincaré inequality, p, — 0in L?(0, L). Since 0 € p(.A), the limiting frequency w is nonzero.
From (45) we therefore obtain 6,,, — 0 in L?(0, L). Taking the L? inner products of (40), (42), and (44)
with u,, @, and 1, respectively, summing, integrating by parts, and taking real parts, we obtain

fttnall® + Men = nll* + Ellone + vull* + bl |I* — 0.

Indeed, {5,} is bounded and the remaining terms tend to zero by the preceding convergences.
Consequently, ||U,||» — 0, contradicting ||U,|» = 1. Therefore {i3 : € R} C p(A). O
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Lemma 4.3. It holds that

sup || (i8I — A)_IHL(H) < 0. 47)
BeR

Proof. If (47) is not true, then there exists a sequence 5" — oco. Without loss of generality, we may
assume that §" > 0. There also exists a sequence of complex vectors F* € H and a corresponding
sequence U™ = (u™, v™, ", w", Y™, 2", 0", p")T € D(A), with ||[U"||3 = 1, defined by

U = (ip"I — A)~'F™, (48)

such that .
| (@ip" T —A)" F" ||y

5] >n, Vn > ng,

or, equivalently,

BT — A)~t ur 1
I [0 Vi L Y SV
n n n
Hence, it follows that F* — 0 in #H, and from (48), we have
|(ip" I — A)U"||;, = 0 when n — ooc. (49)

Taking the inner product of (i5"] — A) U™ with U™ in ‘H, we have
("I =AY U™ U")qy = (F",U")yy
that is, i"||U"(|3, — (AU",U")y = (F™,U"),,. Taking the real part and using (17), we obtain
Yo + el +sll2"IF + sllpgll* = Re (F7,U™),,

Since U" is bounded and F" — 0 in H, we deduce that

v™ — 0in L*(0, L), (50)
w™ — 0in L*(0, L), (51)
2" — 0in L*(0, L), (52)
p’ — 0in L*(0, L). (53)
From (49), we obtain
i u" —v™ — 0in Hy(0, L), (54)
iBrpu™ — aul, — A" — u") + Bipl + yv™ — 01in L*(0, L), (55)
i"p" —w" — 0in Hy (0, L), (56)
iB" prw”™ — k(g + 9", + A" = u") +pw” = 0in L*(0, L), (57)
if"Y" — 2" — 0in Hy (0, L), (58)
iB" o™ — b+ k(@™ + ") 4+ y32™ — 0in L*(0, L), (59)
i"0" — p™ — 0in Hy(0, L), (60)
i" psp™ — 80" 4 B — kp?, — 01in L*(0, L). (61)
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Using (50) in (54), (51) in (56), (52) in (58) and (53) in (60), we have

u" — 0in L*(0, L), (62)
©" — 0in L*(0, L), (63)
Y™ — 0in L*(0, L), (64)
0" — 0in L*(0,L). (65)

From (60), it follows that p" € H}(0, L). Therefore, applying the Poincaré inequality and using (53), we
have

p" — 0in L*(0, L). (66)

Taking the L? inner products of (55), (567), and (59) with u,,¢,, and 4,, respectively, summing,
integrating by parts, and taking real parts, we obtain

tnall® + Mon = nll* + Ellone +vull® + bl I* — 0.

For example,
B (tn, vn)| < ||vnll| Brtin |l — 0

by (50) and (54), and the analogous terms containing w,,, @, and z,, v, are treated in the same way. All
other terms tend to zero by (50)—(66). Hence, ||U,||x — 0, contradicting ||U"||; = 1. This completes the
proof of (47). ]

Now, we are in a position to present our main result.
Theorem 4.4. The semigroup S(t) = e generated by A is exponentially stable, where t > 0.

Proof. By Lemmas 4.2 and 4.3, exponential stability follows immediately from Theorem 4.1. O

5. Numerical Simulations

To illustrate the system’s dissipative behavior and exponential stability established in the previous
sections, we consider a reduced one-mode approximation of the Timoshenko—thermoelastic system
given by (1)—(4). The numerical approach is based on a Galerkin modal approximation, which is widely
used in the modeling of elastic and structural systems [5,16,27].
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Let L > 0 and let ky = 7/L denote the first wavenumber. Since (9) requires u, ¢, 1, 0 to vanish at
both endpoints, a one-mode ansatz compatible with these boundary conditions is naturally chosen from
the family {sin(nkoz)},>1, which consists of the eigenfunctions of —0,, subject to homogeneous Dirichlet
boundary conditions. If the same mode number n is assigned to all fields, orthogonality eliminates both
the shear coupling k(¢, + ¢) and the thermoelastic coupling f,60,; after Galerkin projection, thereby
removing the coupling effects that we wish to illustrate. We therefore retain a single-mode ansatz for
each field, while assigning different Dirichlet-compatible mode numbers to the pair (u, ¢) and to the
pair (¢, 60):

u(z,t) = U(t)s
Y(x,t) = P(t)sin(2kox), O(x,t) ~ T(t)sin(2kox),
such that u(0,t) = u(L,t) = ¢(0,t) = o(L,t) = ¥(0,t) = (L, t) = 6(0,t) = (L, t) = 0 holds, in agreement
with (9).
Projecting the PDE system onto these basis functions and using

U(t) sin(koz), o(x,t) = O(t) sin(kox),

L 4 uL 8

L L L
/ sin®(kox) dx = / sin?(2kox) dor = 5 / ko cos(koz) sin(2koz) dx = 3
0 0 0

[
|
=
i
|

we obtain the following system of ordinary differential equations:
pU" + U + (aki + \U — @ — T =0,
p1 @ 4+ 7 ® + (k3 4+ \)® + pk P — \U = 0,
po P" + v3P' + (4bki + k)P + uk ® = 0,
p3s T + 4kkT' + 40K3T + pf U’ = 0.
Introducing the first-order variables V = U', W = &', Z = P’, and ) = 7", the system can be written as
X't=AX(t), X=(UV,®W,PZTQ)" €R"

where the matrix A is given by

0 1 0 0 0 0 0 0
k2 + A A
_ohTA  mo 2 0 0 o o M
p p p p
0 0 0 1 0 0 0 0
Kk2 + A k
-z 0 _ R A e _ MR 0 0 0
A — P1 P1 P1 P1
0 0 0 0 1 0 0
k ADK2 + K
0 0 MR g R ER s 0
P2 P2 P2
0 0 0 0 0 0 0 1
A0k 4Kk
0 _1h 0 0 0 0 2% M

P3 P3 P3
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All simulations are performed using dimensionless parameters, with time expressed in normalized
units associated with the characteristic time scale of the system. The following parameter values are
used throughout the simulations:

™
Y 0 L? ILL -?)L

9291292293:17 Oézl, b:17 5:17
A=1, k=1 =05 ~3=05 k=15

All simulations start from the initial state
X(0) = (U,V,®,W, P, Z,T,Q)(0) = (1, 0, 0.5, 0, 0.2, 0, 0.1, 0).

The parameters v; and (3, are varied to investigate the influence of mechanical damping and
thermoelastic coupling on the system dynamics. We stress that only ~;,72,73 and x are genuine
dissipation mechanisms, since these are exactly the coefficients appearing in the energy identity (14);
(1, by contrast, is a conservative coupling parameter that cancels out of (14), redistributes energy
between the mechanical and thermal components, and therefore affects the observed decay rate only
indirectly, as illustrated below. To quantify this behavior, we consider the modal energy defined in (13),
which can be written as

1
Buoaa(t) = 5 [p VD + pr W + p2 Z(0)° + ps Q(1)? + akfU(1)? + 4bKEP(1)? + 40K3T (1)?

FA(B(E) — U(1)” + kk2D(1)2 + k P(t) + 2k @(t)P(t)} .

A direct computation — differentiating F,,.q. along the system above — shows that the modal energy
obeys the same dissipation law as the continuous energy (14):

Eoda(t) = — (’Ylv(t)Q + %W (#)? +v3Z(t)* + 4/@/{8@@)2) <0.

The two (;-terms cancel identically, independently of 3,. This is the discrete counterpart of the
argument used above to explain why [, is a conservative coupling rather than a dissipation mechanism.
Moreover, at L = 1, the coupling quadratic form k(kj®? + P? + 2u®P) is positive definite, since
2 = 16/3 ~ 5.33 < 2kg = 27 =~ 6.28. Thus, E),.4. remains a genuine positive energy. We stress that
Froda is E(t) from (13) evaluated on the ansatz and then rescaled by 2/L for convenience, so that
E(t) = %Emodal(t>; at L = 1, this gives E,oqa(t) = 2E(t). Since every plot below shows the normalized
ratio Fioda1(t)/ Emoeda(0) = E(t)/E(0), this constant factor cancels and does not affect any of the figures.
However, the absolute values of dF,,0q4.1/dt quoted in the discussion of Figure 5.4 refer to E,q.1, rather
than to E(t), and are therefore twice the corresponding values of dE/dt.

The dissipative behavior is illustrated in Figure 5.1, where the normalized modal energy is shown
for different values of the damping coefficient v; and the thermoelastic coupling parameter ;. Solid
lines correspond to 5, = 0, whereas dashed lines correspond to f; = 1. Increasing 7, leads to a markedly
faster decay rate: for instance, £(5)/FE(0) drops from 0.38 (74, = 0.1) to 0.04 (7, = 2). The effect of 3,
alone (solid vs. dashed curves, 5; = 0 vs. 5; = 1) is, by comparison, modest and not uniformly one-signed
for this value of k, consistent with 3; being a conservative coupling rather than an intrinsic dissipation
mechanism (cf. (14)).
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Energy decay
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1072
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Time

Figure 5.1: Normalized modal energy E(t)/E(0) for different values of the damping coefficient 7, and
thermoelastic coupling ;. Solid lines correspond to 5; = 0, while dashed lines correspond to 5, = 1.

To better understand the role of dissipation mechanisms, we compare four representative
regimes: a baseline case (y; = 1, 8; = 1), a thermoelastic-dominated regime (y; = 1, 5; = 30), a
mechanically-dominated damping regime (v, = 30, $; = 1), and a combined regime (v; = 30, 8; = 30), as
shown in Figure 5.2. The results show that 7, enhances the decay rate in the moderate range explored
in Figure 5.1 (E(5)/E(0) decreases from 0.38 at v; = 0.1 to 0.04 at y; = 2), whereas increasing -, further
to 30 no longer accelerates the decay. At 5, = 1 and ¢ = 5, the mechanically dominated regime gives
E/E(0) =~ 0.056, which is marginally slower than the baseline value of 0.046; thus, the reduced system is
over-damped in this range, and increasing 7, beyond a certain point no longer increases the decay rate.

The role of /3; is similarly non-monotone. For the fixed value x = 15 used here, a large value of
transiently slows down the observed decay relative to the corresponding 5, = 1 curve (e.g. att = 5,
E/E(0) =~ 0.12 for 5, = 30, compared with ~ 0.05 for 5; = 1, when 7, = 1), because energy transferred to
the thermal component through the coupling must still be dissipated through ~, which introduces its
own time scale. This is consistent with 3; being a conservative, redistributive coupling rather than a
dissipation mechanism in itself: the total energy remains monotonically decreasing throughout (we
verified that F’'(¢) < 0 numerically along every curve, as required by Proposition 3.1), but the rate at
which either v; or ; affects this decrease is not monotone and should not be interpreted as meaning
that “more damping/coupling always means faster decay.”
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Damping vs thermoelastic coupling effects

1.0 A — y; =1, B1 =1 (baseline)
=y, =1, B1 =30 (thermoelastic coupling)
=y, =30, B1 =1 (mechanical damping)
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Figure 5.2: Normalized modal energy E(t)/E(0) for four regimes of dissipation: the baseline case
(y1 = 1, 51 = 1), thermoelastic-dominated case (v; = 1, 8; = 30), mechanically-dominated damping
(y1 = 30, 5 = 1), and combined regime (vy; = 30, 5, = 30).

The mechanical and thermal parts of F,,,4. plotted in Figure 5.3 are defined, consistently with the
split of the ansatz above, by

En(t) = 3 pV? + piW? + po Z° + ak§U? + 4bkg P? + \(®@ — U)? + kki®* + kP? + 2uk ®P|,

Ei(t) = %[,03@2 + 40K2T?)

such that E,,(t) + Fi(t) = Emoda(t)-

Additional insight is provided in Figure 5.3, where the mechanical and thermal contributions to the
normalized modal energy are shown separately. In this analysis, we focus on the two extreme regimes:
the baseline case (y; = 1, §; = 1) and the combined case (y; = 30, #; = 30), which exhibit the most
pronounced differences in energy transfer dynamics. The results show that part of the mechanical
energy is transferred to the thermal component due to thermoelastic coupling. Since 7'(0) = 0.1 # 0,
E, does not start at zero: E,(0) = 1 - 46k3T(0)? &~ 0.026 £(0); it then increases only marginally, peaking
at about 0.027 £(0) near ¢ ~ 0.8 in the baseline regime, and far more visibly, to about 0.066 £(0) near
t ~ 5, in the combined regime, before being drained by . This behavior reflects the role of the thermal
field as a temporary reservoir for mechanical energy. For the baseline regime, F,, decays faster (e.g.
E,.(2.5)/E(0) ~ 0.15 compared with ~ 0.25 in the combined regime), which reflects the weaker net
transfer into the thermal channel; its profile is, however, visibly more oscillatory, with the solid curve
showing small steps and kinks that are absent from the dashed curve corresponding to the combined
regime. In both regimes E,, + F; = F,,,q. decreases monotonically, in agreement with Proposition 3.1.
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The roles of the parameters are distinct: v, is what increases the mechanical dissipation rate; 5; only
redistributes energy from the mechanical into the thermal channel, without dissipating it; and it is «
alone that drains the thermal channel. The larger peak of £, in the combined regime is a joint effect of
a larger v; pushing more energy through the system and a larger 5, routing more of it through the
thermal channel, rather than from 3, acting as a dissipative term itself.

Mechanical vs thermal energy

1.01 — En(i=1B=1)
‘ — Et(y1=1,B1=1)
el Em (V1=30,ﬁ1=30)
== Et(y1=30,B81=30)
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@
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Figure 5.3: Mechanical (£,,) and thermal (£;) components of the normalized modal energy for two
representative regimes: the baseline case (y; = 1, 5; = 1) and the combined case (y; = 30, 5; = 30).
Thermoelastic coupling transiently transfers energy from the mechanical to the thermal field, while
the total energy F,, + E; remains monotonically decreasing.

Finally, Figure 5.4 shows the time derivative of the modal energy for the same two representative
regimes: the baseline case (v, = 1, §; = 1) and the combined case (y; = 30, 5; = 30). In both cases, the
derivative remains nonpositive throughout the simulation, in agreement with the theoretical energy
dissipation law (14). Both regimes exhibit an oscillatory transient with a pronounced initial trough.
The baseline regime reaches a deeper minimum, dFE,,q./dt = —7.5 at t ~ 0.4, than the combined
regime, whose minimum is approximately —3.9 at ¢ ~ 0.3 (recall that E,,,q. = 2E(t) at L = 1, so the
corresponding values of dE/dt are half of these). During this initial transient (¢ < 5), the oscillations in
the combined regime are visibly smaller in amplitude than those in the baseline regime; however, this
behavior does not persist throughout the simulation since the already small oscillations in dFEy,oq.1/dt
cross over and become marginally larger in the combined regime for ¢ = 5. Correspondingly, d 4.1/ dt
approaches zero for ¢t > 5 in the baseline regime, but only for ¢ > 7.5 in the combined regime, which
continues to release energy at a non-negligible rate (dF0q.1/dt = —0.23 at ¢t = 5) after the baseline
regime has essentially settled. This indicates that the combination of strong mechanical damping
and thermoelastic coupling smooths the initial dissipation profile rather than simply accelerating the
energy release throughout the simulation. In both cases, the curves remain nonpositive at all times,
confirming dissipativity, which we verified numerically not only for these two regimes but also for every
curve shown in Figures 5.1-5.4.
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Energy dissipation rate
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Figure 5.4: Time derivative of the modal energy for two representative regimes: the baseline case
(11 =1, 51 = 1) and the combined case (y; = 30, 5; = 30). Both curves remain nonpositive throughout,
confirming the monotonic decrease of the total energy; the combined regime shows smaller-amplitude
oscillations during the initial transient, but settles more slowly than the baseline.

6. Conclusion

We studied a suspension bridge model in which the deck is described by a Timoshenko beam and
the main cable is governed by type III thermoelasticity, with frictional damping acting on all three
mechanical components and thermal dissipation in the cable. Using semigroup theory, we established
the well-posedness of the system through the Lumer—Phillips theorem and proved its exponential
stability by means of the Gearhart-Huang—Priiss theorem. The exponential stability is obtained

without any restriction on the system coefficients, thereby avoiding the equal wave velocity condition
k
p1
the wave speeds is required, and the so-called second spectrum paradox is avoided. This contrasts with

= p%, which typically arises in partially damped Timoshenko systems. Hence, no relation between

previous results for Timoshenko-type systems with type III thermoelasticity, where only polynomial
decay is obtained when the equal wave velocity condition is not satisfied [32].

It is worth emphasizing what the present contribution does not claim. As recalled in the introduction,
a Timoshenko beam that is completely damped by friction is already exponentially stable independently
of any thermal effect (see [30]). In the present model, all three mechanical equations include frictional
damping, so the mechanical subsystem alone is exponentially stable. What we prove here is that this
exponential stability persists under coupling with the main cable through the suspension term (¢ — u)
and with the type III thermal field through the conservative coupling ;. In other words, neither the
suspension coupling nor the type III thermal coupling destabilizes the fully damped Timoshenko beam.
The thermal dissipation parameter « contributes directly to the energy identity, while the conservative
parameter 3, redistributes energy between the mechanical and thermal channels; however, the overall
decay is not driven by the thermal field alone.



C. Raposo, E. M. Souza, S. Cordeiro, and J. S. Azevedo / Electron. J. Math. 12 (2026) 92—-112 111

This study complements, and is distinct from, the recent work [17], in which the type III thermal
field is coupled to the shear force of the Timoshenko beam. In the present model, the thermal field is
instead coupled to the main cable equation through the term (;6,;. This represents a different physical
configuration, leading to a distinct coupling structure and requiring a separate stability analysis.

Numerical simulations based on a reduced one-mode-per-field Galerkin approximation confirm the
dissipative character of the system and illustrate the exponential decay predicted by the theoretical
analysis. The results show that the suspension bridge model remains exponentially stable under
frictional damping when the main cable is governed by type III thermoelasticity.
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