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Abstract

The Ramsey number of a graph G without isolated vertices is the minimum order of a complete
graph for which every red-blue edge coloring results in a monochromatic subgraph isomorphic to G.
The strong Ramsey number of two non-isomorphic graphs ' and H without isolated vertices is the
minimum positive integer n such that every red-blue coloring of K, results in two edge-disjoint
monochromatic subgraphs, one isomorphic to F' and the other isomorphic to H. It is shown that for
every pair I, H of non-isomorphic graphs without isolated vertices having Ramsey number 6, the
strong Ramsey number of ' and H is either 6 or 7.
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1. Introduction

The Ramsey number R(G) of a graph G without isolated vertices is the minimum positive integer n
such that every red-blue (edge) coloring of the complete graph K, of order n results in a subgraph of K,
isomorphic to G all of whose edges are colored the same (a monochromatic G). There are exactly seven

graphs G without isolated vertices with R(G) = 6, which are shown in Figure 1.1 (see [1, 13]).
K13 Cy cy
0—0—0—0—0 —0—0 0—0—0 0—0
Ps S2.3 Ps + K>

Figure 1.1: The seven graphs with Ramsey number 6.

The best known graph with Ramsey number 6 is the triangle K3. Every red-blue coloring of Kj
therefore produces a monochromatic triangle. In fact, every red-blue coloring of K produces at least
two monochromatic triangles, but not necessarily two edge-disjoint monochromatic triangles, as the
red-blue coloring of K¢ shown in Figure 1.2 illustrates (where a solid edge represents a red edge and a
thin edge represents a blue edge). On the other hand, every red-blue coloring of K; does produce two
edge-disjoint monochromatic triangles.
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Figure 1.2: A red-blue coloring of K without two edge-disjoint monochromatic triangles.

Proposition 1.1. [8] Every red-blue coloring of K; results in two edge-disjoint monochromatic triangles.

The Ramsey number of the 4-cycle C, is 6 as well. As with K3, not every red-blue coloring of K
produces two edge-disjoint monochromatic 4-cycles. For example, the red-blue coloring of K4 shown in
Figure 1.3 does not contain two edge-disjoint monochromatic 4-cycles.

Figure 1.3: A red-blue coloring of K without two edge-disjoint monochromatic 4-cycles.

On the other hand, every red-blue coloring of K; produces two edge-disjoint monochromatic 4-cycles
(see [5]). We include a proof here for completeness. For this purpose, the following known result is
presented.

Theorem 1.2. [9,10] For each prime p, the largest size of a graph of order p* + p + 1 that does not
contain a 4-cycle is 1p(p + 1)%

Theorem 1.3. [5] Every red-blue coloring of K, results in two edge-disjoint monochromatic 4-cycles.

Proof. Let there be given a red-blue coloring of G = K;. Since R(C,) = 6, it follows that either the
red subgraph G, or the blue subgraph G, of G has a 4-cycle, say G, has a 4-cycle H = C,. If G, also
has a 4-cycle, then GG has two edge-disjoint monochromatic copies of C,. Thus, we may assume that GG,
contains no 4-cycle. If the size of (G, is at most 7, then the size of G, is at least (;) — 7 = 14. Hence, the
subgraph G, — E(H) of G, has order 7 and size at least 10. By Theorem 1.2, it follows that G, — E(H)
contains a 4-cycle and so GG has two edge-disjoint red 4-cycles. Hence, we may assume that the size
of G, is at least 8 and so G, contains a cycle. Let ¢(G}) be the circumference (the length of a longest
cycle) of G,. Since G, contains no 4-cycle, it follows that ¢(G,) € {7,6,5, 3} resulting in four cases. A
case-by-case analysis shows for every possible graph G, in each case that GG, has two edge-disjoint
4-cycles. Therefore, G contains two edge-disjoint red 4-cycles. O

For two graphs I’ and H without isolated vertices, the Ramsey number R(F, H) of ' and H is the
minimum positive integer n such that for every red-blue coloring of K, there exists a subgraph of K,
isomorphic to F' all of whose edges are colored red (a red F) or a subgraph isomorphic to H all of
whose edges are colored blue (a blue H). If n = max{R(F'), R(H)}, then every red-blue coloring of K,
produces monochromatic subgraphs ' and H but not necessarily edge-disjoint copies of F' and H. Since
R(K3) = R(C,) = 6, it follows that max{R(K3), R(Cy)} = 6. The red-blue coloring of K in Figure 1.4
does not produce edge-disjoint monochromatic subgraphs K5 and C}. This observation gave rise to the
problem of determining the smallest positive integer n for which every every red-blue coloring of K,
results in two edge-disjoint monochromatic subgraphs, either of different colors or the same color, one
isomorphic to F' and the other isomorphic to H.
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Figure 1.4: A red-blue coloring of K without two edge-disjoint monochromatic triangle and 4-cycle.

The strong Ramsey number R(F, H) of two graphs F' and H without isolated vertices is the minimum
positive integer n such that every red-blue coloring of K, results in two edge-disjoint monochromatic
subgraphs, one isomorphic to ' and the other isomorphic to H. This concept was introduced and
studied in [3] and studied further in [4]. Since the Ramsey number R(F, H) exists for every pair I, H of
graphs by a result of Ramsey [14], the strong Ramsey number R(F, H) exists as well.

Proposition 1.4. [3] For every two graphs F and H without isolated vertices, R(F, H) exists and
max{R(F), R(H)} < R(F, H) < max{R(F), R(H)} + min{|V ()|, |V (H)]}.
Listed below are three observations dealing with strong Ramsey numbers.
Observation 1.5. [3] For every two graphs F and H without isolated vertices, R(F,H) = R(H, F).
Observation 1.6. [3]If F is a graph without isolated vertices and F # K,, then R(F, K,) = R(F).

Observation 1.7. [3]If F, F', H, and H' are graphs without isolated vertices such that F' C F or
H' C H, then R(F',H) < R(F,H) and R(F,H') < R(F, H).

For non-isomorphic graphs F' and H of the same size 2,3, or 4 without isolated vertices, it was
shown in [3,4] that R(F, H) is either max{R(F), R(H)} or 1 + max{R(F), R(H)}. The question was
introduced as to whether this fact holds for broader pairs of graphs. By investigating red-blue colorings
(or bi-colorings) of the complete graphs K and K;, we extend this fact to the seven graphs without
isolated vertices having Ramsey number 6 since it is more challenging in general to determine R(F, H)
when R(F) = R(H). Listed next are the known strong Ramsey numbers of the pairs of these graphs of
the same size obtained in [3,4].

Theorem 1.8. [4]If F € {K;3,Cs,Cf, Ps+ K>, S23, Ps}, then R(F, K, 3) = 6.
Theorem 1.9. [3] IfF € {K3, 5273}, then R(F, P3 + KQ) = 0.
Theorem 1.10. [4]If F € {C,, Sy3}, then R(F, Ps) = 7T and R(Cj, S23) = 6.

We refer to the book [2] for notation and terminology not given here. More information on Ramsey
numbers can be found in [6,7,11,12,15,16].

2. Strong Ramsey Numbers Involving CZ

Let C; be the graph obtained from the 4-cycle C, by adding a pendant edge. The graph C; is the unique
graph of size 5 without isolated vertices having Ramsey number 6. Furthermore, if G is a graph of
size 5 or more different from C;", then R(G) > 7 (see [1,13]). For certain pairs of graphs involving C;,
the strong Ramsey number is 7, however. First, we determine the value of the strong Ramsey number

R(K3,Cy) of the two graphs K3 and C,, which corrects an error in Theorem 4.1 in [3].
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Theorem 2.1. R(K3,Cy) =17.

Proof. Since the red-blue coloring of K shown in Figure 1.4 with red subgraph K3 0 K, and blue
subgraph Cs does not produce edge-disjoint monochromatic subgraphs K; and C}, it follows that
R(K3,C4) > 7. Next, we show that R(K3,Cy) < 7. Let there be given a red-blue coloring of G = K,
with V(G) = {vy,v,...,v7}. Since R(C,) = 6, there is a monochromatic subgraph H = C; in G,
say H = (vy,v2,v3,v4,v1). If G' = G[{vs,v6,v7}] = K3 is monochromatic, then there are edge-disjoint
monochromatic subgraphs K3 and C, in GG. Thus, we may assume that exactly two edges of G’ have the
same color, say vsvg and vgv; are red and vsv; is blue. At least two of the three edges vsvq, v5v0, v5v3 have
the same color. We consider two cases, depending on whether v5v; and vsv3 have the same color or vsv;
and vsv, have the same color.

Case 1. vsv; and vsvs have the same color.

* If vsv; and vsvs are red, then vgv; and vgvs are blue, for if vgv; say is red, then (v, vs, vg,v1) is a
red K; that is edge-disjoint from H.

* If vsv; and vsvs are blue, then v;v; and v;v5 are red, for if v;v; say is blue, then (v, vs,v7,v1) is a
blue K3 that is edge-disjoint from H.

This is illustrated in Figure 2.1, where a dotted line represents an edge in H. In either situation,
regardless of the color of v;v3, there is a monochromatic K5 that is edge-disjoint from H.

Figure 2.1: A step in the proof of Case 1 of Theorem 2.1.

Thus, we may assume that vsv; and vsv; have different colors and similarly that v;v; and v;v3 have
different colors.

Case 2. vsv; and vsv, have the same color. By Case 1 and symmetry, we may assume that vsv, and
vsvys have different colors. Since vsv; and vsv; have different colors, it follows that vsv3 and vsv, have the
same color, which is different from the color of v5v; and vsv,. We may assume that vsv; and vsv, are red
and vsv3 and vsv, are blue. We proceed with the following steps.

* Since vsv; and vsv, are red, it follows that vgv, and vgvy are blue, for if vgv, say is red, then
(va,vs,v6,v2) is a red K3 that is edge-disjoint from H.

* Since vsv3 and vsv, are blue, it follows that v;v3 and v;v, are red, for if v;v3 say is blue, then
(v3,vs,v7,v3) is a blue K3 that is edge-disjoint from H.

* Since v;v; and v7vy are red, it follows that vgvs and vgvs are blue, for if vgus say is red, then
(v3,vg, v7,v3) is a red K3 that is edge-disjoint from H. Furthermore, because v;v; and v;v, are red,
we may assume that v;v; and v;v, are blue by Case 1 and symmetry.

Thus, H' = (vy, vs, V2, v7,v1) is a blue C, in G. We now consider the color of the 4-cycle H = (vy, va, v3, v4, V7).
If H is red, then (vq, v9, v5,v1) is a red K5 that is edge-disjoint from H’. If H is blue, then (vs, vy, vs, v3) is
a blue K that is edge-disjoint from H’. This is illustrated in Figure 2.2.



G. Chartrand and P. Zhang / Electron. J. Math. 12 (2026) 50-60 54

H is blue

Figure 2.2: A step in the proof of Case 2 of Theorem 2.1.

Hence, there are edge-disjoint monochromatic subgraphs K3 and C, in GG. Therefore,

R(K37 04) S 7
and so R(K3,Cy) =T. O
With the aid of Theorem 2.1, we now determine the value of the strong Ramsey number R(K3, C}).

Theorem 2.2. R(K;,C)) =17.

Proof. Since C, C C}, it follows by Observation 1.7 and Theorem 2.1 that R(K3, C}) > R(K3,Cy) = 7.
Next, we show that R(K3,C]) < 7. Let there be given a red-blue coloring of G = K, with

V(G) = {v1,vq,...,07}.

Since R(K3,C,) = 7, there are edge-disjoint monochromatic subgraphs F = K3 and C, in G. We may
assume that H = (vy,v9,v3,v4,v1) isared Cy. Let G' = G — [E(F)U E(H)]. Since F' contains at most two
vertices of H, we may further assume that F is one of the three triangles (vs, vg, v7, v5), (v1,v5, v6, V1),
(v1,v3,v5,v1) in G shown in Figure 2.3, where a dotted line represents an edge in F.

v1 v2 v3 va 332 7\’5” v4e vy V2 %” Y4
A\ . .
O e O e o) Q... O O O O O
V5 Vg V7 U5 V6 (Vrd (%) V6 v7

Figure 2.3: The three possible triangles F in G.

Let X = {U2U5, V2Vg, V4Vg, U2U7, ’U4U7}. Then X - E(G/)

x If some edge e in X is red, then there is a red C; obtained from the 4-cycle H by adding the
pendant edge e.

x If no edge in X is red, then there is a blue C;” obtained from the 4-cycle (v, vs, v4, v7, v2) by adding
the pendant edge vyvs.

In either case, the resulting monochromatic subgraph C; is edge-disjoint from F'. Hence, there are
edge-disjoint monochromatic subgraphs K3 and O} in G. Therefore, R(K3,C;") < 7 and so
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We now show that R(F,C;) = 7 for each F € {Cy, P, S23}, begining with R(Cy, C}").
Theorem 2.3. R(Cy,C/) =T1.

Proof. Since R(C,, Ps) = 7 by Theorem 1.10 and P5; C C, it follows by Observation 1.7 that
R(Cy,C) > R(Cy, P5) =T.

Thus, it remains to show that R(C,,C;) < 7. Let there be given a red-blue coloring of G = K; with
V(G) = {v1,v9,...,v7}. By Theorem 1.3, there are two edge-disjoint monochromatic copies F and F” of C,
in G, where F' = (v, v, v3,v4,v1) say. Since F’ contains at most two vertices of F, we may assume that
V(F") is one of the three sets {vy, vs, vg, v7 }, {v1, V2, v5, U6}, {v1, v3, U5, v6}. By symmetry, we may further
assume that F’ is one of the four possible 4-cycles (v, vs, vg, v7,v1), (v1,vs, Ve, v6,v1), (V1, Vs, Vs, Vs, V1),
(v1,vs,v3, v, v1) shown in Figure 2.4, where an edge in F' is indicated by a dotted line and an edge in F”
is indicated by a dashed line.

V9 v v )
V1 3 V4 V1 2 3 V4
Q\\ .............. O-onnnnt O Q ........ Q ......... Orveeeee O
\ ~ - - \\ < | \
\ S o \ 7~ \
\ >~ o \ ;N \
\, N
O---0---0 O O o0
U5 V6 (Vg U5 V6 V7
VIS 2o 8.0 V4 v1 Y2 U3 U4
QKU O RO y
\ - / NN s
\ / \ /
\ / \d /\/\ /
O---0 O o O
Vs V6 V7 Vs V6 v7

Figure 2.4: The four possible 4-cycles F” in G.

If F and F’ have different colors, then regardless of the color of the edge v,vs5, there are edge-disjoint
monochromatic subgraphs C; and C; in G. To see this, we may assume that F is red and F” is blue.
If vyv5 is red, then the graph C; obtained from F by adding the pendant edge v,v; is edge-disjoint
from ' = C,. Similarly, if v,vs is blue, then the graph C; obtained from F”’ by adding the pendant edge
v4vs5 is edge-disjoint from F' = C,. Thus, we may assume that F' and F’ have the same color, say red.

* If F' = (v, vs,v6,v7,v1), then each edge in X = {v5vq, v5v3, V602, V6v3, V64 } is blue, for otherwise
there are edge-disjoint red subgraphs C, and C; in G. Then there is a blue C; with E(C}) = X
that is edge-disjoint from F'.

*x If F' = (vy,v5,v9,v6,v1), then each edge in Y = {vsvs, vsv4, v6vs3, V604, vev7} is blue, for otherwise
there are edge-disjoint red subgraphs C, and C; in G. Then there is a blue C with E(C)) =Y
that is edge-disjoint from F.

* If I’ = (v, v5,v6,v3,01) Or F' = (v1,v5, 03,06, v1), then each edge in Z = {v5vs, V504, v6V2, VsV, V6U7}
is blue, for otherwise there are edge-disjoint red subgraphs C; and C; in G. Then there is a blue
C; with E(C]) = Z that is edge-disjoint from F.

Hence, there are edge-disjoint monochromatic subgraphs C, and C; in G. Therefore, R(C,,C}) <7
and so R(Cy,Cf) = 1. O
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Theorem 2.4. R(P;,C) =17.

Proof. Since R(P;,C;) > R(Ps,C4) = 7 by Theorem 1.10, it remains to show that R(P;,C;) < 7. Let
there be given a red-blue coloring of G = K; with V(G) = {vy,vs,...,v7}. Since R(C;) = 6, there
is a monochromatic subgraph H = C; in G. We may assume that H is obtained from the 4-cycle
(v1, v9,v3,v4,v1) by adding the pendant edge v,v;. Since G' = G[{vy,v3,vs5,v6,v7}] = K5 and R(FP,) = 5,
there is a monochromatic F” = P, in G', where I’ is red say. By symmetry, we may assume that V' (F”)
is one of the three sets {vy, vs, vg, v7}, {v1,v3, 5,06}, {v1, v3, V5, v7}. We consider these three cases.

Case 1. V(F') = {vy, vs, vs,v7}. We may assume that F” is one of the six possible 4-paths (vy, vs, vg, v7),
oy N
(Ulv Us, U7, UG): (Ulu U7, Vs, 1)5)7 (U57 V1, Vs, U7)7 (U57 U1, U7, UG)’ <U77 V1, Us, ,06) in G’ shown in Flgure 2.5.

Figure 2.5: The six possible 4-paths F” in Case 1 of Theorem 2.4.

(1) If F/ = (vq,vs,v6,v7), then each of the edges vyvs, vov7, v3v7 is blue, for if vv3 say is red, then
(v3,v1,v5,v6,v7) is @ red Ps that is edge-disjoint from H. Then (vq,vs, v7,v9) is a blue P,. This
implies that v,v; and vyvy are red, producing a red Ps = (vy,v9, v5, U6, v7) that is edge-disjoint
from H.

(2) If F' = (v, vs,v7,06), then each of the edges v,v3, vov5, V306, V406 18 blue, for if vyv6 say is red, then
(v1, vs, v7, V6, v4) is a red Ps that is edge-disjoint from H. Then (v, v, vg, v2) is a blue P,. This implies
that vyv; and vov, are red, producing a red Ps = (vy, v, v5, v7, V) that is edge-disjoint from H.

(3) If F' = (v, v7,v6,v5), then each of the edges v,vs3, vovs, v3v5, V405 is blue, producing a blue
Py = (v1,v3, 5, 02).

This implies that vyvy and vyv; are red. Then (vy, v, v7,v6,v5) is a red Ps that is edge-disjoint
from H.

(4) If F’ = (vs,v1,v6,v7), then each of the edges vyvs, v3v5, V405, V207, V307 is blue, producing a blue
P5 - (U47 Us, U2, U7, U3)
that is edge-disjoint from H.

(B) If F' = (vs,v1,v7,06), then each of the edges vyvs, V305, V4Us5, Vovg, UsUG, V4V 1S blue, producing a
blue P; = (v4, vs, v2, Vg, v3) that is edge-disjoint from H.
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(6) If I’ = (v7,v1,v5,06), then each of the edges vyvg, v3v6, V406, V2U7, V307 is blue, producing a blue
P5 - (U47 Vg, U2, U7, U3)
that is edge-disjoint from H.

Case 2. V(F") = {vy,vs,v5,v6}. We may assume that /'’ is one of the four possible 4-paths (vs, v1, vs, v6),
(vs, v1,v3,V6), (V1, V5, Vg, V3), (U5, 01, 06,v3) in G’ shown in Figure 2.6.

Figure 2.6: The four possible 4-paths F’ in Case 2 of Theorem 2.4.

(1) If ' = (vs,v1,v5,06), then each of the edges vsv;, vovg, v4v6, vgv7 is blue. Then (vq, vg, v7,v3) is a
blue P,. This implies that vyvs, vovy, v3v5 are red, producing a red Ps = (vy, v2, vs, v3,v1) that is
edge-disjoint from H.

(2) If 7 = (U5, V1, 1)3,1)6), then each of the edges VsV, UsV4, UsVU7, Vg2, VU4, VgU7 is blue, producing a
blue Ps = (v;, vs, v, v, v4) that is edge-disjoint from H.

(3) If F" = (v, v5, v6,v3), then v;v; and v3v7 are blue. We now consider the color of the edge vsvs. If v3vs
is red, then (v, vs, v3, v6) is ared P,. This implies that each of the edges vgvs, v5v4, v6v7 is blue. Since
Py = (vq, v6, v7, v3) is blue, it follows that v,v5 and vev, are red, producing a red Ps = (vy, v2, vs, U3, Vg)
that is edge-disjoint from H. If vzvs is blue, then (v, v7, v3,v5) is a blue P,. Thus, we may assume
that each of the edges vsvy, v5v4, v507 is red. Since (vq, vs, v6, v3) is a red P;, we may assume that
vyv3 is blue and so (vs, v3, v1,v7) is a blue P;. This implies that v;v, and v;vs are red, producing a
red Ps = (v4,vs, g, U7, v2) that is edge-disjoint from H.

(4) If F' = (vs,v1,v6,v3), then each of the edges vsvs, v5v4, V507, V301, V307 is blue, producing a blue
Ps = (0170377177?15704)
that is edge-disjoint from H.

Case 3. V(F') = {vy, v3,v5,v7}. We may assume that F” is one of the six possible 4-paths (vs, v1, v3, v7),
(v1,v3,v7,05), (V3,01,05,07), (V1, V5,03, 07), (V1,V5,07,03), (Vs,01,07,03) in G’ shown in Figure 2.7.

(1) If F’ = (vs,v1,v3,v7), then each of the edges vsvs, v5v4, V506, U7U2, V706 1S blue, producing a blue
Ps = (047U5>U67U77U2)

that is edge-disjoint from H.
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Figure 2.7: The six possible 4-paths F” in Case 3 of Theorem 2.4.

(2) If I/ = (Ul, V3, U7, U5), then each of the edges V5V2, U5Vy4, U5Vg, V1 Vg is blue. Then (Ul, Vg, Us, UQ) is a
blue P,. This implies that v,v, and v,v; are red, producing a red P; = (v4, v9,v7,v3,v1) that is
edge-disjoint from H.

(3) If F' = (v3,v1,v5,v7), then each of the edges vsvs, V709, V706 is blue. Then (v, v7, vg, v3) is a blue Pj.
This implies that v,v, and vyv; are red, producing a red Ps; = (v4, ve, v5,v1, v3) that is edge-disjoint
from H.

(4) If F’ = (v, vs, v3,v7), then each of the edges v,vs, v7v2, v7Ug is blue. Then (vq, vg, v7,v2) is a blue P;.
This implies that vyvy, vovs, v1v3 are red, producing a red Ps = (vy, vo, U5, v3, v1) that is edge-disjoint
from H.

(5) If F" = (vy,vs, v7,v3), then v;vs and v3vg are blue. We now consider the color of the edge v3vs. If v3vs
is red, then (vy, vs,v3, v7) is a red P,. This implies that each of the edges v;v, and vgv; is blue. Since
Py = (vq, v7,v6, v3) is blue, it follows that v,v5 and vev, are red, producing a red Ps = (vy, v2, vs, U3, U7)
that is edge-disjoint from H. If vsv; is blue, then (vq, vg, v3, v5) is a blue P;. Thus, each of the edges
U5Vg, UsU4, V107 1S red, producing a red Ps = (vg4, vs, v1, v7, v3) that is edge-disjoint from H.

(6) If F/ = (U5, V1, Uy, Ug), then each of the edges V5V2, UsVyq, UsVg, UV3Vg is blue. Then (UQ, Vs, Vg, Ug) is a
blue P,. This implies that vsv, vovy, v2v7 are red, producing a red Ps = (vy, v2, v7,v1,v3) that is
edge-disjoint from H.

Hence, there are edge-disjoint monochromatic P; and C; in G. Therefore, R(Ps,C;) < 7 and so
R(Ps,CH) =T1. O

Applying the same technique used in the proof of Theorem 2.4, the strong Ramsey number R(S, 5, C})
can be determined.

Theorem 2.5. R(Sy3,C)) =7.

3. Closing Remarks

In this section, we show that if F and H are two graphs having Ramsey number 6, then R(F, H) is
either 6 or 7. Let S = {K3, K13,Cy, Cf, P5, Sa3, Py + K>} be the set of the seven graphs without isolated
vertices with Ramsey number 6 shown in Figure 1.1.
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Theorem 3.1. If F, H € Sand F # H, then R(F,H) € {6,7}.

Proof. If K,3 € {F,H}, then R(F,H) = 6 by Theorem 1.8. If F and H have the same size, then
R(F,H) € {6,7} by Theorems 1.9 and 1.10. Thus, we may assume that K, 3 ¢ {F, H} and F and H are
of different size. We consider two cases, depending on whether C;” € {F, H} or C; ¢ {F, H}.

Case 1. Cf € {F,H}, saqy H=C;. Then F € {K3,Cy, P5, So3, P3 + Ky}. If F' € {K3,Cy, P5, S23}, then

R(F,C;) =7 by Theorems 2.2, 2.3, 2.4, and 2.5. If F = P; + K,, then F C P; and so
R(F,Cf) < R(P;,C{) =7

by Theorem 2.4 and Observation 1.7.

Case 2. Cf ¢ {F, H}. Thus, I and H have size 3 or 4. Since I and H have different sizes, we may
assume that /" has size 3 and H has size 4. Thus, ' € {K;, P; + Ky} and H € {Cy, P5, S5 3}.

* First, suppose that F' = K3. Since H C C} for each H € {Cy, P, S>3}, it follows that
R(K37H) S R(K?n OZ_) =7
by Theorem 2.2 and Observation 1.7.

x Next, suppose that F' = P + K,. Since P; + K, C P; and H C C for each H € {Cy, P5, S53}, it
follows that R(P; + Ky, H) < R(Ps,C;") = 7 by Theorem 2.4 and Observation 1.7. O

We saw that red-blue colorings of the complete graph K have a property that is stronger than
the property stated in the definition of the Ramsey number of a graph having Ramsey number 6. By
Theorems 1.8 and 1.9, it follows for several pairs of non-isomorphic graphs I’ and H in the set S of the
seven graphs with Ramsey number 6, that every red-blue coloring of K produces two edge-disjoint
monochromatic subgraphs, one isomorphic to ' and the other isomorphic to . From this fact, a
question arises:

For three given graphs Fi, F», F3in S, can every red-blue coloring of K¢ or K; produce three
pairwise edge-disjoint monochromatic subgraphs I, Iy, F3?

If the answer to this question is yes, then three graphs in S can be extended to four or more graphs
in S. If the answer to this question is no, then another question arises.

For three given graphs Fy, Fy, F3 in S, what is the minimum positive integer n such that
every red-blue coloring of K,, produces three pairwise edge-disjoint monochromatic subgraphs
isomorphic to F, Fy, F3?

Of course, there is the more general question of determining the minimum positive integer n such that
every red-blue coloring of K, produces pairwise edge-disjoint monochromatic subgraphs isomorphic to
the graphs in a given set of two or more non-isomorphic graphs.
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