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Abstract

This paper develops a localization framework for coherent quantales based on weak polar elements,
thereby extending localization techniques beyond the semiprime setting. By using multiplicatively
closed subsets determined by weak polars, the corresponding localization quantale is constructed,
and the properties of the canonical localization morphism are investigated. It is shown that
this construction preserves and reflects important algebraic and spectral properties. Within this
framework, weakly complemented quantales are introduced and studied, and characterizations are
provided in terms of the radical frame, localization quantales, and the topology of the minimal
m-prime spectrum. In particular, the weakly complemented property is shown to be equivalent to the
compactness of the Zariski—Stone topology on the minimal spectrum and to the hyperarchimedean
properties of the associated localization quantale. Moreover, generalized PP-quantales and weak
fraction-dense quantales are investigated, and several equivalences connecting algebraic conditions,
spectral topologies, and localization properties are established. The interplay between weak polar
operators, spectral properties, and localization techniques provides a broader perspective on coherent
quantales beyond the semiprime setting.
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generalized PP-quantale.

2020 Mathematics Subject Classification: 06F07, 06D22, 13B30.

1. Introduction

Quantales provide a natural framework for extending methods from lattice theory, topology, and
commutative algebra to algebraic structures endowed with both an order and a multiplication.

Many structural results in quantale theory rely on the polar (annihilator) operator, which plays a
central role in the study of complemented quantales and localization techniques [13]. However, this
approach is essentially restricted to semiprime quantales. In the general case, the polar operator does
not fully capture annihilator-type behavior, and classical constructions may lose structural precision or
fail to extend naturally. To overcome this limitation, the notion of a weak polar was introduced as a
generalization of annihilators in quantales [12]. Weak polars preserve important algebraic properties
while remaining applicable beyond the semiprime setting. Moreover, they are closely related to the
radical structure of a quantale and induce Boolean-type structures that extend classical results [10, 12].
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The aim of this paper is to systematically develop the theory of quantales based on weak polar
operators. More precisely, we introduce the notion of a weakly complemented quantale, obtained by
replacing the classical polar operator with the weak polar operator in the definition of a complemented
quantale. In parallel, we construct a localization quantale associated with weak polar conditions,
extending classical localization techniques from commutative algebra [2].

The main contributions of this paper are as follows:

* we define and characterize weakly complemented quantales in terms of the frame of radical
elements;

* we construct a localization quantale based on weak polar operators and study its fundamental
properties;

* we provide equivalent characterizations in terms of the minimal m-prime spectrum and its
associated topologies;

* we establish connections with hyperarchimedean quantales and generalized P P-quantales,
extending known results from the semiprime case [11,13].

The paper is organized as follows. Section 2 recalls preliminaries on coherent quantales, including
compact elements, residuation, and spectral constructions. Section 3 is devoted to weak polar elements
and their properties. In Section 4, we develop the localization theory and introduce the corresponding
localization quantale. Section 5 defines weakly complemented quantales and provides their main
characterizations. Section 6 studies generalized P P-quantales and their relationship with weakly
complemented and mp-quantales. Finally, Section 7 characterizes weak fraction-dense quantales, while
Section 8 addresses functorial aspects of localization.

The results developed in this paper extend classical constructions in quantale theory to a broader
setting and provide a unified framework for studying localization and spectral phenomena in
non-semiprime quantales.

2. Preliminaries

The notions and results in quantale theory (respectively, frame theory) used in this paper can be found
in the fundamental monographs [8,21] (respectively, [16,20]). Throughout this paper, the term quantale
refers to a commutative and integral quantale. We also occasionally use the abbreviation “iff” for “if
and only if”.

Let A be a quantale. The set of compact elements of A is denoted by K (A). The quantale A is said
to be algebraic if every element is a join of compact elements. An algebraic quantale A is coherent if
1 € K(A) and the set K(A) is closed under multiplication.

Lemma 2.1. For any =,y € A, the following properties hold:
(D zy <z Ay;
(2) If tVy=1, then xy = x N\ y;

(3) If  Vy =1, then ™V y™ = 1 for any integer n > 1.
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According to [21], the residuation (implication) of A is defined by

m—>y:\/{a€A\ma§y},
and the polar (annihilator) of x is 24 = 2 — 0. The algebraic structure (4,V,A,-,—,0,1) is a
commutative residuated lattice. For the basic concepts and results of residuation theory, we refer to [9].
Lemma 2.2 (see [9]). For any x,y € A, the following properties hold.:

(1) T g xLALA; :CLA — :CLALALA;
@) (zVy)ta =ata Ayt

(3) (xVvata)yta =0.

Let B(A) denote the Boolean algebra of complemented elements of A. Moreover, for z,y € B(A), we
have = A y = xy. Hence, B(A) is closed under multiplication. If x € B(A), then 24 is the complement
of z. In accordance with Lemma 15 of [7], we have B(A) C K(A).

Lemma 2.3. For all x,y € A, the following properties hold:
(1) x € B(A)ifand only if x V 214 = 1;

(2) If t vy =1and zy =0, then x,y € B(A);

(3) If v,y € B(A), then x Ny = xy.

An element p < 1is m-prime if for all x,y € A, xy < p implies z < p or y < p. When A is an algebraic
quantale, p < 1 is m-prime if and only if for all ¢, f € K(A), ef < pimplies e < por f < p. The set of
all m-prime elements is denoted by Spec(A), and is called the m-prime spectrum of A. The minimal
m-prime spectrum of A is defined as the set Min(A) of minimal m-prime elements of A. For any a € A,
we denote U(a) = {p € Min(A) | a £ p} and V(a) = Min(A) \ U(a). Following [10], we equip Min(A)
with the following two topologies:

* the Zariski—Stone topology, having the family {U(c)}.ck ) as a basis;

* the flat topology, having the family {V'(c)}.cx(4) as a basis.

Thus, we obtain two topological spaces Minz(A) and Ming(A), corresponding to Min(A) endowed
with the Zariski—Stone topology and the flat topology, respectively. By Corollary 8.6 of [10], we know
that Miny(A) is a zero-dimensional Hausdorff space and Ming(A) is a compact 7} -space.

Following [5], a topological space X is called a Boolean space if it is compact, Hausdorff, and totally
disconnected. A topological space X is called a Stone space if it is compact, Hausdorff, and extremally
disconnected.

For any = € A, pa(z) = AN{q € Spec(A) | x < q} is the radical of z. An element = € A is a radical
element if p4(z) = z. The quantale A is semiprime if p4(0) = 0.

The operator p,(-) satisfies standard properties, including monotonicity, idempotence, = < pa(z),
pa(xy) = palz ANy) = pa(x) Apa(y), ete. The set R(A) of all radical elements is a coherent frame in which
the joins can be described as follows: for any 7' C R(A), \/T = p(\/ T). Particularly, 2Vy = pa(z V ) for
all z,y € R(A). By Lemma 8 of [7], for any coherent quantale A, it holds that K (R(A)) = p(K(A)).

Lemma 2.4. If Ais a coherent quantale, then Minz(A) = Minz(R(A)) and Mingp(A) = Ming(R(A)).
Lemma 2.5 (see [1,17]). Let A be a coherent quantale. For any x € A, the following properties hold:
(1) p(z) =\{de K(A) |d" < z for some n € N};
(2) Forany d € K(A), d < p(z) if and only if d* < x for some n € N;

(3) Ais semiprime if and only if d* = 0 implies d = 0 for all d € K(A) and n € N.
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3. Weak Polars

The weak polars in a quantale were introduced in [12] under the name weak annihilator elements.
They are the quantale-theoretic abstraction of weak annihilator ideals in a commutative ring [19].
Let A be a quantale and a € A. The weak polar of a is defined by

atv = attr =a — py(0).

An element of the form o'~ is called a weak polar of A. Using residuation theory, one can prove that

at4 < atv. If Ais semiprime, then a4 = atv.

In what follows, we fix a coherent quantale A.
Lemma 3.1. If a,b € Aand {a;}ic; C A, then the following hold:
(1) If a < b, then b*v < atw;
(@) a < atvlte; gt = glolule,
(3) 0+ = 1; 1 = pa(0);
4) pa(0) <a'tv;
5) (Vies @) = Ny at;
(6) (aVatw)te = pa(0).

Proof. The properties (1)—(5) are verified using residuation rules. For the proof of (6), see Lemma 5.1(6)
in [12]. .

Lemma 3.2 (see [12]). For any a € A, the following hold
(1) (pala))t =a®;
(2) If a € R(A), then a™r) = gtv;
(3) atv = (pa(a))-ron.
Lemma 3.3. For all x,y € A, the following hold
(D zztv < pa(0);
(2) zy < pa(0) if and only if x Ny < pa(0);
(3) x <y*vifandonlyifx Ny < pa(0);
(4) zy < pa(0) if and only if © < y*v.
Proof. (1) From residuation theory, we know that a(a — 0) < b for all a,b € A. Hence,
zxt = x(x = pa(0)) < pa(0).

(2) Since xy < x Ay, the inequality = A y < p4(0) implies zy < p4(0). Now, assume that zy < p4(0).
Let ¢ be a compact element of A such that ¢ < z Ay. Thus, ¢c < zand ¢ < y, so 2 < zy < pa(0). By
Lemma 2.5(2), one can find an n € N such that ¢** = 0. Using once more Lemma 2.5(2), we obtain
¢ < pa(0). Therefore, we conclude that = Ay < pa(0).
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(3) In accordance with (2), we have the following equivalences: z <y iffx <y — p4(0) iffzy < pa(0)
iff 2z Ay < pa(0).
(4) This part follows from (2) and (3). O

We denote by Pol,,(A) the set of all weak polars of A. By Lemma 3.1(2), we have
Pol,(A) ={a*" |a€ A} ={a € A|atv =a}.

Consider the set Pol(R(A)) of polars of the coherent frame R(A):

Pol(R(A)) = {a*"» | a € R(A)} = {a € R(A) | atrvtrn = a}.
For any {x;},c; C Pol(R(A)), we set
. LrayLra
@Jii = (\/ielmi) .
i€l

We know from [3] that (Pol(R(A)), D, /\) is a complete Boolean algebra. Also, for any {a;};c; C Pol,,(A),

we set
Lo Lo
|_| a; = (\/ ai> .

iel i€l
Proposition 3.4 (see [12]). The following properties hold:
(1) Pol,(A) = Pol(R(A));

(2) Pol,(A) is closed under the infinite operations | | and \;

a;.

(3) For any {a;}icr C Pol,,(A), it holds that | |,.; a; = P

i€l

By virtue of Proposition 3.4, (Pol,,(A),| ], \) is a complete Boolean algebra, identical to the complete
Boolean algebra Pol(R(A), @, \). For any element a € Pol,(A), a** is its complement. We note that
pa(0) (respectively, 1) is the bottom element (respectively, the top element). If A is semiprime, then
Pol,,(A) = Pol(A), and hence, Pol(A) is a complete Boolean algebra.

The equality of the complete Boolean algebras Pol,,(A) and Pol(R(A)) allows us to transfer some
properties from Pol(R(A)) to Pol,(A), and conversely. The proof of the following proposition illustrates
this method.

Proposition 3.5. For all a,b € A, the following equalities hold:
(1) (ab)* = (a Ab)tw;
2) atvte Abtele = (gb)tele = (a A b)Ltete,

Proof. (1) We know that p4(ab) = pa(a A b). Therefore, using Lemma 3.2(3), the following equalities
hold:

(ab)-+ = (pa(ab))** = (pa(a AB)™ = (a AB).
(2) For all z,y € R(A), we have

g rROLRA) A yhROTRA) = (1 A ) RO ERG@),
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Applying Lemma 3.2(3) for z = p4(a) and y = pa(b), and taking into account the previous equality, we
obtain

et AR = (p(@) O A (pa(0) O = (pa(a) A pa(b)) TR = (pa(ab)) ety

= (abytrte,

which yields the first equality of (2). The second equality of (2) follows from (1). O

Proposition 3.6 (see [10]). If p € Spec(A), then the following properties are equivalent:
(1) p e Min(A);
(2) Forany c € K(A), ¢ < pimplies ¢ £ p;

(3) For any c € K(A), ¢ < pifand only if ¢t £ p.

4. Localization Quantales

Let A be a quantale and let K (A) be its set of compact elements. A subset S of K(A) is multiplicatively
closed if 1 € S and z,y € S implies zy € S. We fix a multiplicatively closed subset S of a non-trivial
coherent quantale A. Following [1, 18], for any a € A, we set

aS:\/{ceK(A)|cs§aforsomes€5}.

We say that ag is the localization of a at S. Consider the set Ag = {as|a € A} and the map js: A — Ag
defined by js(a) = ag, for any a € A. The map js is called the localization map associated with the pair
(4,5).

Lemma 4.1 (see [13]). Forall a € Aand d € K(A), d < ag if and only if ds < a for some s € S.
Lemma 4.2 (see [1,18]). For all a,b € Aand d € K(A), the following hold:

(1) If a < b, then ag < bg;

(2) a<as;

(3) (as)s = as;

(4) (aNb)s =as Abs;

(5) as = 1ifand only if s < a for some s € S;

(6) a < bgifandonlyif as < bgs;

(7) ds = Og if and only if ds = 0 for some s € S;

(8) (a—b)s =ag — bs;

9) pag(as) = (pala))s.

According to Lemma 4.2(5), we have ag = 1 for any a € S. In particular, 14 = 1. The set Ay is
endowed with a quantale structure with respect to the following operations:

° \/iel(@i)s = (Vie[ a;)s for any family {a;}ic; C 4;

easNbs = (aAb)sforalla,be A

®as5-sbs = (ab)s for all a,b € A.
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Lemma 4.3 (see [1,18]). The following statements hold:

(1) Ag is a coherent quantale;
(2) K(As) = {es | c € K(A)}.

The coherent quantale Ag is called the localization quantale of A at S. Hence, js : A — Agis a
coherent quantale morphism.

Proposition 4.4 (see [1]). Spec(As) = {p € Spec(A) | (p| NS = 0}.
Now, we present a new proof of the following known proposition.
Proposition 4.5 (see [13]). For any a € A, it holds that (a*4v)g = (ag) s,

Proof. Let a be an element of A. Recall that the weak polar of « is defined by a*4» = a — p4(0),
while in the localization quantale Ag, we have (ags)™s* = ag — pa,(0s). By Lemma 4.2(8), localization
preserves residuation, and hence, we have

(a™4)s = (a = pa(0))s = as — (pa(0))s. (1)

Now, by Lemma 4.2(9), the radical operator preserves localization, and hence, (p4(0))s = pa4(0s). Using
this equality in (1), we obtain (a*4+)g = as — pa,(0s) = (ag)t4sw. O

We note that, for convenience, instead of (a*4+)g = (ag)™4s, we sometimes use the abbreviated
form (a*v)g = (ag)*>.

Example 4.6 (see [13]). We set S(A) = {c € K(A) | ¢4 = 0}. Then, S(A) is a multiplicatively closed
subset of A, and hence, we can consider the localization quantale Q(A) = Aga) of A at S(A). When
A'is a coherent frame, (Q(A) coincides with the coherent frame qA, defined in [6]. Moreover, Q(A) is a
quantale-theoretic version of the notion of the total ring of quotients from commutative algebra. We
assume that A is a non-trivial quantale. Therefore, from Lemma 3.10 of [14], it follows that Q(A) is a
non-trivial quantale.

We note that the construction of the coherent quantale Q(A) relies on the polar operator (-)*4. Now,
we define a new localization quantale Q(A) by replacing (-)*# with the weak polar operator (-)-~. We set
T(A) ={ce K(A) | ct* = pa(0)}. According to Lemma 3.1(4), for each a € A, the following equivalence
holds: at* = p4(0) iff at~ < p4(0). Hence, we have T'(A) = {c € K(A) | ¢t < p4(0)}.

Lemma 4.7. The set T(A) is a multiplicatively closed subset of A.

Proof. Since 11+ = p4(0), we have 1 € T(A). Assume that ¢,d € T(A). Then c and d are compact
elements of A such that v < p4(0) and d*= < pa(0). We have to prove that (cd)t* < pa(0). Let
e be a compact element of A such that e < (cd)*». Thus, e < (cd) — pa(0), and hence, we have
ecd < pa(0). From Lemma 3.3, it follows that ec < d*» < p4(0). Hence, using Lemma 3.3(4), we obtain
e < ctv < pa(0). Thus, e < p4(0) for all e € K(A) such that e < (cd)*. Since A is coherent, we obtain
(cd)*» < pa(0). Then, cd € T(A). Therefore, we conclude that T'(A) is multiplicatively closed. O

The localization quantale Az of A at T((A) is denoted by Q(A). If A is semiprime, then T(A) = S(A)
and ((A) = Q(A).

Lemma 4.8. Q(A) is a non-trivial quantale.
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Proof. Suppose that Q(A) = Ap(a) is a trivial quantale, i.e. 0p4) = 1. By Lemma 4.2(5), there exists
t € T(A) such that 1t < 0. Hence, t = 0, which implies that '+ = 01« = 1. On the other hand, for
t € T(A), we have p4(0) = t+» = 1. According to Lemma 2.5(2), 1 € K(A) and 1 < p4(0) imply that there
exists a natural number n such that 1 = 1" = 0, contradicting the assumption that A is non-trivial.
Thus, Q(A) is a non-trivial quantale. O

Lemma 4.9. For any c € K(A), the following equivalences hold:

J—w

cry =16 ¢ < pa(0) & ¢ = pa(0).

Proof. Assume that c¢;4) = 1. By Lemma 4.2(5), there exists s € T(A) such that s < c. Hence, using
Lemma 3.2(1), we obtain c¢t» < st» < p4(0). Conversely, suppose that ¢t < p(0). Then, ¢ € T(A).
Hence, using Lemma 4.2(5), we have cy4) = 1. The second equivalence follows from Lemma 3.1(4). [

Lemma 4.10. For any a € A, the following equivalence holds:

ar(a) < pAT(A)(OT(A)) = a < pA(O)'

Proof. By Lemma 4.2(9), we have PAT(A)<OT(A)) = (pa(0))r(a). Assume that ap) < pAT(A)(OT(A))' Then,
aray < (pa(0))ra). Let c be a compact element of A such that ¢ < a. Thus, using Lemma 4.2(2), we
obtain ¢ < a < apa) < (pa(0))r(a). By Lemma 4.1, we conclude that there exists s € T((A) such that
cs < pa(0). By Lemma 3.3(4), we obtain ¢ < s — p4(0) = s*» < p4(0). Since A is an algebraic quantale,
we conclude that a < p4(0).

In order to establish the converse implication, suppose that a < p4(0). Then, using the properties
(1) and (9) from Lemma 4.2, we obtain ar) < (pa(0))r) = PAT(A)<OT(A)>- O

Lemma 4.11. For any a € A, it holds that (a*)7a) = a*v.

Proof. Assume that ¢ € K(A4) and ¢ < (a**)r4). By Lemma 4.1, there exists s € T(A) such that
cs < atw. Then, csa < pa(0), and hence, we have ca < st = p,(0). From ca < p4(0), we obtain
¢ <a— pa(0) = a*v. Therefore, it follows that (a**)74) < a**. The converse inequality follows from
Lemma 4.2(2). L

Theorem 4.12. Min(A) = Min(Q(A)).

Proof. We set T = T(A). Then, Q(A) = Ar. Recall from Proposition 4.4 that
Spec(Ar) = {p € Spec(A) | (p] N T = 0}.

First, we prove that Min(A) C Min(Ar). Assume that p € Min(A). Suppose that (p] N T # (). Then,
there exists ¢ € T such that ¢ < p. Applying Proposition 3.6(3), from ¢ < p, we obtain ¢4+ £ p. But,
c € T implies ct4» = p,(0), and hence, p4(0) £ p. This last property contradicts p € Min(A), and
therefore, it holds that (p] N T = (). Consequently, p € Spec(Ar), and hence, p € Ar. To prove that
p € Min(Ar), let  be a compact element of Ar such that x < p. By Lemma 4.3(2), there exists c € K(A)
such that © = ¢;. We know that pr = p. Hence, using the properties (1) and (2) from Lemma 4.2,
we obtain ¢ < ¢y < pr = p. Recall from Proposition 4.5 that (ct4«); = (¢r) 47+, In accordance with
Lemma 4.2(2), we have ct4+ < (¢t4w)r. But, ct4» £ p, and hence, we have (cr)*4r» £ p. We proved
that z-4r» « p for all z € K (A7) such that z < p. Now, Proposition 3.6(3) gives p € Min(Ar). Therefore,
we conclude that Min(A) C Min(Ar).
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To prove the converse inclusion Min(Ar) C Min(A), assume that p € Min(Ar). Then, p is an
m-prime element of A. We have to show that p is a minimal m-prime element of A. Let ¢ be a compact
element of A such that ¢ < p. By Lemma 4.3(2), ¢r is a compact element of A;. Due to Lemma 4.2(3),
from p € Ar it follows that pr = p. Hence, using Lemma 4.2(1), we have ¢ < pr = p. According
to Proposition 3.6(3), cr < p implies (cy)™4r» £ p. Taking into account Proposition 4.5 and Lemma
4.11, we have (cy)4rw = (ct4w)r = ct4w and hence, ¢4+ £ p. From Proposition 3.6, it follows that
p € Min(A). In conclusion, we have Min(Ar) C Min(A). O

Corollary 4.13. If A is semiprime, then Min(A) = Min(Q(A)).

Proposition 4.14. If A is a coherent quantale, then the following statements are equivalent:
(1) Ais semiprime;
(2) Q(A) is semiprime.

Proof. (1) = (2). Assume that A is semiprime. We set S = S(A). Then, Q(A) = Ag. First, we prove that
0s = 0. Let ¢ be a compact element of A such that ¢ < 0g5. Using Lemma 4.1, we obtain cs = 0 for some
s € S. Thus, ¢ < s*4 = 0, and hence, ¢ = 0. Since A is coherent, it follows that 03 < 0, and therefore,
0s = 0. Using Lemma 4.2(9), we obtain p4.(0s) = (pa(0))s = 0s. Consequently, Q(A) is semiprime.

(2) = (1). Assume that Q(A) is semiprime, i.e. ps,(0s) = Os. Then, by Lemma 4.2(9), we have
pas(0s) = (pa(0))s, and hence, (p4(0))s = 0s. Now, let ¢ € K(A) such that ¢ < p4(0). Hence, using
Lemma 4.2(1), we have cs < (pa(0))s = 0s. By Lemma 4.1, there exists s € S such that cs < 0. Since
st4 = 0, we obtain ¢ < st4 = (. Since A is algebraic, we have p,(0) = 0. Thus, A is semiprime. O

Corollary 4.15. If A is a semiprime coherent quantale, then Q(A) is semiprime.

Proof. If A is a semiprime coherent quantale, then 7((A) = S(A), and hence, Q(A) = Q(A). From
Proposition 4.14, it follows that Q(A) is semiprime. Therefore, Q(A) is semiprime. O

We say that the localization map jr : A — Ap reflects pa(0) if j7(pa(0)) = 07 implies p4(0) = 0.
Proposition 4.16. If A is a coherent quantale, then the following statements are equivalent:
(1) Ais semiprime;

(2) Q(A) is semiprime and jr reflects p4(0).

Proof. (1) = (2). Assume that A is semiprime. By Corollary 4.15, Q(A) is semiprime. Since p4(0) = 0,
it follows that jr reflects p4(0).

(2) = (1). Assume that Q(A) is semiprime and j; reflects p,(0). Since Q(A) is semiprime, we have
par(07) = Or. Using the identity p4,.(07) = (pa(0))r, we obtain jr(pa(0)) = Or. But, jr reflects pa(0),
and hence, we have p,(0) = 0. Therefore, A is semiprime. O

5. Weakly Complemented Quantales

Following Definition 3.5 of [6], a frame L is complemented if, for each ¢ € K (L), there exists d € K(L)
such that cAd=0and (cV d)*t = 0.



G. Georgescu / Electron. J. Math. 12 (2026) 1-22 10

The complemented quantales were introduced in [13] as a quantale generalization of complemented
frames. Namely, a quantale A is complemented if, for any ¢ € K(A), there exists d € K(A) such that
cd = 0 and (cV d)*4 = 0. Replacing the polar operator in this definition with the weak polar operator
yields the concept of a weakly complemented quantale. Then, a quantale A is weakly complemented if,
for any ¢ € K(A), there exists d € K(A) such that cd < p4(0) and (¢ V d)** = pa(0). If A is semiprime,
then the notions of weakly complemented quantales and complemented quantales coincide.

Remark 5.1. Assume that c,d € K(A). By Lemma 3.1(4), we have p,(0) < (cV d)‘v. Therefore, A is
weakly complemented if and only if, for any ¢ € K(A), there exists d € K(A) such that cd < p4(0) and
(eVd)t < pa(0).

We fix a coherent quantale A. Recall from [7] that R(A) is a coherent frame.
Theorem 5.2. The following statements are equivalent:
(1) Ais a weakly complemented quantale;
(2) R(A) is a complemented frame.

Proof. (1) = (2). Assume that A is weakly complemented. Let = be a compact element of R(A). From
Lemma 2.10 of [7], it follows that K'(R(A)) = pa(K(A)). Hence, there exists c € K(A) such that x = p4(c).
By hypothesis, there exists d € K(A) such that cd < pa(0) and (cV d)** = pa(0). We set y = pa(d). Thus,
y € K(R(A)) and, from cd < p4(0), we obtain

z Ay = paled) < pa(pa(0)) = pa(0). (2)

Since the bottom element of R(A) is p4(0), inequality (2) gives x Ay = pa(0). Recall that x\Vy = pa(xz Vy).
By Lemma 3.2(3), the following equalities hold:

(25y) 20 = (pa(eV A= = (v d)t = p,(0).

Therefore, R(A) is a complemented frame.

(2) = (1). Suppose that R(A) is complemented and ¢ € K (A). Then, = = p4(c) is a compact element of
R(A). By hypothesis, there exists y € K(R(A)) such that z Ay = p4(0) and (zVy) 7 = p4(0). We know
that y has the form y = p4(d) for some d € K(A). We observe that pa(cd) = pa(c) A pa(d) =z Ay = pa(0).
Since cd < pa(cd), we have c¢d < p4(0). In accordance with Lemma 3.2(3), the following equalities hold:

(eVd)= = (paleV d))# = (pa(c)Vpa(d))# = pa(0).

Consequently, it follows that A is a weakly complemented quantale. H

Corollary 5.3 (see [13]). If A is semiprime, then the following statements are equivalent:
(1) Ais a complemented quantale;

(2) R(A) is a complemented frame.
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We recall from [4] the following characterizations of complemented frames:
Lemma 5.4. If L is a coherent frame, then the following statements are equivalent:
(1) L is a complemented frame;
(2) Ming(L) = Ming(L);
(3) Minyz(L)is a compact space;
(4) Minyz(L) is a Boolean space.

Recall from [7] that a quantale A is hyperarchimedean if, for any c € K(A), there exists an integer
n > 1 such that ¢* € B(A).

Lemma 5.5. Any hyperarchimedean coherent quantale is weakly complemented.

Proof. Let A be a hyperarchimedean coherent quantale. Assume that ¢ is a compact element of A.
Then, ¢" € B(A) for some integer n > 1. Hence, there exists d € K(A) such that ¢"d =0 and ¢" vVd = 1.
Consequently, we have (cd)"” = ¢"d" = 0 and cd € K(A). By Lemma 2.5(2), it holds that cd < p4(0).
But, ¢ Vd=1and ¢" < cimply ¢V d = 1, and hence, (cV d)t* = 1** = p,(0). Therefore, A is weakly
complemented. ]

Theorem 5.6. If A is a coherent quantale, then the following statements are equivalent:
(1) Ais a weakly complemented quantale;
(2) Mingz(A) = Ming(A);
(3) Minyz(A) is a compact space;
(4) Minyz(A) is a Boolean space;
(5) Q(A) is a hyperarchimedean quantale;
(6) Q(A) is a weakly complemented quantale.

Proof. (1) < (2). We know that Minz(A) = Minz(R(A)) and Minp(A) = Ming(R(A)). By Theorem 5.2
and Lemma 5.4, the following properties are equivalent:

* A is a weakly complemented quantale;

* R(A) is a complemented frame;

o Ming(R(A)) = Minp(R(A));

* Ming(A) = Ming(A).

(1) & (3) < (4). These equivalences follow from Theorem 5.2 and Lemma 5.4.

(1) = (5). Suppose that A is weakly complemented. We set 7 = T(A). Then, Q(A) = Ar. Recall
from Lemma 4.3(1) that Ar is a coherent quantale. To show that A is hyperarchimedean, consider a
compact element = of Ar. By Lemma 4.3(2), there exists ¢ € K(A) such that x = ¢;. Since A is weakly
complemented, there exists d € K(A) such that cd < p4(0) and (¢ V d)** = p4(0). According to Lemma
4.3(2), y = dr is a compact element of Ar. By virtue of Lemma 4.2(1), we have

v-py=cr-pdr=(cd)r < pay(07).
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Since Ar is a coherent quantale (cf. Lemma 4.3) and z,y € K(Ar), Lemma 2.5(2) (applied to Ar) implies
that there exists an integer n > 1 such that 2" - 4" = 0. Using Lemma 4.9, from (c V d)** = p4(0), we
infer (¢ V d)r = 1. Thus, the following equalities hold:

x\/Ty:cT\/TdT:(c\/d)T:L

Since Ar is a coherent quantale, Lemma 2.1(3) applies to A7. Thus, we obtain z™ V7 4" = 1. From
Lemma 2.3, it follows that 2" € B(Ar), and hence, Q(A) = Ay is hyperarchimedean.

(5) = (6). This implication follows from Lemma 5.5.

(6) = (1). Assume that Q(A) = Ay is a weakly complemented quantale. Let ¢ be a compact element
of A. By Lemma 4.3(2), ¢ is a compact element of Ar. By hypothesis, there exists y € K(Ar) such that
cr 1y < par(0r) and (er Vo y)=4rw = pa(0r). By Lemma 4.3(2), there exists d € K(A) such that y = dr.
Hence, (cd)r = c¢r -7 dr < pa,(0r) and

((cVd)p)are = (cp Vo dp) 4 = pa, (Or).
On the other hand, by Lemma 4.2(9) and Proposition 4.5, we have p4,.(07) = (pa(0))r and
((eVd)p)tare = ((cVd)=4»)r.

Thus, we obtain (cd)r < (pa(0))r and ((c V d)*4+)r < (pa(0))7. Now, from Lemma 4.10, it follows that
cd < pa(0) and (¢ V d)*4w < pa(0). Therefore, A is weakly complemented. O

Corollary 5.7 (see [13]). If A is a semiprime coherent quantale, then the following statements are
equivalent:

(1) Ais a complemented quantale;

(2) Mingz(A) = Ming(A);

(3) Minz(A) is a compact space;

(4) Minyz(A) is a Boolean space;

(5) Q(A) is a hyperarchimedean quantale;

(6) Q(A) is a complemented quantale.

6. Generalized PP-Quantales

Let A be an arbitrary quantale. Recall from [11] that A is a PP-quantale if c*4 € B(A) for any c € K(A).
We remark that A is a PP-quantale if and only if ¢4 V ¢t414 = 1 for any ¢ € K(A). Replacing the polar
operator in this equivalent definition of a P P-quantale with the weak polar operator yields the notion
of the generalized PP-quantale: A is called a generalized P P-quantale (abbreviated G P P-quantale) if
the equality ¢t V ctvtv = 1 holds for any ¢ € K(A).

Lemma 6.1. If a € A, then atv = (a™)‘~ for any integer n > 1.

Proof. The required conclusion follows from Proposition 3.5(1). O

Lemma 6.2. Any hyperarchimedean coherent quantale is a G P P-quantale.
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Proof. Let A be a hyperarchimedean quantale and ¢ € K(A). Then, ¢" € B(A) for some integer n > 1,

and hence, "V (¢")*4 = 1. We set y = ¢". Then, y VV y*4 = 1. On the other hand, we have y < y*»*» and

y*+4 < y*v. Hence, y*v V ytvtv = 1. According to Lemma 6.1, we have y'v = ¢'v and ytvtv = ctwte,

Therefore, c*+ V ¢tv*++ = 1, and hence, A is a GPP-quantale. O

Theorem 6.3. If A is a coherent quantale, then the following properties are equivalent:
(1) Aisa GPP-quantale;
(2) R(A)isa PP-frame.

Proof. (1) = (2). Assume that A is a GPP-quantale. Let = be a compact element of the frame R(A).
Then, x = pa(c) for some c € K(A). By hypothesis, we have ¢t Vv ¢t»tv = 1. According to Lemma 3.2(3),
we have

FH = (pa(e)) 0 = b,

Thus, c¢tv € R(A). Now, applying Lemma 3.2(2), we obtain

rlR@A)LRMA) — (Ciw)imm — clwle

Consequently, we have

xLR(A) \‘/l‘J‘R(A)J‘R(A) — CJ-'U)\./CJ—UJJ—TU — pA(CJ—w \/ CJ—wJ—w) 2 CJ-w \/ CJ—wJ—w‘

Since A is a GPP-quantale, we have c¢** Vv ¢ctv!v = 1, and hence, 27 VztrLtr) = 1, Therefore, we
conclude that R(A) is a PP-frame.

(2) = (1). This implication is proved in a similar manner by applying Lemma 3.2. O

Recall from [10] that A is an mp-quantale if, for each p € Spec(A), there exists a unique ¢ € Min(A)
such that ¢ < p.

Theorem 6.4 (see [11]). If A is a semiprime coherent quantale, then the following properties are
equivalent:

(1) Aisa PP-quantale;
(2) Ais an mp-quantale and Minz(A) is a compact topological space.
Corollary 6.5. If A is a semiprime coherent quantale, then the following properties are equivalent:
(1) Ais a PP-quantale;
(2) Ais a complemented mp-quantale.

Proof. By Corollary 5.7, A is a complemented quantale if and only if Min;(A) is a compact space.
Therefore, by applying Theorem 6.4, we obtain the desired equivalence. O

Corollary 6.6. If L is a coherent frame, then the following properties are equivalent:
(1) Lisa PP-frame;
(2) L is a complemented mp-frame.

Proof. Since any coherent frame is a particular case of a semiprime coherent quantale, it suffices to
apply Corollary 6.5. O
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Theorem 6.7 (see [11]). If A is a coherent quantale, then the following properties are equivalent:
(1) Ais an mp-quantale;
(2) R(A)is an mp-frame.
Theorem 6.8. If A is a coherent quantale, then the following properties are equivalent:
(1) Aisa GPP-quantale;
(2) Ais a weakly complemented mp-quantale.

Proof. Recall that R(A) is a coherent frame. Applying Theorems 5.2, 6.3 and 6.7, together with
Corollary 6.6, we obtain the equivalence of the following properties:

* Ais a GPP-quantale;
* R(A)is a PP-frame;
* R(A)is a complemented mp-frame;

¢ A is a weakly complemented mp-quantale.

]

We remark that Theorem 6.8 is a quantale-theoretic generalization of Corollary 6.6. Its proof
illustrates how the radical functor R(-) can be used to transfer certain results from coherent frames to
coherent quantales.

Theorem 6.9. If Ais a coherent quantale, then the following properties are equivalent:
(1) Ais a weakly complemented quantale;
(2) Q(A) is a GPP-quantale.

Proof. (1) = (2). Assume that A is weakly complemented. By Theorem 5.6, Q(A) is hyperarchimedean.
Hence, from Lemma 6.2, it follows that Q(A) is a GPP-quantale.

(2) = (1). Suppose that Q(A) is a GPP-quantale. By virtue of Theorem 6.8, Q(A) is weakly
complemented. Therefore, by Theorem 5.6, we infer that A is weakly complemented. O

Theorem 6.10. If A is a coherent quantale, then the following properties are equivalent:
(1) Aisa GPP-quantale;
(2) Ais an mp-quantale and Minz(A) is compact;
(3) Ais an mp-quantale and Q(A) is hyperarchimedean.

Proof. By Theorem 5.6, A is weakly complemented iff Min,(A) is compact iff Q(A) is hyperarchimedean.
Therefore, by Theorem 6.8, the following statements are equivalent:

* Ais a GPP-quantale;
¢ A is a weakly complemented mp-quantale;
* Ais an mp-quantale and Miny(A) is compact;

* Ais an mp-quantale and Q(A) is hyperarchimedean. O
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Lemma 6.11. Any complemented coherent quantale is semiprime.

Proof. Let A be a complemented coherent quantale and ¢ € K(A). Then, there exists d € K(A) such
that cd = 0 and (c Vv d)*4 = 0. Assume that ¢ = 0. Hence ¢ < ¢4, From cd = 0, it follows that ¢ < d*4,
and therefore, ¢ < ¢4 A dt4 = (¢ V d)*4 = 0. We proved that ¢? = 0 implies ¢ = 0. By induction, it can
be proved that for each integer n > 1, ¢" = 0 implies ¢ = 0. Consequently, from Lemma 2.5(3), it follows
that A is semiprime. O

Lemma 6.12. Any semiprime and hyperarchimedean coherent quantale is a PP-quantale.

Proof. The required conclusion follows from Corollary 6.1 of [13]. O

Lemma 6.13. Any coherent PP-quantale is complemented.

Proof. The required conclusion follows from Lemma 6.2 of [13]. O

Theorem 6.14. If A is a coherent quantale, then the following properties are equivalent:
(1) Ais a complemented quantale;
(2) Q(A) is a semiprime hyperarchimedean quantale;
(3) Q(A) is a PP-quantale;
(4) Q(A) is a complemented quantale.

Proof. (1) = (2). Suppose that A is complemented. By Lemma 6.11 and Proposition 4.14, Q(A) is
semiprime. From the implication (1) = (5) of Corollary 5.7, it follows that )(A) is a hyperarchimedean
quantale.

(2) = (3). Assume that ()(A) is semiprime and hyperarchimedean. By Lemma 6.12, Q(A) is a
PP-quantale.

(3) = (4). This implication follows from Lemma 6.13.

(4) = (1). Assume that Q)(A) is complemented. By virtue of Lemma 6.11, Q(A) is semiprime. Since
Q(A) is semiprime, Proposition 4.14 implies that A is semiprime. Therefore, by Corollary 5.7, A is a
complemented quantale. O

Proposition 6.15. Any complemented coherent quantale is weakly complemented.

Proof. Let A be a complemented coherent quantale. By Lemma 6.11, A is semiprime. Hence, p4(0) = 0.
Therefore, the weak polars and the polars of A coincide. Consequently, A is weakly complemented. [

Corollary 6.16. Any coherent PP-quantale is a G P P-quantale.

Proof. Let A be a coherent PP-quantale. By Lemma 6.13, A is a complemented coherent quantale.
From Lemma 6.11, it follows that A is semiprime. Hence, the weak polars and the polars of A coincide.
Therefore, we conclude that A is a GPP-quantale. H



G. Georgescu / Electron. J. Math. 12 (2026) 1-22 16

Example 6.17. Let A = {0,a,b, 1} be the four-element chain ordered by 0 < a < b < 1. We define a
maultiplication on A by the following table:

0 a b 1
00 0 0 O
al0 0 0 a
b0 0 b b
10 a b 1

Thus, A is an integral commutative quantale. Since A is finite, we have K(A) = A. Hence, A is
a coherent quantale. A simple computation shows that Spec(A) = {a,b} and Min(A) = {a}. Thus,
pa(0) =aANb=a+#0, and hence, Ais not a semiprime quantale. According to Lemma 6.11, A is not a
complemented quantale. Since Minyz(A) is a compact space, by Theorem 5.6, A is weakly complemented.
Therefore, the converse of Proposition 6.15 does not hold.

Now, we compute the weak polars of A as follows:

0t =1;

atv =a—pa(0)=a—a=1;

bte =b— pa(0) =b—a=a

1+ = p4(0) = a.
Then, T(A) = {x € K(A) | 2t = pa(0)} = {b,1}. Since b € T(A), we have byay = 1. According to Lemma
4.2(7), b € T(A) and ab = 0 imply ar(a) = Or(a). Hence, Q(A) = {Oz(ay, 1}, which is a semiprime quantale.
Since A is not semiprime, we conclude that the converse of Corollary 4.15 does not hold.

Moreover, the quantale A is a GP P-quantale. Indeed, A is an mp-quantale, since Min(A) = {a}, and
we have shown above that A is weakly complemented. Therefore, by Theorem 6.8, A is a G PP-quantale.
It follows from the definition of polars that a4 = b. Since b ¢ B(A), A is not a PP-quantale.

Example 6.17 shows that the generalized PP-quantales properly extend the class of PP-quantales.

7. Weak Fraction-Dense Quantales

Fraction-dense frames were introduced in [6] as an abstraction of fraction-dense f-rings [15].
The notions of weak fraction-dense and fraction-dense quantales were introduced in [13] as
quantale-theoretic generalizations of fraction-dense frames.

A quantale A is called

* fraction-dense if, for each a € A, there exists ¢ € K(A) such that a4 = c¢t4;
* weak fraction-dense if, for each a € A, there exists ¢ € K(A) such that atv = ¢tv.

For semiprime quantales, these two notions coincide.
Theorem 7.1 (see [13]). If A is a coherent quantale, then the following properties are equivalent:

(1) Ais a weak fraction-dense quantale;
(2) R(A) is a fraction-dense frame.

Theorem 7.2. If L is a coherent frame, then the following properties are equivalent:
(1) L is a fraction-dense frame;

(2) For any a € L, there exists c € K(L) such that a A c=0and (aV c)*t = 0;
(3) Minyz(L) is a Stone space.
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Proof. (1) < (3). This equivalence follows from Corollary 3.7 of [6].
(2) < (3). This equivalence follows from Theorem 4.14 of [5]. O

We now generalize Theorem 7.2 to the setting of quantales.
Theorem 7.3. If A is a coherent quantale, then the following properties are equivalent:
(1) Ais a weak fraction-dense quantale;
(2) For any a € A, there exists ¢ € K(A) such that ac < pa(0) and (aV ¢)** = pa(0);
(3) Minyz(A) is a Stone space.

Proof. (1) = (2). Assume that A is a weak fraction-dense quantale. First, we recall that V is the
join in the frame R(A). To verify condition (2), let a be an element of A. Then, we have p4(a) € R(A).
According to Theorem 7.1, R(A) is a fraction-dense frame. Hence, there exists x € K(R(A)) such that
pa(a) Ax = pa(0) and (pa(a)Va) e = pys(0). Since K(R(A)) = pa(K(A)), there exists ¢ € K(A) such
that © = pa(c). Thus, we have pa(ac) = pa(a) A pa(c) = pala) Az = pa(0). From pa(ac) = pa(0) and
ac < pa(ac), we obtain ac < p4(0). Using Lemma 3.2(3), we have

(aVe)™ = (palaVe)) 7 = (pa(a)Vpa(c)) " = (pa(a)Va) 8D = pa(0).

Therefore, we conclude that ac < p(0) and (a V ¢)** = p4(0).

(2) = (3). Let = be an element of R(A). We can find an element a € A such that x = p4(a). Using
condition (2), there exists ¢ € K(A) such that ac < p4(0) and (a V ¢)** = pa(0). From ac < p4(0),
we obtain = A pa(c) = palac) < pa(pa(0)). Since the radical operator p,(-) is idempotent, we have
pa(pa(0)) = pa(0), and hence, x A pa(c) < pa(0). By Lemma 3.2(3), we have

(2Vpa(e)) 7 = (pa(a)Vpa(c)) " = (palaV e)) 7 = (a V) = pa(0).

Hence, the coherent frame R(A) satisfies condition (2) of Theorem 7.2, and therefore, Min(R(A)) is a
Stone space. By Lemma 2.4, we have Minz(R(A)) = Minz(A), and hence, Minz(A) is a Stone space.

(3) = (1). Suppose that Minz(A) is a Stone space. Then, Minz(R(A)) is also a Stone space (by
Lemma 2.4). Therefore, from Theorem 7.2, it follows that R(A) is a fraction-dense frame. Thus, by
Theorem 7.1, A is a weak fraction-dense quantale. O

Remark 7.4. Theorem 5.2 in [13] contains a statement that requires correction, namely, the assertion
that a coherent quantale A is weak fraction-dense if and only if Minz(A) is a Boolean space. This
statement can be corrected by replacing “Boolean space” with “Stone space” in both the statement and its
proof. As shown above, Theorem 7.3 corrects and completes the corresponding result in [13].

A quantale A is said to be a strongly P P-quantale (or strongly projectable) if, for any a € A, it holds that
a4V at4ta =1, Starting from this concept and using the weak polars, we can formulate the following
notion: the quantale A is a strongly G PP-quantale if, for any a € A, it holds that a*+ v atvte = 1. If A
is a semiprime quantale, then A is a strongly PP-quantale if and only if it is a strongly G P P-quantale.

Lemma 7.5 (see [13]). If A is a coherent quantale, then the following properties are equivalent:
(1) Ais a weak fraction-dense quantale;

(2) For any a € A, there exists c € K(A) such that atv = ¢tvle,
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Theorem 7.6. Let A be a coherent quantale. Then, A is weak fraction-dense if and only if Q(A) isa
strongly G P P-quantale.

Proof. Assume that A is a weak fraction-dense quantale. We set 7 = T'(A). Then, Q(A) = Az(a). Let z
be an element of Ar. Then, x = ar for some a € A. By Lemma 7.5, there exist ¢,d € K(A) such that
ataw = ctawlaw and gtavtae = ctavtavlaw = ctaw = glawtaw We observe that

Law — JLawlawlaw — ,Ltawlawlaw — ,La,
d wo— d w w v = q w w v = q w’
and hence,

(C vV d)lA,w = ctaw A glaw = gtavlaw A glaw — pA(O)-

By using Lemma 4.9, from (¢ V d)*4+» = p,(0), we obtain (c V d); = 1. From Proposition 4.5, it follows
that
(aT)J—AT,w \/T (aT)J-AT,wJ-AT,w — (G/J_A’w)T \/T (aJ—A,wJ—A,w)T — (CJ—A,wJ—A,w \/ dJ-A,wJ-A,w)T'

By Lemma 3.1(2), we have ¢ < ¢*4»+4w and d < d*4»+4», Thus, using Lemma 4.2(1), we obtain
1= (C \Vi d)T < (CJ-A,wJ-A,w v dlA,wJ—A,M)T _ (aT)J_AT,w Vo (aT)J'AT»wJ-Ava‘

Since 1 is the top element of Ay, it follows that z-47» \/p gtarwlarw — 1, Therefore, Q(A) is a strongly
G PP-quantale.

Conversely, suppose that Q(A) is a strongly GPP-quantale. We verify the property by which a weak
fraction-dense quantale is defined. Let a be an element of A. We have to prove that there exists ¢ € K(A)
such that a'4» = ¢4, Since Q(A) is a strongly GP P-quantale, for the element a; € Ay, we have

(aT)J—AT,w \/T (CLT)J_AT"WJ_ATW’ — 1

Since 1 € K(Ar) and Ar is coherent, there exist compact elements u,v € K(Ar) such that u Vrv =1
and
u< (aT)LAT,w; v < (alT)LAT,wLAT,w.

Since K(Ar) = {cr | ¢ € K(A)}, we may write u = by and v = ¢y with b,c € K(A). Hence, we obtain
br Vr cr = 1 and
bT S (OJT)J_AT7U); cr S (G,T)J_ATWUJ‘AT,U!'

Using parts (1) and (2) of Lemma 3.1, from c; < (ar)Arwtarw we obtain (ap) 47w < (cp)t4rw. Now,
we prove the converse inequality. Since by < (a7)*4rv, we have by A ar < pa,(0r). Thus, it follows that
ar < (by)t4rw. On the other hand, since by Vr cr = 1, we have

(bT)LAT,w A (CT)LAT,U, — (bT Vo CT)LAT,W — 1J—AT,w — PAT(OT)-
But, ar < (bp)*47+, and hence, we obtain
ar A (cp) ™ < (bp) A A (o)A = pag (Or).

Therefore, we obtain the converse inequality (c;) 47+ < (ap)4r+. Together with the previous inequality,
this gives (ap)‘4rw = (cp)t4rw. We now transfer this equality from A; to A. By Proposition 4.5, we
have

(ag)tare = (at4)p; (er)tare = (cha)r.

Hence, we obtain (ar)t4rw = (ct4w);. According to Lemma 4.11, the following equalities hold:

aLA,w — (aT)lAT’w — (CLA,M)T — ClA,w‘

We have shown that a4« = ¢t4v for some ¢ € K(A). Therefore, A is weak fraction-dense. N
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8. Localization and Quantale Morphisms

Let A and B be two quantales. In accordance with [21], a map u : A — B is called a quantale morphism
if it preserves arbitrary joins and multiplication. Particularly, any quantale morphism preserves the
bottom element 0. A quantale morphism v : A — B is integral if it preserves the top element 1. For
coherent quantales A and B, an integral quantale morphism u: A — B is called coherent if u(c) € K(B)
for every c € K(A). The category of coherent quantales and coherent quantale morphisms is denoted
by CohQuant.

Lemma 8.1. If u: A — B is a coherent quantale morphism and S is a multiplicatively closed subset of
A, then u(S) is a multiplicatively closed subset of B.

Assume now that u : A — B is a coherent quantale morphism and S (respectively, T) is a
multiplicatively closed subset of A (respectively, B). For any ¢ € K(A), we write u(c)r instead of
(u(c))r. B

Now, we study the functoriality of the construction @Q(-). To this end, we recall a general extension
theorem from [14].

Theorem 8.2 (see [14]). Let u: A — B be a coherent quantale morphism, and let S (respectively, T) be
a multiplicatively closed subset of A (respectively, B). If u(S) C T, then there exists a unique coherent
quantale morphism ugr : As — Br such that the following diagram is commutative:

A - B

Js Jr

Ag » Brp
ust

Corollary 8.3 (cf. Theorem 7.1 of [13]). Let u : A — B be a coherent quantale morphism such that
u(T(A)) C T(B). Then, there exists a unique coherent quantale morphism Q(u) : Q(A) — Q(B) such that
the following diagram is commutative:

u
A - B

JT(A) JT(B)

Q(A) @(u) g @(B)

Proof. Since u(T(A)) C T(B), Theorem 8.2 applies to the multiplicatively closed sets S = T'(A) and
T = T(B). Therefore, there exists a unique coherent quantale morphism Q(u) : Q(A) — Q(B) such that
Q(u) o JT(A) = JT(B) © U O

Let u : A — B be a coherent quantale morphism and S (respectively, T') be a multiplicatively closed
subset of A (respectively, B). Assume that «(S) C 7. By definition, ugr(as) = (u(a))r for any a € A. For
simplicity, we write u(a)r instead of (u(a))r. Hence, usr(as) = u(a)r for any a € A.

Remark 8.4. Let u: A — B be a coherent quantale morphism. Since Q(A) = Ara) and Q(B) = Ar(p),
we have Q(u)(ar(a)) = u(a)rp) for any a € A.



G. Georgescu / Electron. J. Math. 12 (2026) 1-22 20

A coherent quantale morphism u : A — B is said to be a Q-morphism if u(T(A)) C T(B). It is
clear that the composition of two Q-morphisms is a Q-morphism. Thus, one can consider the category
QCohQuant of coherent quantales and their Q-morphisms. Let u : A — Band v : B — C be two coherent
quantale morphisms. Using Corollary 8.3, it is easy to prove that Q(vou) = Q(v) o Q(u). Therefore, the
assignments A — Q(A) and u — Q(u) provide a covariant functor Q : QCohQuant — CohQuant.

Lemma 8.5. If A is a coherent quantale, then S(A) C T(A).

Proof. Assume that ¢ € S(A). Then, ¢ € K(A) and ¢4 = 0. To show that ctv < p4(0), consider an
element d € K(A) such that d < ¢t». Then, cd < p4(0), and hence, ¢"d" = 0 for some integer n > 1.
Thus, d"c"! < ¢4 = 0, and therefore, d"c*~! = 0. Repeating this argument inductively, we obtain
d™ = 0, and hence, d < p4(0). We have shown that c¢*» < p4(0), and therefore, S(A) C T(A). O

Proposition 8.6. If A is a coherent quantale, then there exists a unique coherent quantale morphism
€1 : Q(A) = Q(A) such that the following diagram is commutative:

) JS(A) 0(A)
JT(A) €A
Q(A)

Proof. By Lemma 8.5, we have S(A) C T(A). Thus, applying Theorem 8.2 to the identity quantale
morphism id : A — A, we find a unique coherent quantale morphism e, : Q(A) — Q(A) such that
€4 0 Js(A) = JT(A)- L

According to Remark 8.4, ¢4 (as(4)) = arc) for any a € A.

Consider now the coherent quantale morphism p4 : A — R(A) defined by the assignment a — pa(a).
For convenience, we write p instead of p 4.

Let S be a multiplicatively closed subset of A. By Lemma 8.1, p(5) is a multiplicatively closed subset
of the frame R(A). By Theorem 8.2, there exists a coherent quantale morphism pg,s) : As = (R(A))4s),
defined by pg,s)(as) = (pa(a)),s) for any a € A. We write pg instead of pg,(s)-

Consider the map ¢ : R(As) — (R(A)),s) obtained by restricting pg,s) to R(Ag). Thus, ® is a
coherent frame morphism.

Theorem 8.7 (see [14]). The map ® is a frame isomorphism.
Proposition 8.8. If A is a coherent quantale, then the following properties hold:

(1) p(T(A)) = S(R(A));

(2) R(Q(A)) and Q(R(A)) are isomorphic frames.

Proof. (1). Since T(A) = {c € K(A) | ¢t* = p4(0)}, it follows that

p(T(A)) = {pa(c) | c € T(A)} = {pa(c) | c € K(A),c7 = p(0)}.
Recall that K(R(A)) = {pa(c) | c € K(A)}. From Lemma 3.2(3), it follows that ctv = (p4(c)) &= for
every ¢ € K(A). Hence, the following equalities hold:
S(R(A)) = {z € K(R(A)) | 27 = pa(0)} = {pa(c) | ¢ € K(A), (pa(c)) =" = pa(0)}
= {pa(c) | c € K(A),c™ = pa(0)} = p(T(A)).
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(2). By part (1) and Theorem 8.7, we have

R(Q(A)) = R(Ar(a)) = (R(A))per(ay) = (R(A))s(r(ay) = Q(R(A)).

Therefore, the frames R(Q(A)) and Q(R(A)) are isomorphic. O

Corollary 8.9 (see [14]). If A is a semiprime quantale, then R(Q(A)) and Q(R(A)) are isomorphic
frames.

Remark 8.10. Proposition 8.8 and Corollary 8.9 can be used to transfer certain results from coherent
frames to coherent quantales. To illustrate this method, we provide a second proof of Theorem 6.9. First,
we recall from Proposition 5.1 of [6] that a coherent frame L is complemented if and only if Q(L) is a
PP-frame. Then, using Theorems 5.2 and 6.3, and Proposition 8.8(2), we obtain the equivalence of the
following properties:

* Ais a weakly complemented quantale;
* R(A)is a complemented frame;
* Q(R(A))is a PP-frame;

e R(Q(A)) is a PP-frame;

* Q(A) is a GPP-quantale.

Therefore, A is a weakly complemented quantale if and only if Q(A) is a GPP-quantale.
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