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Abstract

Let B(G) denote the incidence matrix of a simple connected graph G. The Hamming matrix H(G)
of G is defined as the matrix whose entries are the Hamming distances between the binary strings
derived from the rows of B(G). The spectral radius of H(G) is called the Hamming spectral radius of
G. In this paper, we characterize the graphs that maximize the Hamming spectral radius among
connected graphs of a given order under either of the following conditions: (i) exactly one vertex has
degree greater than 2; (ii) exactly two vertices have degree greater than 2.

Keywords: incidence matrix; Hamming distance; Hamming matrix; Hamming spectral radius;
extremal graphs.

2020 Mathematics Subject Classification: 05C50.

1. Introduction

Let GG be a simple connected graph with vertex set V' (G) and edge set E£(G). The degree d(v) of a vertex
v in G is the number of its neighbors. Denote by A(G), L(G), Q(G) and B(G) the adjacency matrix, the
Laplacian matrix, the signless Laplacian matrix and the incidence matrix of GG, respectively. Let J,, ..,
be the n x m matrix with all entries equal to 1. Let O, ,, be the n x m matrix with all entries equal to
0. If n = m, we write J, and O,, or simply J and O. Denote by I,,, or simply I/, the n x n identity matrix.
Let M = [mj],.xn be a real symmetric matrix associated to G. The spectrum Sp), of the matrix M is
the collection of all eigenvalues of M, i.e.,

Spar = { A : det(A\ — M) = 0}.

In particular, if M is equal to one of the matrices A(G), L(G) and Q(G), then the corresponding
eigenvalues (or spectrum) are called A-eigenvalues (or A-spectrum, denoted by Sp4(G)), L-eigenvalues
(or L-spectrum, denoted by Sp,(G)) and @Q-eigenvalues (or ()-spectrum, denoted by Spg(G)), respectively.
Throughout this paper, these eigenvalues are denoted by A\; > \y > --- > X\, ug > g > -+ > p,, = 0 and
¢ > q2 > -+ > @y, respectively.

Spectral graph theory is a branch of graph theory with wide-ranging applications in physics,
chemistry, operations research, electronics, information theory and network theory. Numerous results
concerning the eigenvalues of graph matrices are available in the literature; for instance, see [1,4-7].
Notation used in this paper can be found in [2].
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Let Z, = {0,1} and denote by (Z,, +) the additive group, where + denotes addition modulo 2. For
any positive integer n, let
Zy ={(x1,20,...,2,) : X1, Ta, ..., Ty € Lo}

Every element of Z} is an n-tuple (21, zo, ..., z,) written as = =1z, . .. x,, where every z; is either 0 or
1 and it is called a string. Let © = zy25... 2, and y = 119> . . . y, be the elements of Z}. Then the sum
x @y is computed by adding the corresponding components of x and y under addition modulo 2. That
is,z; +y; =0ifz;, =y;and x; +y; = 1ifx; £y, fori =1,2,... n.

The Hamming distance H,(x,y) between the strings * = 2125 ... 2, and y = y1¥> . . . y, is the number
of is such that x; # y;, where i = 1,2,... n. Denote by s(v) the row of the incidence matrix corresponding
to the vertex v of graph G. It is a string in the set Z' of all m—tuples over the field of order two, where
m is the size of G. Recently, Ramane et. al. [11] and Vuciéevic et. al. [12] introduced the Hamming
index Hp(G) and Hamming matrix H(G), which are defined, respectively, as

i=1 j=1

and
H<G> = [hij]nxn-

where h;; = Hy(s(v;), s(vj)). The spectrum Spy(G) of the Hamming matrix H(G) is the collection of all
eigenvalues of H(G), i.e.,

Spu(G) :={v:det(vl — H) =0} ={v1,va,..., 0},

where vy > 1, > --- > v,,. Here, v is called the Hamming spectral radius of the graph G.
The Hamming energy H E(G) of the graph G is defined [12] as

n

HEG) =Y vl

i=1

Figure 1.1: The graph G used in Example 1.1.

Example 1.1. For the graph G shown in Figure 1.1, the incidence matrix B(G) and the Hamming matrix
H(G) are given as follows:

10100 02433
11000 2 0433
BG=|01111|andHG =]4 40 3 3
00010 33302
00001 33320

Hence, the Hamming spectrum of G is Spy(G) = {12.0780, —2.0000, —2.0000, —3.1742, —4.9038}.
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In [11], an algorithm was developed to compute the Hamming distance and the Hamming index.
In [12], some bounds on the Hamming energy of graphs were derived.

In this paper, we characterize the graphs that maximize the Hamming spectral radius among
connected graphs of a given order under either of the following conditions: (i) exactly one vertex has
degree greater than 2, (ii) exactly two vertices have degree greater than 2.

2. Preliminaries

In this section, we present several results that will be used in the subsequent section.

Lemma 2.1 (see [11]). Let G be a graph with n vertices and m edges. Let u and v be any two vertices of
G. Let [ be the number of those edges that are neither incident to u nor incident to v. Then

m—1—1 ifu~w;
Hy(s(v), s(u)) = (1)
m — 1 if u~=w.

du)+dv) —2 ifu~wv;
als(v),s(u)) = 2
Halolo), o(w) d(u) + d(v) if u~w. @

Lemma 2.2 (see [10]). Let M and N be nonnegative irreducible matrices with the same order. If
(N)ij < (M) for each all i and j, then p(N) < p(M) with equality if and only if M = N, where p(N) and
p(M) denote the spectral radii of N and M, respectively.

Lemma 2.3 (see [8]). Let M be a symmetric matrix and \, be the largest eigenvalue of M. Let x be a
non-zero vector, then
2T Mz

A >
L= "gTy

with equality if and only if Mx = \x.

Let M = (m;;) be a nonnegative matrix. Let D be a directed graph such that there is a directed
arc from vertex i to vertex j if and only if m;; # 0. This graph is called the directed graph of A/ and
is denoted by D(M). If M is a nonnegative symmetric matrix, then its corresponding directed graph
D(M) is an undirected graph. Further details about D()/) can be found in [9].

Lemma 2.4 (see [9]). Let A = (a;;) be the nonnegative matrix with order n > 1. Then D(A) is strongly
connected if and only if A is irreducible.

Lemma 2.5. Let G be a simple connected graph with n > 3 vertices. Then H(G) is irreducible.

Proof. By the definition of the Hamming index of GG, we have that h,; > 0 for i # j and h;; = 0 for
i = j. Hence, the directed graph D(H(G)) is strongly connected. By Lemma 2.4, the matrix H(G) is
irreducible. [

Proposition 2.6. Let G be a simple connected graph. Let u,v € V(G) such that uv ¢ E(G). Denote by
G’ = G + uv the graph obtain from G by adding the edge uv. Then, v, (G') > 11 (QG).

Proof. By Lemma 2.5, the matrices H(G) and H(G') are irreducible. Let V(G) = {u,v} UV, UV, UV,
where V,, and V,, are the sets of neighbors of u and v, respectively, whereas V; = V(G) \ ({u,v} UV, UV,).
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Let H(G') = [h};]. By the definition of the Hamming index, we have that

hij +1 ifv, =u,v; € Vi;

h;j: hl]+1 ifUi:’U,Uj 6‘/1,
hij otherwise.
Therefore, from Lemma 2.2, it follows that v, (G’) > 14 (G). O

Proposition 2.7. Let G be a simple connected graph with order n > 3. Then,
n—1<u(G)<(2n—4)(n—1),
where the right equality holds if and only if G = K,,.

Proof. By Lemma 2.1, we have that H,(s(v), s(u)) > 1 for u # v and H,(s(v), s(u)) = 0 for v = v. Hence,
it follows that H(G) > J — I. Let A(K,) be the adjacency matrix of the complete graph K,,. Then, by
Lemma 2.2, we have that v,(G) > n — 1 = p(K,).

Since the complete graph K, can be obtained from any graph G of order n by adding edges, by
Lemma 2.6, we have v, (G) < 14(K,) = (2n —4)(n — 1). O

Lemma 2.8 (see [3]). Let M be a nonnegative irreducible. Then there is a (unique) positive real number
Ao with the following properties:

(i). There is a real vector x > 0 with Mx = \gz.
(ii). \g has geometric and algebraic multiplicity 1.

(iii). For each eigenvalue )\ of M, it holds that |\| < \,.

3. Graphs With Only One Vertex of Degree Greater Than 2

Let G{" denote the set of graphs of order n in which each graph G € G has exactly one vertex of degree
greater than 2.

Lemma 3.1. Let G € GV be a graph with the maximum Hamming spectral radius. Let w € V(G) be the
vertex of degree greater than 2. Then, there is at most one vertex of degree 1 in G. Also, if G contains a
vertex of degree 1, then it must be adjacent to w.

Proof. Suppose to the contrary that there are at least two vertices u,v € V(G) of degree 1. Let
G' = G + uv be the graph obtain from G by adding the edge uv. Then, G’ € GV, By Lemma 2.6, we
have that v1(G’) > v1(G), which is a contradiction to the fact that G € G'V has the maximum Hamming
spectral radius.

Now, suppose that GG contains a vertex v of degree 1 such that v is not adjacent to w. Let G" = G+ wv
be the graph obtain from G by adding the edge wv. Then, G” € GV, However, by Lemma 2.6, we have
that v1(G") > 11 (G), which is a contradiction to fact that G ¢ G\" has the maximum Hamming spectral
radius. O

Lemma 3.2. Let G € G be a graph with the maximum Hamming spectral radius. Let w € V(G) be the
vertex of degree d > 2. Then, GG contains no cycle of length more than four.
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Figure 3.1: Two graphs G, G’ € G'" used in the proof of Lemma 3.2.

Proof. Suppose to the contrary that G contains a cycle C' of length more than four. Let
C = wvivavsvy ... w (see Figure 3.1). Let G’ be the graph obtain from G by deleting v,v3; and
adding wuvq, wvs (see Figure 3.1). Then d¢ (w) = de(w) + 2 and dg(u) = de(u) for every other vertex
u € V(G). Let v, and v be the Hamming spectral radii of the graphs G and G’, respectively. Let
Vi = {w, vy, v3} and Vo = V' \ V. By the definition of the Hamming index, we have that

hy +2  ifu=w,veVs,
hl,=1% huyw+2 ifu=uvy,0v=nus;

P otherwise.

Hence, by Lemma 2.2, we have v/ > v, a contradiction to the fact that the graph G € G\ has the
maximum Hamming spectral radius. O

Lemma 3.3. Let G € GV be a graph with the maximum Hamming spectral radius. Let w € V(G) be the
vertex of degree d > 2. Then, GG contains at most one cycle of length four.

Figure 3.2: Two graphs G, G’ € G\ used in the proof of Lemma 3.3.

Proof. Suppose to the contrary that G contains two cycles of length four. Let wvivv3 and wv,vsvg
be two cycles of length four in G (see Figure 3.2). Let GG’ be the graph obtain from G by deleting
two edges vov3, v4v5 and adding three edges vsvy, wvs, wus (see Figure 3.1). Then, dg (w) = dg(w) + 2
and dg/(u) = dg(u) for every other vertex u € V(G). Let v, and v be the Hamming spectral radii of
the graphs G and (’, respectively. By Proposition 2.7, we have that v, > n —1and v; > n — 1. By
Lemma 2.8, there is a vector = > 0 with H(G)z = vyx and |z| = 1. Let x = (zg, z1, 22, ¥3, 74, . . ., ¥,,)T with
corresponding vertices in the set {w, vy, vo,v3,v4, ..., v,_1}. By symmetry, we have that x; = 23 = 4, = x4
and z; = z5. By the characteristic equations for the vertices v, v,, we have that

dxo + 2x9 4+ 423 + a = 1121,

(d+ 2)xg + 221 + 223 + a = 1129,

and hence, 2z¢ = (1 — 2)(23 — 1) > 0. Therefore, x5 > 21 > 0.
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On the other hand, by the definition of the Hamming index, we have that

.
H(G') — H(G) = ,

AL Opm—myx(n-)

where

W U Vg V3 Vg Vs Vg

02 0 2 2 0 2

200 0 0 00O

000 2 0 00 215 (n—

Alz andA2: = .

202 0 -2 00 Opx (n—7)
200 -2 0 20

000 O 2 00

200 0 0 00O

Since x5 =19 > 11 =23 =14 = g and z; > 0 forany : = 0,1,2,...,n — 1, we have that
n—1
T (H(G') — H(G))x = 2 (xl + 3+ 14 + 16 + Z a:z> + 2x0x1 + 2w3w0 + 203(T0 + T2 — T4)
=T
n—1
+2334(330—.CB3+335)+2x5$4+2$6xo+2$02$i
=7
n—1
:16$0x1+8x1x2—4x%+4x02xi>O.
=7

Therefore, by Lemma 2.3, we have v; < v;, which is a contradiction to the fact that G ¢ Qfll) has the
maximum Hamming spectral radius. O

Theorem 3.4. Let G € G\ be a graph and w € V(G) be the vertex of degree d > 2.
@1). If n > 4 is even, then v(G) < 11(G1), where the equality holds if and only if G = G, (see Figure 3.3).
(ii). If n > 5is odd, then v, (G) < v1(G3), where the equality holds if and only if G = G (see Figure 3.3).

Proof. Let G € G\") be a graph with the maximum Hamming spectral radius. Let w € V(G) be the
vertex of degree d > 2. From Lemmas 3.1, 3.2 and 3.3, it follows that G € " must be isomorphic to
either G| or G, (depicted in Figure 3.3) when n is even, and G € GV is isomorphic to either G5 or G,
(shown in Figure 3.3) when n is odd.

If n > 4 is even, then we have that dg, (w) =d=n —1and dg,(w) =d —1=n —2. Let v, and v] be
the Hamming spectral radii of the graphs GG; and G,, respectively. By Proposition 2.7, we have that
v1 >n—1and ] > n — 1. By Lemma 2.8, there is a vector z > 0 with H(G5)z = vjz and |z| = 1. Let
r = (wg, 1, To, T3, T4, - .., T,)" With corresponding vertices in {w, vy, vs, v3, 04, . .., v,_1}. By symmetry, we
have that z; = 23 and z; = a for 4 <i < n — 1. By the characteristic equations for vertices w, v, vs, vy,

we have that

(d=1)+2zo(d+ 1)+ x3(d — 1) +a(d — 1)(n — 4) = vixy,

8

xo(d — 1) + 229 + 423 + 4a(n — 4) = vixy,

(21(d = 1)
(d—1)
zo(d+ 1) + 2z + 223 + 4a(n — 4) = vix,
(Zo(d — 1) + a1 + 4az + 423 + 2a + 4a(n — 6) = via.
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Figure 3.3: Four graphs used in the proof of Theorem 3.4.

Consequently, we obtain

(

Hence, ©9 — 21 > 0, zg — 23 > 0, x5 — 21 > 0 and a > z;. By the definition of the Hamming index, we

have that
He - me) =
1) — 2) = ;
AT Op—a)x(n-a)
where
w U1 (%) (%]
0 0o -1 1
A = 0 0 1 -1
-1 1 0 0
1 -1 0 0
and
Ji x(n—4)
Ay = | —Jixm-a)
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Since xg — 1 > 0, 29 — 22 > 0, x5 — 21 > 0 and 2(xs — 1) = (v] + 6)(a — x1), we have that
xT(H(Gl) — H(Gq))x = (—x9 + 23+ a(n — 4))xo + (22 — 23 — a(n — 4))xy
+ (—xo 4+ x1)w2 + (0 — T1)23 + a(xg — x1)(n — 4)

= 2(x1 — xg)(xo — 1) + 2a(xg — 21)(n — 4)

= 2(xo — 1) (a(” —4) - : (a= xl))

vy +6

_ 2(£L‘0 — ZEl)
vy +6

<a(n —4)(v; +6) — 2(a — x1)>

Since n > 4 and v| > n;, we have that (n — 4)(v] +6) — 2 > 0. Hence, 27 (H(G,) — H(G3))x > 0. Now,
from Lemma 2.3, it follows that 14, > v/].

If n > 5 is odd, then we have that d¢,(w) =d =n—1and dg,(w) =d —1=n— 2. Let v; and v] be
the Hamming spectral radii of the graphs G3 and G4, respectively. By Proposition 2.7, we have that
vy >n —1and v; >n— 1. By Lemma 2.8, there is a vector z > 0 with H(G4)z = vjz and |z| = 1. Let
x = (29, T1, To, T3, T4, . . ., T,)T With corresponding vertices in {w, vy, vs, v3, vy, . .., v,_1 }. By symmetry, we
have that o = x4 and x; = a for 5 < i < n — 1. By the characteristic equations for vertices w, v, vy, v3, vs,
we have that

rld

8

2) +x9(d—1)+a3(d+ 1) +24(d — 1) + a(d — 1)(n — 5) = V| xy,

xo(d — 2) + 3x9 + 3x3 + 324 + 3a(n — 5) = vixy,

2o(d + 1) 4 321 + 225 + 224 + da(n — 5) = V]xs,

(d—2)
(d—2)
o(d — 1) + 32y + 225 + 42y + da(n — 5) = V],
(d+1)
(d=1)

zo(d — 1) + 3xq + 4wy + 4x3 + 424 + 20 + da(n — 7) = Via.

By the above system of equations, we have that
xo(d — 4) 4 5as + 5y + 3a(n — 5) = vj (21 + 29 — x3) > 0,

and therefore, 1 + x5 — 3 > 0. By the definition of the Hamming index, we have that

Ay Asy
H(Gl) - H(G2> = AT O )
2 (n—5)x(n—5)

where

A =

o O O = o=

|
—_
—_
[\
oS O N

and
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Since = > 0 and z; + x2 — 23 > 0, we have that
2T (H(Gy) — H(G2))x = 20(221 + 19 — 73 + 24 + a(n — 5)) + 21(21 — 79 + 23 + 24 + a(n — 5))
+ xo(xg — 1 + 223) + x3(—x0 + T1 + 229) + x4(20 + 21) + (g + 21)(n — 5)
= 20(2x1 + 229 — x3) + x1(220 + x3) + x2(2 — T1 + 223) + w3(—20 + 71 + 229)
+ xo(zo + 1) + 2a(xo + 1) (N — 5)
= dxoxy + dxors — 2x023 + 22123 + X9y + 2a(T0 + 1) (N — 5)
> 2x0(z1 + 29 — 23) > 0.

Hence, 27 (H(G3) — H(G4))x > 0. Therefore, from Lemma 2.3, it follows that v, > /. O

4. Graph With Exactly Two Vertices of Degree Greater Than 2

Let G\? denote the set of graphs of order n in which each graph G € GV has exactly two vertices of
degree greater than 2.

Lemma 4.1. Let G € G” be a graph with the maximum Hamming spectral radius. Let wi,ws € V(G)
be the vertices of degree greater than 2. Then, wiw, € E(G) and G contains no pendant vertex.

Proof. Suppose to the contrary that w; and w, are not adjacent. Let G' = G + w;w, be the graph
obtained from G by adding the edge w;w,. Then G’ € G. By Lemma 2.6, we have that (G > (G),
which is a contradiction to the fact that G € G\’ has the maximum Hamming spectral radius.
Suppose that there is a pendant vertex v in G. Let d(w;,u) < d(wq, u). Let G” = G +wyu be the graph
obtained from G by adding the edge wyu. Then G” € G\*). By Lemma 2.6, we have that n(G") > wn(G),
which is a contradiction to the fact that G € G\ has the maximum Hamming spectral radius. O

Lemma 4.2. Let G € G¥ be a graph with the maximum Hamming spectral radius. Let wi,wy; € V(G)
be the vertices of degree greater than 2. Then, there is no cycle of the form C = wyv,0s ... ws in G.

Proof. Suppose to the contrary that there is a cycle C' = wqyvv,...ws in G. Let G’ be the graph
obtained from G by deleting the edge v,v, and adding the two edges wiv;, wiv; (see Figure 4.1). Then,
de/(wy) = dg(wq) + 2 and dg/(u) = dg(u) for every other vertex u € V(G).

Figure 4.1: Two graphs used in the proof of Lemma 4.2.

Let V) = {wy, wy,v1,v2} and Vo, = V' \ V;. By the definition of the Hamming index, we have that
huw + 2 if ©u = wy,v = wo;
huw +2 if u=v1,v=1vy;
huw +2 if u=wy,v € Vy;

R otherwise.
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Therefore, from Lemma 2.2, it follows that v, (G’) > 14 (G), which is a contradiction to the fact that
G € G has the maximum Hamming spectral radius. O]

Lemma 4.3. Let G € G¥ be a graph with the maximum Hamming spectral radius. Let w;, w,; € V(G)
be the vertices of degree greater than 2. Then, G contains no cycle of the form C = wivivs ... wow; of
length more than four.

Proof. Suppose to the contrary that there is a cycle C' = wyvyv; ... wow; with a length of more than
four in G. Let G’ be the graph obtained from G by deleting the two edges v,v;, v2v3, and adding the four
edges w vy, wiv3, Wavy, Wovs (see Figure 4.2). Then, dg (wq) = dg(wq) + 2 and dg (ws) = de(ws) + 2 and
der(u) = dg(u) for every other vertex u € V(G).

Figure 4.2: Two graphs used in the proof of Lemma 4.3.

Let V) = {wy,wy,v1,v2,v3} and V, = V' \ V}. By the definition of the Hamming index, we have that

( .
hyw +4  if uw = wy,v = wy;
hyw +2  if uw=v1,v = vy;
hyw +2  if u =0y, v = v3;
uv

huw +2 if u=w,v € Vs
hyw +2  if u=wy,v € Vo

[ P otherwise.

By Lemma 2.2, we have v,(G’) > 14(G), which is a contradiction to the fact that G € G\? has the
maximum Hamming spectral radius. O]

The join G V G, of two graphs GG; and G is the graph consisting of all the vertices and edges of both
graphs G; and G, together with all possible edges between their vertex sets. Let Gy = Ky V (n — 2) K7,
then G, € g,

Theorem 4.4. If G ¢ G2 then 1 (G) < 11(Gy), where the equality holds if and only if G = G,.

Proof. Let G € G be a graph with the maximum Hamming spectral radius. Let w;, wy; € V(G) be
the vertices of degree greater than 2. Suppose that there is a cycle C = wyv;vwow,. By Lemma 4.1
and 4.2 and 4.3, we have that dg(w;) = dg(wy) = d. Let G’ be the graph obtained from G by deleting
the edge v v, and adding the two edges w, vy, wov; (see Figure 4.3). Then, dg/(w;) = dg(w;) + 1 and
de(wq) = dg(we) + 1 and dg(u) = dg(u) for every other vertex v € V(G). By Lemma 2.8, there is a
vector z > 0 with H(G)r = vix and |z| = 1. Let z = (1, 79,73, 24, - .., ¥,)" with corresponding vertices
in {wy, wy, vy, v9,...,U,—2}. By symmetry, we have that z; = 2, and z3 = z,.
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Figure 4.3: Two graphs used in the proof of Theorem 4.4.

By the definition of the Hamming index, we have that

(% o)
H(G) — H(G) = ,

AT Opm—1yx(n-a)
where
wyp Wo V1 Vg
0 2 1 -1
A = 2 00 1
1 00 2
-1 1 2 0
and
Jix(n—a)
Ay =1 Jixmn-4
O?X(n—4)

Since = > 0, 1 = x5 and x3 = 14, we have that

T (H(G") — HG))x = 2, <2x2 + x5 — T4 + Z :EZ> + x4 <2$1 + x4 + Z:m) + x3(x1 + 214)
i=5 =5
+ x4(—x1 + To + 25(73) + (l’l + SL’Q) ZT;
=5

= dx129 + Toxg + x3(T1 + 224) + 22473 + 2(21 + 22) Z T
i=5

= 433% + 2x123 + 4x§ + 4z Z x; > 0.
i=5

Therefore, 7 (H(G') — H(G))x > 0. Hence, by Lemma 2.3, we have v, (G’) > v;(G). Consequently, from
Lemmas 4.1, 4.2 and 4.3, the required conclusion follows. O
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