
Electronic Journal of Mathematics
www.shahindp.com/locate/ejm

Electron. J. Math. 11 (2026) 38–44
DOI: 10.47443/ejm.2025.063

Research Article
A Note on an Analogue of the Sălăgean Class
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Abstract

Let F (s) = es +
∑∞

k=1 fke
sλk be a Dirichlet series that is absolutely convergent in the half-plane

Π0 = {s : Re s < 0}. This paper provides the conditions under which the inequality Re F (j+1)(s)

F (j)(s)
> α

holds true for α ∈ [0, 1), s ∈ Π0 and j ≥ 0, where (λk) is a sequence of positive numbers with λ1 > 1

increasing to +∞. The obtained result is applied to the study of the properties of a solution of the
differential equation d2w

ds2
+ (γ0e

2s + γ1e
s + γ2)w = 0.
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1. Introduction

For the function
f(z) = z +

∞∑
k=2

fkz
k (1)

analytic in the disk D = {z : |z| < 1}, Sălăgean [5] defined

D0f(z) = f(z), D1f(z) = zf ′(z), Djf(z) = D1(Dj−1f(z))

for j ∈ N and introduced a class Sj(α) of functions (1) satisfying

Re Dj+1f(z)

Djf(z)
> α ∈ [0, 1)

for every z ∈ D. Sălăgean derivatives have been used in many works (see, for example, [1,2,4,7]). If we
use the substitution z = es in the series (1), we obtain the Dirichlet series

F (s) = es +
∞∑
k=2

fk exp{ks}.

It is clear that such a Dirichlet series converges absolutely in the half-plane Π0 = {s : Re s < 0} and

F ′(s) = esf ′(es) = zf ′(z) = D1f(z),

and hence, F (j)(s) = Djf(z).
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Therefore, the condition
Re Dj+1f(z)

Djf(z)
> α

takes the form
Re F (j+1)(s)

F (j)(s)
> α (s ∈ Π0). (2)

A generalization of the above-mentioned series is the following Dirichlet series:

F (s) = es +
∞∑
k=1

fk exp{sλk} (s = σ + it), (3)

where 1 < λk ↑ +∞.
As in [8], we denote by D the class of series (3) that are absolutely convergent in the half-plane Π0.

We say that the series (3) belongs to the class Dj(α) if it satisfies condition (2); it belongs to the class
D+

j (α) if
F (j+1)(σ)

F (j)(σ)
> α for all σ < 0;

and, finally, it belongs to the class Kj(α) if
∞∑
k=1

λj
k(λk − α)|fk| ≤ 1− α. (4)

Note that if we take α = j = 0 in (2), then we obtain the definition of a pseudostarlike function
(see [3] and [6, page 147]). The following theorem was proved in [8].

Theorem 1.1. If fk ≤ 0 for every k ≥ 1, then Dj(α) ⊂ D+
j (α) = Kj(α) for every α ∈ [0, 1) and j ≥ 0.

Theorem 1.1 was applied to the study of the properties of solutions to the differential equation
d2w

ds2
+ (γ0e

2s + γ1e
s + γ2)w = 0, (5)

and the following result was obtained [8].

Theorem 1.2. Equation (5) with real parameters γ0, γ1, γ2 has the only solution F (s) = es that belongs
to Dj(α) for every α ∈ [0, 1) and j ≥ 0, and at the same time γ0 = γ1 = 0, γ2 = −1. For any α ∈ [0, 1) and
j ≥ 0, Equation (5) has no other solutions (3) with coefficients fk ≤ 0 for all k ≥ 1 that belong to the class
Dj(α).

The condition fk ≤ 0 for all k ≥ 1 in Theorem 1.2 is important. If the coefficients are allowed to be
complex, one obtains a result that differs significantly from Theorem 1.2. The present note is devoted
to the investigation of this problem.

2. Main Result

We first prove an analogue of Theorem 1.1 in the case where the coefficients fk are allowed to be complex.

Theorem 2.1. Let F ∈ D and suppose that either α ∈ [1/2, λ1/2) or α ∈ (0, 1/2). Then condition (4) is
sufficient to ensure that F ∈ Dj(α) for every j ≥ 0.

Proof. If m ≥ 0 and α > 0 then (Re z > α) ⇐⇒ (|z+mα| > |z− (m+2)α|) for z ∈ C. Therefore, condition
(2) holds if and only if

|F (j+1)(s) +mαF (j)(s)| > |F (j+1)(s)− (m+ 2)αF (j)(s)|, (s = σ + it), (6)
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that is, if ∣∣∣∣∣es +
∞∑
k=1

λj+1
k fk exp{sλk} − (m+ 2)αes − (m+ 2)α

∞∑
k=1

λj
kfk exp{sλk}

∣∣∣∣∣
<

∣∣∣∣∣es +
∞∑
k=1

λj+1
k fk exp{sλk}+mαes +mα

∞∑
k=1

λj
kfk exp{sλk}

∣∣∣∣∣ ,
and thus, if ∣∣∣∣∣1− (m+ 2)α+

∞∑
k=1

λj
k(λk − (m+ 2)α)fk exp{s(λk − 1)}

∣∣∣∣∣
<

∣∣∣∣∣1 +mα +
∞∑
k=1

λj
k(λk +mα)fk exp{s(λk − 1)}

∣∣∣∣∣ . (7)

On the other hand, for s = σ + it ∈ Π0, we have σ < 0. Hence,∣∣∣∣∣1 +mα +
∞∑
k=1

λj
k(λk +mα)fk exp{s(λk − 1)}

∣∣∣∣∣ ≥ 1 +mα−

∣∣∣∣∣
∞∑
k=1

λj
k(λk +mα)fk exp{s(λk − 1)}

∣∣∣∣∣
≥ 1 +mα−

∞∑
k=1

λj
k(λk +mα)|fk| exp{σ(λk − 1)}

≥ 1 +mα−
∞∑
k=1

λj
k(λk +mα)|fk|

and ∣∣∣∣∣1− (m+ 2)α+
∞∑
k=1

λj
k(λk − (m+ 2)α)fk exp{s(λk − 1)}

∣∣∣∣∣
≤ |1− (m+ 2)α|+

∞∑
k=1

λj
k|λk − (m+ 2)α||fk| exp{σ(λk − 1)}

≤ |1− (m+ 2)α|+
∞∑
k=1

λj
k|λk − (m+ 2)α||fk|.

Thus, (7) holds if

|1− (m+ 2)α|+
∞∑
k=1

λj
k|λk − (m+ 2)α||fk| ≤ 1 +mα−

∞∑
k=1

λj
k(λk +mα)|fk|,

that is, if
∞∑
k=1

λj
k(|λk − (m+ 2)α|+ λk +mα)|fk| ≤ 1 +mα− |1− (m+ 2)α|. (8)

For m = 0, condition (8) has the following form:
∞∑
k=1

λj
k(|λk − 2α|+ λk) |fk| ≤ 1− |1− 2α|. (9)
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If α ∈ [1/2, λ1/2), then
|λk − 2α|+ λk = 2(λk − α)

and
1− |1− 2α| = 1− |2α− 1| = 2(1− α).

Hence, (9) is equivalent to (4). Therefore, (4) implies (6) and Theorem 2.1 is proved for α ∈ [1/2, λ1/2).
Now, suppose that 0 < α < 1/2 and choose m = 1/α− 2. Substituting this value m > 0 into (8), we

obtain
∞∑
k=1

λj
k2(λk − α)|fk| ≤ 2− 2α.

This condition is equivalent to (4).

Theorems 1.1 and 2.1 imply the following statement.

Corollary 2.2. Let F ∈ D and suppose that λ1 ≥ 2. Then, in order for F to belong to Dj(α) for all
α ∈ (0, 1) and j ≥ 0, it is sufficient that condition (4) holds; moreover, in the case where all fk ≤ 0, this
condition is also necessary.

3. The Solution to Equation (5) Belonging to the Class F ∈ Dj(α)

The following theorem differs significantly from Theorem 1.2.

Theorem 3.1. Let F ∈ D, α ∈ (0, 1), and j ≥ 0. Then, Equation (5) admits a solution of the form (3)
which, under the condition

2j+3|γ1|+
(
2j|γ1|+ 3j+1

)(
|γ1|2 + 3|γ0|

)
≤ 24(1− α)

(
1− 2j−2(|γ0|+ |γ1|)

)
, (10)

belongs to the class Dj(α).

Proof. In [8], conditions on λk and fk were established under which the function

F (s) = es −
∞∑
k=1

fke
sλk

is a solution of Equation (5). Using this result, it is easy to show that the series (3) is a solution of
Equation (5) if and only if

γ2 = 1, λk = k + 1, f1 = −γ1
3
, f2 =

γ1f1 − γ0
8

, fk =
γ1fk−1 + γ0fk−2

(k + 1)2 − 1
(k ≥ 3).

Therefore,
∞∑
k=1

λj
k(λk − α)|fk| = λj

1(λ1 − α)|f1|+ λj
2(λ2 − α)|f2|+

∞∑
k=3

λj
k(λk − α)|fk|

≤ λj
1(λ1 − α)|f1|+ λj

2(λ2 − α)|f2|+
∞∑
k=3

λj
k(λk − α)

|γ1||fk−1|
λ2
k − 1

+
∞∑
k=3

λj
k(λk − α)

|γ0||fk−2|
λ2
k − 1
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= λj
1(λ1 − α)|f1|+ λj

2(λ2 − α)|f2|+
∞∑
k=2

λj
k+1(λk+1 − α)

|γ1||fk|
λ2
k+1 − 1

+
∞∑
k=1

λj
k+2(λk+2 − α)

|γ0||fk|
λ2
k+2 − 1

= λj
1(λ1 − α)|f1|+ λj

2(λ2 − α)|f2|+ λj
3(λ3 − α)

|γ1||f2|
λ2
3 − 1

+
∞∑
k=3

λj
k+1(λk+1 − α)

|γ1||fk|
λ2
k+1 − 1

+ λj
3(λ3 − α)

|γ0||f1|
λ2
3 − 1

+ λj
4(λ4 − α)

|γ0||f2|
λ2
4 − 1

+
∞∑
k=3

λj
k+2(λk+2 − α)

|γ0||fk|
λ2
k+2 − 1

=
∞∑
k=3

(
λj
k+1(λk+1 − α)|γ1|

λ2
k+1 − 1

+
λj
k+2(λk+2 − α)|γ0|

λ2
k+2 − 1

)
|fk|

+ λj
1(λ1 − α)|f1|+ λj

2(λ2 − α)|f2|+ λj
3(λ3 − α)

|γ1||f2|
λ2
3 − 1

+ λj
3(λ3 − α)

|γ0||f1|
λ2
3 − 1

+ λj
4(λ4 − α)

|γ0||f2|
λ2
4 − 1

=
∞∑
k=1

(
λj
k+1(λk+1 − α)|γ1|

λ2
k+1 − 1

+
λj
k+2(λk+2 − α)|γ0|

λ2
k+2 − 1

)
|fk|

−

(
λj
2(λ2 − α)|γ1|

λ2
2 − 1

+
λj
3(λ3 − α)|γ0|

λ2
3 − 1

)
|f1| −

(
λj
3(λ2 − α)|γ1|

λ2
3 − 1

+
λj
4(λ4 − α)|γ0|

λ2
4 − 1

)
|f2|

+ λj
1(λ1 − α)|f1|+ λj

2(λ2 − α)|f2|+ λj
3(λ3 − α)

|γ1||f2|
λ2
3 − 1

+ λj
3(λ3 − α)

|γ0||f1|
λ2
3 − 1

+ λj
4(λ4 − α)

|γ0||f2|
λ2
4 − 1

=
∞∑
k=1

(
λj
k+1(λk+1 − α)|γ1|

λ2
k+1 − 1

+
λj
k+2(λk+2 − α)|γ0|

λ2
k+2 − 1

)
|fk|

+

(
λj
1(λ1 − α)− λj

2(λ2 − α)|γ1|
λ2
2 − 1

)
|f1|+

(
λj
1(λ1 − α)|f1|+ λj

2(λ2 − α)
)
|f2|. (11)

Since
λk+1 − α

λk − α
=

k + 2− α

k + 1− α
≤ 3− α

2− α
≤ 2,

λk+2 − α

λk − α
≤ 3,
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λj
k+1

λj
k(λ

2
k+1 − 1)

=

(
k + 2

k + 1

)j
1

(k + 2)2 − 1
≤
(
3

2

)j
1

8
,

and
λj
k+2

λj
k(λ

2
k+2 − 1)

≤ 2j
1

15
,

we obtain
λj
k+1

λj
k(λ

2
k+1 − 1)

λk+1 − α

λk − α
|γ1|+

λj
k+2

λj
k(λ

2
k+2 − 1)

λk+2 − α

λk − α
|γ0|

≤ 1

4

(
3

2

)j

|γ1|+
1

5
2j|γ0| ≤ 2j−2(|γ0|+ |γ1|).

Thus,
∞∑
k=1

(
λj
k+1(λk+1 − α)|γ1|

λ2
k+1 − 1

+
λj
k+2(λk+2 − α)|γ0|

λ2
k+2 − 1

)
|fk| ≤

≤ 2j−2(|γ0|+ |γ1|)
∞∑
k=1

λj
k(λk − α)|fk|. (12)

Also, we have (
λj
1(λ1 − α)− λj

2(λ2 − α)|γ1|
λ2
2 − 1

)
|f1| ≤ λj+1

1 |f1|

=
2j+1|γ1|

3

≤ 2j|γ1|

and

(
λj
1(λ1 − α)|f1|+ λj

2(λ2 − α)
)
|f2| ≤ (λ2 − α)

(
λj
1|γ1|
3

+ λj
2

)
1

8

(
|γ1|2

3
+ |γ0|

)

≤ (2j|γ1|+ 3j+1)(|γ1|2 + 3|γ0|)
24

.

Therefore, from (11) and (12), it follows that
∞∑
k=1

λj
k(λk − α)|fk| ≤ 2j−2(|γ0|+ |γ1|)

∞∑
k=1

λj
k(λk − α)|fk|++

2j+3|γ1|+ (2j|γ1|+ 3j+1)(|γ1|2 + 3|γ0|)
24

.

From condition (10), it follows that 2j−2(|γ0|+ |γ1|) < 1, and thus,

(1− 2j−2(|γ0|+ |γ1|))
∞∑
k=1

λj
k(λk − α)|fk| ≤

2j+3|γ1|+ (2j|γ1|+ 3j+1)(|γ1|2 + 3|γ0|)
24

.

Consequently, in view of (10), we obtain
∞∑
k=1

λj
k(λk − α)|fk| ≤

2j+3|γ1|+ (2j|γ1|+ 3j+1)(|γ1|2 + 3|γ0|)
24(1− 2j−2(|γ0|+ |γ1|))

≤ 1− α,

that is, (4) holds, and by Corollary 2.2, F ∈ Dj(α).
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