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Abstract

The Ramsey number R(F,H) of two graphs F and H without isolated vertices is the minimum positive
integer n such that every red-blue coloring of the complete graph Kn of order n results in a subgraph
isomorphic to F all of whose edges are colored red or a subgraph isomorphic to H all of whose edges are
colored blue. The (diagonal) Ramsey number R(F ) = R(F, F ) of F is the minimum positive integer n

such that every red-blue coloring of Kn results in a subgraph of Kn isomorphic to F all of whose edges
are colored the same (a monochromatic F ). The strong Ramsey number R̄(F,H) of two graphs F and
H without isolated vertices is the minimum positive integer n such that every red-blue coloring of Kn

results in two edge-disjoint monochromatic subgraphs, one isomorphic to F and the other isomorphic
to H. Strong Ramsey numbers R̄(F,H) have been determined for several pairs F,H of well-known
graphs of small size. For many pairs F,H of graphs, it is shown that R̄(F,H) = max{R(F ), R(H)}
while an example of two graphs F and H is given for which R̄(F,H) = 1+max{R(F ), R(H)}, resulting
in an open question.
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1. Introduction

For two graphs F and H without isolated vertices, the Ramsey number R(F,H) of F and H is the
minimum positive integer n such that for every red-blue coloring of the complete graph Kn of order n

there exists a subgraph isomorphic to F all of whose edges are colored red (a red F ) or a subgraph
isomorphic to H all of whose edges are colored blue (a blue H). Thus, R(F,H) = R(H,F ). If F ∼= H,
then the (diagonal) Ramsey number R(F,H) = R(F, F ) = R(F ) of F is the minimum positive integer n

such that every red-blue coloring of Kn results in a subgraph of Kn isomorphic to F all of whose edges
are colored the same (a monochromatic F ). The following results give the Ramsey numbers of some
well-known graphs, namely cycles Cn and paths Pn of order n and stars K1,n and matchings nK2 of
size n.

Theorem 1.1. [7] For n = 3, 4, R(Cn) = 6 and for n ≥ 5, R(Cn) =


2n− 1 if n is odd

3n

2
− 1 if n is even.
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Theorem 1.2. [8] For n ≥ 3, R(Pn) =


3(n− 1)

2
if n is odd

3n

2
− 1 if n is even.

Theorem 1.3. [2] For an integer n ≥ 2, R(K1,n) =

{
2n if n is odd

2n− 1 if n is even.

Theorem 1.4. [5,6] For every positive integer n, R(nK2) = 3n− 1.

The known Ramsey numbers of all pairs of small complete graphs are listed below (see [1,10,11],
for example).

R(K3, K3) = 6 R(K3, K6) = 18 R(K3, K9) = 36

R(K3, K4) = 9 R(K3, K7) = 23 R(K4, K4) = 18

R(K3, K5) = 14 R(K3, K8) = 28 R(K4, K5) = 25.

While the Ramsey number of two graphs F and H without isolated vertices asks for the smallest
order of a complete graph for which every red-blue coloring yields either a monochromatic (red) subgraph
isomorphic to F or a monochromatic (blue) subgraph isomorphic toH, we now consider the smallest order
of a complete graph in which every every red-blue coloring results in two edge-disjoint monochromatic
subgraphs either of different colors or the same color, one isomorphic to F and the other isomorphic to
H.

For two graphs F and H without isolated vertices, the strong Ramsey number R̄(F,H) of F and H is
the minimum positive integer n such that every red-blue coloring of Kn results in two edge-disjoint
monochromatic subgraphs one isomorphic to F and the other isomorphic to H. If F ∼= H, then R̄(F, F )

is the strong Ramsey number of F , namely the minimum positive integer n such that every red-blue
coloring of Kn results in two edge-disjoint monochromatic copies of F (see [3]). Here, we only consider
the strong Ramsey number R̄(F,H) where F and H are non-isomorphic graphs. Since the Ramsey
number R(F,H) exists for every pair F,H of graphs by a result of Ramsey [12], the strong Ramsey
number R̄(F,H) exists as well. It is not surprising that strong Ramsey numbers of graphs are related
to their Ramsey numbers.

Proposition 1.5. For every two graphs F and H without isolated vertices, R̄(F,H) exists and

max{R(F ), R(H)} ≤ R̄(F,H) ≤ max{R(F ), R(H)}+min{|V (F )|, |V (H)|}.

Proof. Let R̄(F,H) = n. To verify the lower bound, for a given red-blue coloring of Kn, there are
edge-disjoint monochromatic copies of F and H. Hence, R(F ) ≤ n and R(H) ≤ n, which implies that
max{R(F ), R(H)} ≤ n = R̄(F,H).

To verify the upper bound, let nF be the order of F and nH the order of H. We may assume that
nF ≤ nH . Let N = max{R(F ), R(H)}+ nF . For a given red-blue coloring of KN , since N ≥ R(F ), there
is a monochromatic subgraph F in KN . Then KN − V (F ) ∼= KN−nF

. Since N − nF ≥ R(H), there is a
monochromatic subgraph H in KN − V (F ) that is edge-disjoint from F . Thus, there are edge-disjoint
monochromatic subgraphs F and H in KN and so R̄(F,H) ≤ N .

Listed below are some observations dealing with strong Ramsey numbers.

Observation 1.6. For every two graphs F and H without isolated vertices, R̄(F,H) = R̄(H,F ).

Observation 1.7. If F is a graph without isolated vertices and F ̸= K2, then R̄(F,K2) = R(F ).
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Observation 1.8. If F , F ′, H, and H ′ are graphs without isolated vertices such that F ′ ⊆ F or H ′ ⊆ H,
then R̄(F ′, H) ≤ R̄(F,H) and R̄(F,H ′) ≤ R̄(F,H).

We refer to the book [4] for notation and terminology not defined here. More information on Ramsey
numbers can be found in [9]. We assume that all graphs under consideration have no isolated vertices.

2. Strong Ramsey Numbers R̄(F,H) for Graphs H of Size 2

By Observation 1.7, R̄(F,K2) = R(F ) for every nontrivial graph F . We now determine R̄(F,H) where
|E(F )| ≥ |E(H)| = 2. There are two graphs of size 2 without isolated vertices, namely P3 and 2K2. By
Theorems 1.2 and 1.4, R(P3) = 3 and R(2K2) = 5. We first consider the strong Ramsey numbers R̄(F, P3)

where F ̸= P3 is a graph of size at least 2 without isolated vertices. First, we present some preliminary
results.

Lemma 2.1. If F is a graph of order p ≥ 3, then R(F ) ≥ p and R(F ) = p only when F = P3.

Proof. Since R(F ) ≥ p and R(P3) = 3, it remains to show that if F is a graph of order p ≥ 3 without
isolated vertices such that F ̸= P3, then R(F ) > p. If F is a star of order p ≥ 4, then R(F ) > p by
Theorem 1.3. Thus, we may assume that F is not a star. Since the red-blue coloring of Kp with red
subgraph Kp−1 and blue subgraph K1,p−1 does not contain a monochromatic subgraph F , it follows that
R(F ) > p.

Proposition 2.2. If F is a graph of order p ≥ 3 with F ̸= P3, then R̄ (F,K1,t) = R(F ) for every integer t

with 1 ≤ t ≤ ⌈p/2⌉.

Proof. Let R(F ) = n and H = K1,t where 1 ≤ t ≤ ⌈p/2⌉. Since R̄ (F,H) ≥ n by Proposition 1.5, it
remains to show that R̄ (F,H) ≤ n. By Observation 1.8, it suffices to show that R̄ (F,H) ≤ n when
H = K1,⌈p/2⌉. Let there be given a red-blue coloring of G = Kn. Since R(F ) = n, there is a monochromatic
subgraph F in G. Since F ̸= P3 and the order of F is at least 3, it follows by Lemma 2.1 that 3 ≤ p ≤ n−1.
Thus, there is a vertex in V (G) − V (F ) that is joined to at least ⌈p/2⌉ vertices of F by edges having
the same color. Hence, G contains a monochromatic subgraph H = K1,⌈p/2⌉ that is edge-disjoint from
F . Therefore, R̄ (F,H) ≤ n when H = K1,⌈p/2⌉. Consequently, R̄ (F,K1,t) ≤ n for each integer t with
1 ≤ t ≤ ⌈p/2⌉ by Observation 1.8.

Lemma 2.1 and Proposition 2.2 provide the following result.

Theorem 2.3. If F is a graph of order 3 or more with F ̸= P3, then R̄(F, P3) = R(F ).

Proof. Let F be a graph of order p ≥ 3 such that F ̸= P3. Then R(F ) > p by Lemma 2.1. Since
⌈p/2⌉ ≥ ⌈3/2⌉ = 2 and P3 = K1,2, it follows by Proposition 2.2 that R̄ (F, P3) = R(F ).

Next, we determine R̄(F, 2K2) for all graphs F of order p ≥ 3 beginning with 3 ≤ p ≤ R(F )− 2.

Theorem 2.4. If F is a graph of order p where 3 ≤ p ≤ R(F )− 2, then R̄(F, 2K2) = R(F ).

Proof. Let R(F ) = n ≥ 5. Since R̄(F, 2K2) ≥ n by Proposition 1.5, it remains to show that R̄(F, 2K2) ≤ n.
Let there be given a red-blue coloring of G = Kn with V (G) = {v1, v2, . . . , vn}. Since R(F ) = n, there is
a monochromatic subgraph F in G. We may assume that V (F ) = {v1, v2, . . . , vp} where 3 ≤ p ≤ n− 2.
Let H = K2,n−2 be a complete bipartite subgraph of G with partite sets {vn−1, vn} and V (G)− {vn−1, vn}.
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Then H is edge-disjoint from F . If either the red subgraph Hr of H or the blue subgraph Hb contains 2K2,
then there are edge-disjoint monochromatic subgraphs F and 2K2 in G. Thus, we may assume that
Hr = K1,n−2 is centered at vn−1 and Hb = K1,n−2 is centered at vn. We may further assume that vn−1vn
is red. Let G′ = G − {vn−1, vn} ∼= Kn−2. Since R(Kp) ≥ p + 3 for each integer p ≥ 3, it follows that
E(G′)− E(F ) ̸= ∅. If E(G′)− E(F ) contains a red edge e, then there are edge-disjoint monochromatic
subgraphs F and 2K2 in G where 2K2 is red with E(2K2) = {e, vn−1vn}. Thus, we may assume that
every edge in E(G′) − E(F ) is blue. Let f = vivj ∈ E(G′) − E(F ) where 1 ≤ i < j ≤ n − 2. Since
n− 2 ≥ p ≥ 3, there is an integer k such that 1 ≤ k ≤ n− 2 and k /∈ {i, j}. Then there is a blue 2K2 in
G with E(2K2) = {f, vkvn} that is edge-disjoint from F . Thus, there are edge-disjoint monochromatic
subgraphs F and 2K2 in G. Hence, R̄(F, 2K2) ≤ n and so R̄(F, 2K2) = n = R(F ).

By Theorem 2.4, if F is a graph of order p such that 3 ≤ p ≤ R(F )− 2, then R̄(F, 2K2) = R(F ). By
Lemma 2.1, if F is a graph of order p ≥ 3 and F ̸= P3, then F (F ) ≥ p+ 1. We now consider graphs F of
order p ≥ 3 and small size such that R(F ) = p+ 1. For two vertex-disjoint graphs F and H, the graph
F +H denotes the union of F and H. For integers a, b ≥ 2, the double star Sa,b is a tree of diameter 3
whose central vertices have degrees a and b.

Proposition 2.5. If F is a graph of order p ≥ 3 and size m ≤ 6 with F ̸= 2K2 such that R(F ) = p+ 1,
then R̄(F, 2K2) = R(F ).

Proof. There are 14 graphs F of order p ≥ 4 and size m ≤ 6 without isolated vertices such that
R(F ) = p + 1 (see [1], for example). These 14 graphs are 2K2, P4, P5, P3 +K2, S2,3 (the double star of
order 5 whose central vertices have degree 2 or 3), the graph of order 5 obtained by adding a pendant
edge at a vertex of C4, 2P3, K1,3 +K2, the tree of order 6 obtained by adding two pendant edges at an
end-vertex of P4, S2,4 (the double star of order 6 whose central vertices have degree 2 or 4), K1,3 + P3,
the graph of order 6 obtained by adding two pendant edge at a vertex of C4, K1,4 + P3, and 2K1,3. These
graphs are shown in Figure 2.1. Next, we show that R̄(F, 2K2) = R(F ) for each of those 13 graphs F

with F ̸= 2K2. By Proposition 1.5, it suffices to show that R̄(F, 2K2) ≤ R(F ).

Figure 2.1: The 14 graphs F of order p ≥ 4 and size m ≤ 6 with R(F ) = p+ 1.
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First, we consider the graph F = P4 of order 4 and Ramsey number 5. Let there be given a red-blue
coloring of G = K5 with V (G) = {v1, v2, . . . , v5}. Then G contains a monochromatic subgraph P4. We
may assume that P4 = (v1, v2, v3, v4). At least two of the four edges viv5 (1 ≤ i ≤ 4) have the same
color, say red. First, suppose that v1v5 and v2v5 are red. If one of v1v3 and v2v4 is red, then there is
a red 2K2 that is edge-disjoint from P4. If both v1v3 and v2v4 are blue, then there is a blue 2K2 with
E(2K2) = {v1v3, v2v4} that is edge-disjoint from P4. Next, suppose that v1v5 and v3v5 are red. We may
further assume that v2v5 is blue. Then, regardless of the color of v1v4, there is a monochromatic 2K2

that is edge-disjoint from P4. Finally, suppose that v2v5 and v3v5 are red. We may further assume that
v1v5 is blue. Then, regardless of the color of v2v4, there is a monochromatic 2K2 that is edge-disjoint
from P4. Therefore, R̄(P4, 2K2) ≤ 5 = R(P4) and so R̄(P4, 2K2) = R(P4).

In order to show that R̄(F, 2K2) ≤ R(F ) for the remaining 12 graphs F of order p ≥ 5, size m ≤ 6,
and R(F ) = p+ 1, we first make an observation.

Observation: Let F be a graph with R(F ) = n ≥ 6 and let there be given a red-blue coloring
of G = Kn. If G′ = Kn − E(F ) contains three independent edges, then at least two of these
three edges have the same color and so G′ contains a monochromatic 2K2 that is edge-disjoint
from F .

For each of the remaining 12 graphs F of order p ≥ 5 with R(F ) = p+1, it can be shown that Kp+1−E(F )

contains three independent edges. It then follows by the observation that for every red-blue coloring of
Kp+1 there are edge-disjoint monochromatic subgraphs of F and 2K2. Therefore, R̄(F, 2K2) ≤ R(F ) and
so R̄(F, 2K2) = R(F ).

The following is a consequence of Theorem 2.4 and Proposition 2.5.

Corollary 2.6. If F is a graph of order p ≥ 3 and size m ≤ 6, then R̄(F, 2K2) = R(F ).

With the aid of known results on complete graphs, paths, cycles, stars, and matchings, the following
is a consequence of Theorem 2.4 and Proposition 2.5.

Proposition 2.7. If F is a complete graph, path, cycle, star, or matching of size at least 3, then
R̄(F, 2K2) = R(F ).

Proof. Let F be a complete graph, path, cycle, star, or matching of order p and size at least 3. If F is
neither P4 nor P5, then 3 ≤ p ≤ R(F )− 2 and so R̄(F, 2K2) = R(F ) by Theorem 2.4. If F = P4 or F = P5,
then R̄(F, 2K2) = R(F ) by Proposition 2.5.

By Theorem 2.3, if F is a graph of order 3 or more with F ̸= P3, then R̄(F, P3) = R(F ). We know of
no graph F of order p ≥ 3 for which R̄(F, 2K2) ̸= R(F ). Therefore, we conclude this section with the
following conjecture.

Conjecture 2.8. If F is a graph of order 3 or more such that F ̸= 2K2, then R̄(F, 2K2) = R(F ).

3. Strong Ramsey Numbers R̄(F,H) for Graphs H of Size 3

We now consider R̄(F,H) where |E(F )| ≥ |E(H)| = 3. If H is a graph of size 3 without isolated vertices,
then H ∈ {K1,3, P4, K3, P3 + K2, 3K2}. Here, R(P4) = 5, R(K1,3) = R(K3) = R(P3 + K2) = 6, and
R(3K2) = 8. We begin with H = K1,3.
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Theorem 3.1. If F is a graph of size 3 or more with F ̸= K1,3, then

R̄(F,K1,3) = max{R(F ), R(K1,3)}.

Proof. Let p ≥ 3 be the order of F . First, suppose that p ≥ 5. Then R(F ) ≥ 6 by Lemma 2.1. Since
R(K1,3) = 6 and R̄(F,K1,3) = R(F ) by Proposition 2.2, it follows that R̄(F,K1,3) = max{R(F ), R(K1,3)}.
Next, suppose that p ∈ {3, 4}. Let m be the size of F . Then m ∈ {3, 4, 5, 6} and

F ∈ {P4, K3, C4, K1,3 + e,K4 − e,K4}.

The Ramsey numbers of these graphs are R(P4) = 5, R(K3) = R(C4) = 6, R(K1,3+e) = 7, R(K4−e) = 10,
and R(K4) = 18. By Proposition 1.5, it remains to show that R̄(F,K1,3) ≤ max{R(F ), R(K1,3)}.

⋆ If F = P4, then R(F ) = 5 and max{R(P4), R(K1,3)} = 6. Let there be given a red-blue coloring of
G = K6. Since R(K1,3) = 6, there is a monochromatic subgraph H = K1,3 in G. Let v be the center
of H. Since G − v ∼= K5 and R(P4) = 5, there is a monochromatic F = P4 that is edge-disjoint
from H. Therefore, R̄(P4, K1,3) ≤ 6.

⋆ If F ̸= P4, then R(F ) = n ≥ 6. Let there be given a red-blue coloring of G = Kn. Since R(F ) = n,
there is a monochromatic subgraph F in G. Since the order of F is at most 4, there is a vertex
v ∈ V (G)− V (F ). At least three of the n− 1 ≥ 5 edges incident with v in G have the same color.
Hence, there is a monochromatic K1,3 in G that is edge-disjoint from F . Therefore, R̄(F,K1,3) ≤ n.

Next, suppose that H ∈ {P4, K3, P3 +K2, 3K2}. First, we present a lemma dealing with the graphs
P4 and P3 +K2. For two vertex-disjoint graphs F and H, the graph F ∨H is the join of F and H. For a
graph G, the graph G is the complement of G.

Lemma 3.2. If H ∈ {P4, P3 +K2}, then every ed-blue coloring of K3 ∨K3 results in a monochromatic
subgraph H.

Proof. Let G = K3 ∨K3 with F1 = K3 where V (F1) = {u1, u2, u3} and F2 = K3 where V (F2) = {v1, v2, v3}.
Since at least two edges in F1 have the same color, we may assume that u1u2 and u2u3 are red.

First, suppose that H = P4. If one of u1vi (i = 1, 2, 3) is red, say u1v1 is red, then (v1, u1, u2, u3) is a
red P4. Thus, we may assume that each edge u1vi (i = 1, 2, 3) is blue. Similarly, each edge u3vi (i = 1, 2, 3)
is blue. Thus, (v1, u1, v3, u3) is a blue P4.

Next, suppose that H = P3 +K2. At least two of the three edges v1u1, v1u2, v1u3 have the same color.
There are two possibilities, depending on the colors of these two edges.

Case 1. Two of the three edges v1u1, v1u2, v1u3 are blue. By symmetry, we may assume that either
v1u1 and v1u2 are blue or v1u1 and v1u3 are blue.

⋆ First suppose that v1u1 and v1u2 are blue. Then v2u3 and v3u3 are red, for otherwise there is a
blue P3 +K2. Then v2u1 is blue, for otherwise (u2, u3, v3) + (v2, u1) is a red P3 +K2. Then u2v3 is
red, for otherwise (v1, u1, v2) + (u2, v3) is a blue P3 +K2. Then (u1, u2, v3) + (v2, u3) is a red P3 +K2.

⋆ Next, suppose that v1u1 and v1u3 are blue. Then v2u2 and v3u2 are red, for otherwise there is a
blue P3 +K2. If v2u1 or v3u3 is red, say the former, then (v3, u2, u3) + (v2, u1) is a red P3 +K2. Thus,
we may assume that v2u1 and v3u2 are blue. Then (v1, u1, v2) + (v3, u3) is a blue P3 +K2.
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Case 2. Two of the three edges v1u1, v1u2, v1u3 are red. By symmetry, we may assume that either v1u1

and v1u2 are red or v1u1 and v1u3 are red.

⋆ First, suppose that v1u1 and v1u2 are red. Then v2u3 and v3u3 are blue, for otherwise there
is a blue P3 + K2. Assume first that u1u3 is red. If v2u2 or v3u2 is red, say the former, then
(v1, u1, u3)+(v2, u2) is a red P3+K2. Thus, we may assume that v2u2 and v3u2 are blue. Then v2u1 is
red, for otherwise (u2, v3, u3) + (v2, u1) is a blue P3 +K2. Thus, (v1, u1, v2) + (u2, u3) is a red P3 +K2.
Next, assume that u1u3 is blue. If v2u2 or v3u2 is blue, say the former, then (v3, u3, u1) + (v2, u2) is a
blue P3 +K2. Thus, we may assume that v2u2 and v3u2 are red. Then (v2, u2, v3) + (v1, u1) is a red
P3 +K2.

⋆ Next, suppose that v1u1 and v1u3 are red. We may assume that v1u2 is blue. Then v2u1 and v3u1

are blue, for otherwise there is red P3 +K2. Thus, (v2, u1, v3) + (v1, u2) is a blue P3 +K2.

Theorem 3.3. Let F be a graph of order p with 3 ≤ p ≤ R(F ) − 3 and size 3 or more. If F ̸= H and
H ∈ {P4, P3 +K2}, then

R̄(F,H) = max{R(F ), R(H)}.

Proof. Let n = max{R(F ), R(H)} where F ̸= H and let H ∈ {P4, P3 + K2}. Since R(P4) = 5 and
R(F ) ≥ 6 if F ̸= P4, it follows that n ≥ 6. By Proposition 1.5, it remains to show that R̄(F,H) ≤ n.
Let there be given a red-blue coloring of G = Kn with V (G) = {v1, v2, . . . , vn}. Since R(F ) ≤ n, there is
a monochromatic subgraph F of G. We may assume that V (F ) = {v1, v2, . . . , vp}. Let G′ = G − E(F ).
Since 3 ≤ p ≤ n − 3, it follows that G′ contains the complete bipartite subgraph K3,n−3 with partite
sets {vn−2, vn−1, vn} and V (G) − {vn−2, vn−1, vn}. Since n − 3 ≥ p ≥ 3, it follows that K3 ∨ K3 ⊆ G′. It
then follows by Lemma 3.2 that G′ contains a monochromatic subgraph H ∈ {P4, P3 + K2} that is
edge-disjoint from F . Therefore, R̄(F,H) ≤ n and so R̄(F,H) = n.

Theorem 3.4. If F is a graph of size 3 with F ̸= P4, then R̄(F, P4) = R(F ).

Proof. If F is a graph of size 3 with F ̸= P4, then F ∈ {K3, K1,3, P3 + K2, 3K2}. If F = K3, then the
order of K3 is 3 and R(F ) = 6. Thus, R̄(K3, P4) = R(K3) = 6 by Theorem 3.3. If F = K1,3, then
R̄(K1,3, P4) = R(K1,3) = 6 by Theorem 3.1. Thus, we may assume that F = P3 + K2 or F = 3K2. By
Proposition 1.5, it remains to show that R̄(F, P4) ≤ R(F ).

• If F = P3 +K2, then R(F ) = 6. Let there be given a red-blue coloring of G = K6 with

V (G) = {v1, v2, . . . , v6}.

Since R(P3 +K2) = 6, there is a monochromatic subgraph P3 +K2 in G. We may assume that
P3 +K2 = (v1, v2, v3) + (v4, v5). At least two of the three edges v6v1, v6v3, v6v4 have the same color.
We may assume that either (i) v6v1 and v6v3 are red or (ii) v6v3 and v6v4 are red. If (i) occurs, then
every edge in {v1v4, v1v5, v3v4, v3v5} is blue, for otherwise there is a red P4 that is edge-disjoint
from F . Then (v4, v3, v5, v1) is a blue P4 that is edge-disjoint from F . If (ii) occurs, then we may
assume that v6v1 is blue by (i). Then both v3v1 and v3v5 are blue, for otherwise there is a red P4

that is edge-disjoint from F . Then (v6, v1, v3, v5) is a blue P4 that is edge-disjoint from F . Therefore,
R̄(P3 +K2, P4) ≤ 6 = R(P3 +K2).
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• If F = 3K2, then R(F ) = 8. Let there be given a red-blue coloring of G = K8 with

V (G) = {v1, v2, . . . , v8}.

Since R(3K2) = 8, there is a monochromatic subgraph F = 3K2 in G. We may assume that
E(F ) = {v1v2, v3v4, v5v6}. At least two of the three edges v7v1, v7v3, v7v5 have the same color. We
may assume that v7v1 and v7v3 are red. Thus, v8v1 and v8v3 are blue, for otherwise there is a red P4

that is edge-disjoint from F . Regardless of the color of v2v3, there is a monochromatic P4 that is
edge-disjoint from F . Therefore, R̄(3K2, P4) ≤ 8 = R(3K2).

Theorem 3.5. If F is a graph of size 3 with F ̸= 3K2, then R̄(F, 3K2) = R(3K2).

Proof. Let F is a graph of size 3 with F ̸= 3K2. Then F ∈ {P4, K3, K1,3, P3 + K2}. By Theorems 3.1
and 3.4, we may assume F = K3 or F = P3 + K2. Since R(K3) = R(P3 + K2) = 6 and R(3K2) = 8, it
follows by Proposition 1.5 that R̄(F, 3K2) ≥ 8. Thus, it remains to show that R̄(F, 3K2) ≤ 8. Note that
K3 ⊆ K3 +K2 and P3 +K2 ⊆ K3 +K2. By Observation 1.8, it suffices to show that R̄(K3 +K2, 3K2) ≤ 8.

Let there be given a red-blue coloring of G = K8 with V (G) = {v1, v2, . . . , v8}. Since R(K3 +K2) = 6,
there is a monochromatic subgraph F = K3 +K2 in G. We may assume that F = (v1, v2, v3, v1) + (v4, v5).
Let X = G− E(F ). If three of the four edges v1v5, v2v6, v3v7, v4v8 in X have the same color, then there is
a monochromatic 3K2 that is edge-disjoint from F . Thus, we may assume that two of these edges are
red and the other two are blue. We may further assume that either (1) v1v5, v2v6 are red and v3v7, v4v8
are blue or (2) v1v5, v4v8 are red and v2v6, v3v7 are blue. We consider these two cases.

Case 1. Edges v1v5, v2v6 are red and v3v7, v4v8 are blue. Since v3v7 and v4v8 are blue, each edge
e ∈ {v1v6, v2v5, v5v6} is red, for otherwise there is a blue 3K2 with E(3K2) = {e, v3v7, v4v8}. Similarly,
every edge in {v3v4, v3v8, v3v7, v4v7, v7v8} is blue. We now consider two subcases, according to the color of
v1v4.

Subcase 1.1. v1v4 is red. We proceed with the following steps.

1. Since v1v4 and v2v5 are red, every edge e ∈ {v6v3, v6v4, v6v7, v6v8} is blue, for otherwise there is a
red 3K2 with E(3K2) = {e, v1v4, v2v5} in X.

2. The edge v2v4 is red, for otherwise there is a blue 3K2 with E(3K2) = {v2v4, v3v7, v6v8} in X.

3. The edge v5v7 is blue, for otherwise there is a red 3K2 with E(3K2) = {v5v7, v1v4, v2v6} in X.

Thus, there is a blue 3K2 with E(3K2) = {v5v7, v6v8, v3v4} in X.
Subcase 1.2. v1v4 is blue. We proceed with the following steps.

1. Since v1v4 and v3v8 are blue, every edge e ∈ {v7v2, v7v5, v7v6} is red, for otherwise there is a blue
3K2 with E(3K2) = {e, v1v4, v3v8} in X.

2. The ege v6v8 is blue, for otherwise there is a red 3K2 with E(3K2) = {v6v8, v1v5, v2v7} in X.

Thus, there is a blue 3K2 with E(3K2) = {v1v4, v3v7, v6v8} in X.
Case 2. v1v5, v4v8 are red and v2v6, v3v7 are blue. Since v1v5 and v4v8 are red, each edge e in

{v2v7, v3v6, v6v7} is blue, for otherwise there is a red 3K2 with E(3K2) = {e, v1v5, v4v8} in X. Similarly,
each edge f in {v1v4, v1v8, v5v8} is red, for otherwise there is a blue 3K2 with E(3K2) = {f, v2v6, v3v7}
in X. We consider two subcases, depending on the color of v2v4.
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Subcase 2.1. v2v4 is red. We proceed with the following steps.

1. Since v2v4 and v1v8 are red, each edge e in {v2v5, v5v6, v5v7} is blue, for otherwise there is a red 3K2

with E(3K2) = {e, v2v4, v1v8} in X.

2. The edge v7v8 is red, for otherwise there is a blue 3K2 with E(3K2) = {v7v8, v2v5, v3v6} in X.

Thus, there is a red 3K2 with E(3K2) = {v7v8, v2v4, v1v5} in X.
Subcase 2.2. v2v4 is blue. We proceed with the following steps.

1. Since v2v4 and v3v7 are blue, each edge e ∈ {v1v6, v4v6, v5v6, v6v8} is red, for otherwise there is a
blue 3K2 with E(3K2) = {e, v2v4, v3v7} in X.

2. Since v1v8 and v4v6 are red, each edge f ∈ {v2v5, v3v5, v5v7} is blue, for otherwise there is a red 3K2

with E(3K2) = {f, v1v8, v4v6} in X.

Thus, there is a blue 3K2 with E(3K2) = {v2v4, v3v5, v6v7} in X.
In either cace, there are edge-disjoint monochromatic subgraphs K3 + K2 and 3K2 in G and so

R̄(K3 + K2, 3K2) ≤ 8. Therefore, R̄(K3 + K2, 3K2) = 8. Consequently, R̄(F, 3K2) = 8 for F = K3 or
F = P3 +K2.

Theorem 3.6. If F is a graph of size 3 and F ̸= P3 +K2, then

R̄(F, P3 +K2) = max{R(F ), R(P3 +K2)}.

Proof. Let F be a graph of size 3 and F ̸= P3 +K2. Then F ∈ {P4, K3, K1,3, 3K2}. By Theorems 3.1, 3.4
and 3.5, it follows that R̄(F, P3+K2) = max{R(F ), R(P3+K2)} if F ∈ {P4, K1,3, 3K2}. It remains to show
that R̄(K3, P3+K2) = 6. By Proposition 1.5, it suffices to show that R̄(K3, P3+K2) ≤ 6. Let there be given
a red-blue coloring of G = K6 with V (G) = {v1, v2, . . . , v6}. Since R(K3) = 6, there is a monochromatic
subgraph F = K3 in G. We may assume that F = (v1, v2, v3, v1). Let G′ = G[{v4, v5, v6}] = K3. At least
two of the three edges of G′ have the same color, say v4v5 and v5v6 are red. At least two of the three
edges v4v1, v4v2, v4v3 in G − E(F ) have the same color, say v4v1 and v4v2 have the same color. If v4v1
and v4v2 are red, then (v1, v4, v2) + (v5, v6) is a red P3 +K2 that is edge-disjoint from F . Thus, we may
assume that v4v1 and v4v2 are blue. Then v3v5 and v3v6 are red, for otherwise, there is a blue P3 +K2

that is edge-disjoint from F . As with the vertex v4, at least two of the three edges v6v1, v6v2, v6v3 are
blue. Since v6v3 is red, it follows that v6v1 and v6v2 are blue. Regardless of the color of v2v5, there is a
monochromatic P3 +K2 that is edge-disjoint from F and so R̄(K3, P3 +K2) ≤ 6.

The following is a consequence of Theorems 3.1, 3.4 3.5, and 3.6.

Corollary 3.7. If F and H are graphs of size 3 and F ̸= H, then

R̄(F,H) = max{R(F ), R(H)}.

4. Two Strong Ramsey Numbers

For every pair F,H of graphs without isolated vertices that we have considered, it has been shown that
R̄(F,H) = max{R(F ), R(H)}. In particular, this is the case when F and H have size 3 by Corollary 3.7.
This is also the case for the two cycles C3 and C4 where R(C3) = R(C4) = 6 as we show next.
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Theorem 4.1. R̄(C3, C4) = 6.

Proof. Since R(C3) = R(C4) = 6, it follows by Proposition 1.5 that R̄(C3, C4) ≥ 6. Thus, it
remains to show that R̄(C3, C4) ≤ 6. Let there be given a red-blue coloring of G = K6 with
V (G) = {u1, u2, u3, v1, v2, v3}. Since R(K3) = 6, there is a monochromatic subgraph F = K3 in G. We
may assume that F = (v1, v2, v3, v1). Let H = G[{u1, u2, u3}] = K3. We consider two cases, according to
the colors of the edges of H.

Case 1. H is a monochromatic triangle. We may assume that H is a red triangle. We consider two
subcases, depending on the colors of the edges of the triangle F .

Subcase 1.1. F is a red triangle. Thus, F and H are both red triangles here. At least two of the three
edges u1vi (i = 1, 2, 3) have the same color. If two of these three edges, say u1v1 and u1v2, are red, then
(u1, v1, v3, v2, u1) is a red C4 that is edge-disjoint from H. Suppose that two of the edges u1vi (i = 1, 2, 3)
are blue. Similarly, at least two of the three edges u2vi (i = 1, 2, 3) are blue. If either u1 or u2 is joined to
all three vertices of F by blue edges, then there is a blue C4 that is edge-disjoint from H. Thus, we may
assume that u1 and u2 are joined to two vertices of F by blue edges and one vertex of F by a red edge.
Then there is a red C4 that is edge-disjoint from H.

Subcase 1.2. F is a blue triangle. At least two of the three edges u1vi (i = 1, 2, 3) have the same color.
If two of these three edges are blue, say u1v1 and u1v2 are blue, then (u1, v1, v3, v2, u1) is a blue C4 that is
edge-disjoint from H. Thus, at least two of the edges u1vi (i = 1, 2, 3) are red. This is also true for u2

and u3. Hence, there is a vertex of F that is adjacent to two vertices of H by red edges. We may assume
that u1v1 and u2v1 are red. Then (v1, u1, u3, u2, v1) is a red C4 that is edge-disjoint from F .

Case 2. H is not a monochromatic triangle. Thus, H has two edges of one color and one edge of the
other color. We may assume that u1u2 and u2u3 are red, while u1u3 is blue. We consider two subcases,
depending on the colors of the edges of the triangle F .

Subcase 2.1. F is a red triangle. At least one of v1u1 and v1u3 is blue, for otherwise (v1, u1, u2, u3, v1)

is a red C4 that is edge-disjoint from F . Thus, there are two possibilities, namely (1) both v1u1 and v1u3

are blue or (2) one of v1u1 and v1u3 is blue and the other is red. In either case, we may assume that v1u3

is blue.
Subcase 2.1.1. Both v1u1 and v1u3 are blue. Then T = (v1, u1, u3, v1) is a blue triangle.

⋆ First, suppose that v1u2 is red. Then u2v2, u2v3, u3v2 are blue, for otherwise there is a red C4 that
is edge-disjoint from T . Now consider the edge u3v3. If u3v3 is red, then (v1, u2, u3, v3, v1) is a red C4

that is edge-disjoint from T . If u3v3 is blue, then there is a blue C4 = (v2, u2, v3, u3, v2) that is
edge-disjoint from F .

⋆ Next, suppose that v1u2 is blue. If v2u1 and v2u3 are both blue, then (v1, u1, v2, u3, v1) is a blue C4

that is edge-disjoint from F . Thus, we may assume that v2u1 is red and v2u3 is blue. Then v2u2 is
red for otherwise, (v1, u2, v2, u3, v1) is a blue C4 that is edge-disjoint from F . Furthermore, both
u1v3 and u2v3 are blue, for otherwise there is a red C4 that is edge-disjoint from T . Now consider
the edge u3v3. If u3v3 is red, then (v2, u2, u3, v3, v2) is a red C4 that is edge-disjoint from T . If u3v3 is
blue then (v1, u2, v3, u3, v1) is a blue C4 that is edge-disjoint from F .

Subcase 2.1.2. One of v1u1 and v1u3 is blue and the other is red, say v1u1 is red and v1u3 is blue. By
Subcase 2.1.1, we may further assume that for i = 2, 3, one of viu1 and viu3 is blue and the other is red.
By symmetry, we may assume that either (1) u1 is joined to all three vertices v1, v2, v3 by red edges or
(2) u1 is joined to exactly two of the three vertices v1, v2, v3 by red edges, say u1v1, u1v2 are red and u1v3
is blue.
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⋆ First, suppose that u1 is joined to all three vertices v1, v2, v3 by red edges. Then u2v2 is blue, for
otherwise the red C3 = (v2, u1, v3, v2) and the red C4 = (v1, v2, u2, u1, v1) are edge-disjoint. Now
consider the edge u2v3. If u2v3 is blue, then (v2, u2, v3, u3, v2) is a blue C4 that is edge-disjoint from F .
If u2v3 is red, then the red C3 = (u1, v3, u2, u1) and the red C4 = (v1, u1, v2, v3, v1) are edge-disjoint.

⋆ Next, suppose that u1 is joined to exactly two of the three vertices v1, v2, v3 by red edges, say u1v1
and u1v2 are red and u1v3 is blue. Then u2v2 is blue, for otherwise the red C3 = (v1, u1, v2, v1) and
the red C4 = (v2, u2, u3, v3, v2) are edge-disjoint. Then v1u2 is red, for otherwise (v1, u2, v2, u3, v1) is
a blue C4 that is edge-disjoint from F . Then the red C3 = (v1, u1, v2, v1) and the red

C4 = (v1, u2, u3, v3, v1)

are edge-disjoint in G.

Subcase 2.2. F is a blue triangle. For i = 1, 2, 3, at least one of viu1 and viu3 is blue for otherwise,
(vi, u1, u2, u3, vi) is a red C4 that is edge-disjoint from F = C3. Thus, there are two possibilities, namely
(1) both v1u1 and v1u3 are blue or (2) one of v1u1 and v1u3 is blue and the other is red. In either case, we
may assume that v1u3 is blue.

Subcase 2.2.1. Both v1u1 and v1u3 are blue. Then T = (v1, u1, u3, v1) is a blue triangle.

⋆ First, suppose that v1u2 is red. As we mentioned, at least one of v2u1 and v2u3 is blue. If both v2u1

and v2u3 are blue, then (v1, u1, v2, u3, v1) is a blue C4 that is edge-disjoint from F . Thus, one of
v2u1 and v2u3 is red and the other is blue. We may assume that v2u1 is red and v2u3 is blue. Then
v2u2 is blue, for otherwise, there are a red C3 = (v2, u2, u1, v2) and a blue C4 = (v1, u3, v2, v3, v1) that
are edge-disjont. Furthermore, u2v3 is red, for otherwise, there is a blue C4 = (v1, v2, u2, v3, v1)

that is edge-disjoint from T . Now consider the edge v3u3. If v3u3 is blue, then (v2, u3, v3, v1, v2) is a
blue C4 that is edge-disjoint from T . If v3u3 is red, there are a red C3 = (v3, u2, u3, v3) and a blue
C4 = (v1, u3, v2, v3, v1) in G that are edge-disjont.

⋆ Next, suppose that v1u2 is blue. Again, at least one of v2u1 and v2u3 is blue. If both v2u1 and
v2u3 are blue, then there is a blue C4 = (v1, u1, v2, u3, v1) that is edge-disjoint from F . Thus, one
of v2u1 and v2u3 is red and the other is blue. We may assume that v2u1 is red and v2u3 is blue.
Consider the color of v2u2. If v2u2 is blue, then the blue C4 = (v1, u2, v2, u3, v1) is edge-disjoint from
F . If v2u2 is red, there are a red C3 = (v2, u1, u2, v2) and a blue C4 = (v1, v3, v2, u3, v1) in G that are
edge-disjont.

Subcase 2.2.2. One of v1u1 and v1u3 is blue and the other is red, say v1u1 is red and v1u3 is blue. By
Subcase 2.2.1, we may further assume that for i = 2, 3, one of viu1 and viu3 is blue and the other is red.
By symmetry, we may assume that either (1) u1 is joined to all three vertices v1, v2, v3 by red edges or
(2) u1 is joined to exactly two of the three vertices v1, v2, v3 by red edges, say u1v1, u1v2 are red and u1v3
is blue.

⋆ First, suppose that u1 is joined to all three vertices v1, v2, v3 by red edges. Then u3 is joined to all
three vertices v1, v2, v3 by blue edges. If one of u2v2 and u2v3 is red, say u2v2 is red, then there are a
red C3 = (v2, u1, u2, v2) and a blue C4 = (v1, u3, v2, v3, v1). Thus, we may assume that u2v2 and u2v3
are blue. Then the blue C4 = (v2, u2, v3, u3, v2) is edge-disjoint from F .
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⋆ Next, suppose that u1 is joined to exactly two of the three vertices v1, v2, v3 by red edges, say u1v1
and u1v2 are red and u1v3 is blue. Then v1u3 and v2u3 are blue. If one of v1u2 and v2u2 is red,
say v1u2 is red, then there are a red C3 = (v1, u1, u2, v1) and a blue C4 = (v1, u3, v2, v3, v1). Hence,
we may assume that v1u2 and v2u2 are blue. Then there is a blue C4 = (v1, u2, v2, u3, v1) that is
edge-disjoint from F .

Therefore, for every red-blue coloring of G = K6, there are edge-disjoint monochromatic subgraphs
C3 and C4. Thus, R̄(C3, C4) ≤ 6 and so R̄(C3, C4) = 6.

While R(C3) = R(C4) = 6 and R̄(C3, C4) = 6 by Theorem 4.1, it turns out that R(C4) = R(P5) = 6 as
well but R̄(C4, P5) ̸= 6.

Proposition 4.2. R̄(C4, P5) = 7 = 1 +max{R(C4), R(P5)}.

Proof. First, we show that R̄(C4, P5) ≥ 7. Consider the red-blue coloring of K6 with red subgraph 2K3

and blue subgraph K3,3. The red subgraph 2K3 contains neither P5 nor C4. Since K3,3 − E(C4) ∼= S3,3,
the blue subgraph does not contain edge-disjoint subgraphs C4 and P5. Therefore, this red-blue coloring
of K6 does not result in edge-disjoint subgraphs C4 and P5 and so R̄(C4, P5) ≥ 7.

It remains to show that R̄(C4, P5) ≤ 7. Let there be given a red-blue coloring of G = K7 with
V (G) = {v1, v2, . . . , v7}. Since R(C4) = 6, there is a monochromatic subgraph F = C4 in G, say

F = (v1, v2, v3, v4, v1).

At least two of the three edges in G[{v5, v6, v7}] ∼= K3 have the same color. We may assume that (v5, v6, v7)
is a red P3. If every edge joining a vertex in {v5, v7} and a vertex in {v1, v2, v3, v4} is blue, then there
is a blue P5 = (v1, v5, v2, v7, v3) in G that is edge-disjoint from F . Thus, we may assume that there is a
red edge joining a vertex in {v5, v7} and a vertex in {v1, v2, v3, v4}, say v5v1 is red. Then (v1, v5, v6, v7) is a
red P4 in G. Hence, we may assume that each of v1v3, v7v2, v7v3, v7v4 is blue, for otherwise there is a red P5

in G that is edge-disjoint from F . Then (v1, v3, v7, v2) is a blue P4 in G. Hence, we may further assume
that each of v1v6, v2v5, v2v6 is red, for otherwise there is a blue P5 in G that is edge-disjoint from F .
Then (v7, v6, v2, v5, v1) is a red P5 in G that is edge-disjoint from F . Therefore, there are edge-disjoint
monochromatic subgraphs C4 and P5 in G and so R̄(C4, P5) ≤ 7. Therefore, R̄(C4, P5) = 7.

5. In Closing

For every two graphs F and H for which R̄(F,H) has been determined, it has been shown that

R̄(F,H) = max{R(F ), R(H)} or R̄(F,H) = 1 + max{R(F ), R(H)}.

We therefore close with the following question:

Question 1. Do there exist graphs F and H without isolated vertices for which

R̄(F,H) > 1 + max{R(F ), R(H)}?
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