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Abstract

The Ramsey number R(F, H) of two graphs F' and H without isolated vertices is the minimum positive
integer n such that every red-blue coloring of the complete graph K, of order n results in a subgraph
isomorphic to F' all of whose edges are colored red or a subgraph isomorphic to H all of whose edges are
colored blue. The (diagonal) Ramsey number R(F') = R(F, F') of F is the minimum positive integer n
such that every red-blue coloring of K, results in a subgraph of K,, isomorphic to F' all of whose edges
are colored the same (a monochromatic F). The strong Ramsey number R(F, H) of two graphs F and
H without isolated vertices is the minimum positive integer n such that every red-blue coloring of K,
results in two edge-disjoint monochromatic subgraphs, one isomorphic to F' and the other isomorphic
to H. Strong Ramsey numbers R(F, H) have been determined for several pairs F, H of well-known
graphs of small size. For many pairs F, H of graphs, it is shown that R(F, H) = max{R(F), R(H)}
while an example of two graphs F and H is given for which R(F, H) = 1 +max{R(F), R(H)}, resulting
in an open question.
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1. Introduction

For two graphs F' and H without isolated vertices, the Ramsey number R(F,H) of F' and H is the
minimum positive integer n such that for every red-blue coloring of the complete graph K, of order n
there exists a subgraph isomorphic to ' all of whose edges are colored red (a red F) or a subgraph
isomorphic to H all of whose edges are colored blue (a blue H). Thus, R(F,H) = R(H,F). If F = H,
then the (diagonal) Ramsey number R(F,H) = R(F,F) = R(F) of F' is the minimum positive integer n
such that every red-blue coloring of K, results in a subgraph of K, isomorphic to F' all of whose edges
are colored the same (a monochromatic ). The following results give the Ramsey numbers of some
well-known graphs, namely cycles C,, and paths P, of order n and stars K;, and matchings nK, of
size n.

2n —1 ifnisodd

Theorem 1.1. [7] For n = 3,4, R(C,)) = 6 and for n > 5, R(C},) = n
>~ 1 ifnis even.
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3(n—1)
2

3
771 -1 if nis even.

if nis odd
Theorem 1.2. [8] For n > 3, R(P,) =

2n if nis odd
Theorem 1.3. [2] For an integer n > 2, R(K;,) =
2n — 1 if nis even.

Theorem 1.4. [5,6] For every positive integer n, R(nKsy) = 3n — 1.

The known Ramsey numbers of all pairs of small complete graphs are listed below (see [1,10,11],
for example).

R(K3,K3) =6 R(Ks3, Kg) = 18 R(K3, Ko) = 36
R(K37 K4) =9 R(Kg, K?) =23 R(K4, K4) =18
R(K3, K5) = 14 R(K3, Kg) = 28 R(Ky, K35) = 25.

While the Ramsey number of two graphs F' and H without isolated vertices asks for the smallest
order of a complete graph for which every red-blue coloring yields either a monochromatic (red) subgraph
isomorphic to F' or a monochromatic (blue) subgraph isomorphic to H, we now consider the smallest order
of a complete graph in which every every red-blue coloring results in two edge-disjoint monochromatic
subgraphs either of different colors or the same color, one isomorphic to /' and the other isomorphic to
H.

For two graphs I and H without isolated vertices, the strong Ramsey number R(F, H) of F and H is
the minimum positive integer n such that every red-blue coloring of K, results in two edge-disjoint
monochromatic subgraphs one isomorphic to F and the other isomorphic to H. If ' = H, then R(F, F)
is the strong Ramsey number of I', namely the minimum positive integer n such that every red-blue
coloring of K,, results in two edge-disjoint monochromatic copies of ' (see [3]). Here, we only consider
the strong Ramsey number R(F, H) where F and H are non-isomorphic graphs. Since the Ramsey
number R(F, H) exists for every pair F, H of graphs by a result of Ramsey [12], the strong Ramsey
number R(F, H) exists as well. It is not surprising that strong Ramsey numbers of graphs are related
to their Ramsey numbers.

Proposition 1.5. For every two graphs F and H without isolated vertices, R(F, H) exists and
max{R(F), R(H)} < R(F, H) < max{R(F), R(H)} +min{|V(F)|, |V (H)]}.

Proof. Let R(F,H) = n. To verify the lower bound, for a given red-blue coloring of K, there are
edge-disjoint monochromatic copies of F' and H. Hence, R(F') < n and R(H) < n, which implies that
max{R(F), R(H)} <n = R(F, H).

To verify the upper bound, let nr be the order of F' and ny the order of /. We may assume that
np <ny. Let N = max{R(F), R(H)} + nr. For a given red-blue coloring of Ky, since N > R(F), there
is a monochromatic subgraph /' in Ky. Then Ky — V(F) = Ky_,,.. Since N —nr > R(H), there is a
monochromatic subgraph H in Ky — V(F) that is edge-disjoint from F. Thus, there are edge-disjoint
monochromatic subgraphs F and H in Ky and so R(F, H) < N. O

Listed below are some observations dealing with strong Ramsey numbers.
Observation 1.6. For every two graphs F and H without isolated vertices, R(F,H) = R(H, F).

Observation 1.7. If F is a graph without isolated vertices and F # K,, then R(F, K,) = R(F).
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Observation 1.8. If F, I/, H, and H' are graphs without isolated vertices such that I’ C F or H C H,
then R(F',H) < R(F,H) and R(F,H') < R(F, H).

We refer to the book [4] for notation and terminology not defined here. More information on Ramsey
numbers can be found in [9]. We assume that all graphs under consideration have no isolated vertices.

2. Strong Ramsey Numbers R(F, H) for Graphs H of Size 2

By Observation 1.7, R(F, K,) = R(F) for every nontrivial graph . We now determine R(F, H) where
|E(F)| > |E(H)| = 2. There are two graphs of size 2 without isolated vertices, namely P; and 2K,. By
Theorems 1.2 and 1.4, R(P;) = 3 and R(2K,) = 5. We first consider the strong Ramsey numbers R(F, P;)
where F' # Pj is a graph of size at least 2 without isolated vertices. First, we present some preliminary
results.

Lemma 2.1. If F is a graph of order p > 3, then R(F) > p and R(F') = p only when F = P;.

Proof. Since R(F') > p and R(P;) = 3, it remains to show that if F' is a graph of order p > 3 without
isolated vertices such that F' # P;, then R(F) > p. If F is a star of order p > 4, then R(F) > p by
Theorem 1.3. Thus, we may assume that F' is not a star. Since the red-blue coloring of K, with red
subgraph K, ; and blue subgraph K, ; does not contain a monochromatic subgraph £, it follows that
R(F) > p. 0

Proposition 2.2. If F is a graph of order p > 3 with F # Ps, then R (F, K,;) = R(F) for every integer t
with 1 <t < [p/2].

Proof. Let R(F) = nand H = K,;, where 1 < t < [p/2]. Since R(F, H) > n by Proposition 1.5, it
remains to show that R (F, H) < n. By Observation 1.8, it suffices to show that R (F, H) < n when
H = K p21. Let there be given a red-blue coloring of G = K,,. Since R(F) = n, there is a monochromatic
subgraph F'in GG. Since I’ # P; and the order of F'is at least 3, it follows by Lemma 2.1 that 3 <p <n-—1.
Thus, there is a vertex in V(G) — V(F') that is joined to at least [p/2] vertices of F' by edges having
the same color. Hence, G contains a monochromatic subgraph H = K f,/») that is edge-disjoint from
F. Therefore, R(F,H) < n when H = K [,/5. Consequently, R (F,K;,) < n for each integer ¢ with
1 <t < [p/2] by Observation 1.8. O

Lemma 2.1 and Proposition 2.2 provide the following result.
Theorem 2.3. If F is a graph of order 3 or more with F # P, then R(F,P3) = R(F).

Proof. Let I’ be a graph of order p > 3 such that ' # P;. Then R(F) > p by Lemma 2.1. Since
[p/2] > [3/2] = 2 and P3 = K », it follows by Proposition 2.2 that R (F, P3) = R(F). O

Next, we determine R(F,2K5) for all graphs F of order p > 3 beginning with 3 < p < R(F) — 2.
Theorem 2.4. If F is a graph of order p where 3 < p < R(F) — 2, then R(F,2K,) = R(F).

Proof. Let R(F) = n > 5. Since R(F,2K,) > n by Proposition 1.5, it remains to show that R(F,2K,) < n.
Let there be given a red-blue coloring of G = K,, with V(G) = {vy,va,...,v,}. Since R(F) = n, there is
a monochromatic subgraph F in G. We may assume that V(F') = {v;,vs,...,v,} where 3 <p <n —2.
Let H = K, ,,_» be a complete bipartite subgraph of G with partite sets {v,_1,v,} and V(G) — {v,_1,v,}.
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Then H is edge-disjoint from F'. If either the red subgraph H, of H or the blue subgraph H, contains 2K,
then there are edge-disjoint monochromatic subgraphs F' and 2K, in G. Thus, we may assume that
H, = K;,_» is centered at v,,_; and H, = K ,_» is centered at v,,. We may further assume that v,_;v,
isred. Let G' = G — {v,—1,v,} = K, _». Since R(K,) > p + 3 for each integer p > 3, it follows that
E(G") — E(F) # 0. If E(G') — E(F) contains a red edge ¢, then there are edge-disjoint monochromatic
subgraphs F' and 2K, in G where 2K, is red with E(2K,) = {e,v,_1v,}. Thus, we may assume that
every edge in E(G') — E(F') is blue. Let f = v;v; € E(G') — E(F) where 1 < i < j < n — 2. Since
n—2 > p > 3, there is an integer k such that 1 <k <n —2and k ¢ {i,j}. Then there is a blue 2K, in
G with E(2K5) = {f,vv,} that is edge-disjoint from F. Thus, there are edge-disjoint monochromatic
subgraphs F and 2K, in G. Hence, R(F,2K,) < n and so R(F,2K,) =n = R(F). O

By Theorem 2.4, if F is a graph of order p such that 3 < p < R(F) — 2, then R(F,2K,) = R(F). By
Lemma 2.1, if F' is a graph of order p > 3 and F' # P, then F(F') > p + 1. We now consider graphs F' of
order p > 3 and small size such that R(F') = p + 1. For two vertex-disjoint graphs F' and H, the graph
F + H denotes the union of F' and H. For integers a,b > 2, the double star S, is a tree of diameter 3
whose central vertices have degrees a and b.

Proposition 2.5. If F is a graph of order p > 3 and size m < 6 with F # 2K, such that R(F) =p+ 1,
then R(F,2K,) = R(F).

Proof. There are 14 graphs F' of order p > 4 and size m < 6 without isolated vertices such that
R(F) = p+ 1 (see [1], for example). These 14 graphs are 2K,, P,, P5, P3 + K,, Ss 3 (the double star of
order 5 whose central vertices have degree 2 or 3), the graph of order 5 obtained by adding a pendant
edge at a vertex of Cy, 2P;, K 5 + K>, the tree of order 6 obtained by adding two pendant edges at an
end-vertex of P;, S, 4 (the double star of order 6 whose central vertices have degree 2 or 4), K 5 + P,
the graph of order 6 obtained by adding two pendant edge at a vertex of Cy, K7 4 + P, and 2K 5. These
graphs are shown in Figure 2.1. Next, we show that R(F,2K,) = R(F) for each of those 13 graphs F
with F # 2K,. By Proposition 1.5, it suffices to show that R(F,2K,) < R(F).
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Figure 2.1: The 14 graphs F of order p > 4 and size m < 6 with R(F) = p + 1.
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First, we consider the graph F' = P, of order 4 and Ramsey number 5. Let there be given a red-blue
coloring of G = K5 with V(G) = {v1,vs,...,v5}. Then G contains a monochromatic subgraph P,. We
may assume that Py = (vy,vq,v3,v4). At least two of the four edges v;v;5 (1 < i < 4) have the same
color, say red. First, suppose that v,v5 and v,v5 are red. If one of v;v3 and vyv, is red, then there is
a red 2K, that is edge-disjoint from P,. If both v;v; and vyv, are blue, then there is a blue 2K, with
E(2K,) = {vjvs, vov4 } that is edge-disjoint from P,. Next, suppose that v,v5 and v3v5 are red. We may
further assume that v,v5 is blue. Then, regardless of the color of v,v,, there is a monochromatic 2K,
that is edge-disjoint from P,. Finally, suppose that v,v; and v3v5 are red. We may further assume that
vyv5 is blue. Then, regardless of the color of vyv,, there is a monochromatic 2K, that is edge-disjoint
from P,. Therefore, R(P,,2K,) <5 = R(P,) and so R(P,,2K,) = R(P,).

In order to show that R(F,2K,) < R(F) for the remaining 12 graphs F of order p > 5, size m < 6,
and R(F) = p + 1, we first make an observation.

Observation: Let F' be a graph with R(F') = n > 6 and let there be given a red-blue coloring
of G = K,. f G’ = K,, — E(F) contains three independent edges, then at least two of these
three edges have the same color and so G’ contains a monochromatic 2K, that is edge-disjoint
from F.

For each of the remaining 12 graphs F' of order p > 5 with R(F') = p+1, it can be shown that K, — E(F)
contains three independent edges. It then follows by the observation that for every red-blue coloring of
K, there are edge-disjoint monochromatic subgraphs of I’ and 2K,. Therefore, R(F,2K,) < R(F) and
so R(F,2K,) = R(F). O

The following is a consequence of Theorem 2.4 and Proposition 2.5.
Corollary 2.6. If F is a graph of order p > 3 and size m < 6, then R(F,2K,) = R(F).

With the aid of known results on complete graphs, paths, cycles, stars, and matchings, the following
is a consequence of Theorem 2.4 and Proposition 2.5.

Proposition 2.7. If F is a complete graph, path, cycle, star, or matching of size at least 3, then

R(F,2K>) = R(F).

Proof. Let F' be a complete graph, path, cycle, star, or matching of order p and size at least 3. If F' is
neither P, nor P, then 3 < p < R(F) — 2 and so R(F,2K,) = R(F) by Theorem 2.4. If F = P, or F = P,
then R(F,2K,) = R(F) by Proposition 2.5. O

By Theorem 2.3, if F is a graph of order 3 or more with F # P;, then R(F, P5) = R(F). We know of
no graph F of order p > 3 for which R(F,2K,) # R(F). Therefore, we conclude this section with the
following conjecture.

Conjecture 2.8. If I is a graph of order 3 or more such that F # 2K,, then R(F,2K,) = R(F).

3. Strong Ramsey Numbers R(F, H) for Graphs H of Size 3

We now consider R(F, H) where |E(F)| > |E(H)| = 3. If H is a graph of size 3 without isolated vertices,
then H ¢ {K173,P4,K3,P3 + K273K2}. Here, R(P4) = 5, R(KL?}) = R(Kg) = R(Pg + KQ) = 6, and
R(3K,) = 8. We begin with H = K 3.
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Theorem 3.1. If F' is a graph of size 3 or more with F # K, 3, then

R(F, K, 3) = max{R(F), R(K3)}.
Proof. Let p > 3 be the order of F'. First, suppose that p > 5. Then R(F) > 6 by Lemma 2.1. Since
R(K,3) = 6 and R(F, K,3) = R(F) by Proposition 2.2, it follows that R(F, K, 3) = max{R(F), R(K3)}.
Next, suppose that p € {3,4}. Let m be the size of F'. Then m € {3,4,5,6} and

F e {P47 K3a 047 K1,3 + €, K4 — € K4}

The Ramsey numbers of these graphs are R(F,) =5, R(K3) = R(Cy) =6, R(K 1 3+¢€) =7, R(K,—e) = 10,
and R(K,) = 18. By Proposition 1.5, it remains to show that R(F, K 3) < max{R(F), R(K,3)}.

*x If F = Py, then R(F) =5 and max{R(P,), R(K,3)} = 6. Let there be given a red-blue coloring of
G = Ks. Since R(K, 3) = 6, there is a monochromatic subgraph H = K, 3 in G. Let v be the center
of H. Since G — v = K5 and R(P;) = 5, there is a monochromatic F' = P, that is edge-disjoint
from H. Therefore, R(P;, K, 3) < 6.

* If FF # P,, then R(F) = n > 6. Let there be given a red-blue coloring of G = K,,. Since R(F') = n,
there is a monochromatic subgraph F in GG. Since the order of F' is at most 4, there is a vertex
v e V(G)—V(F). At least three of the n — 1 > 5 edges incident with v in G have the same color.
Hence, there is a monochromatic K, ; in G that is edge-disjoint from F'. Therefore, R(F, K 3) < n.

]

Next, suppose that H € {P,, K3, P; + K3,3K,}. First, we present a lemma dealing with the graphs
P, and P; + K. For two vertex-disjoint graphs F' and H, the graph F'V H is the join of F' and H. For a
graph G, the graph G is the complement of G.

Lemma 3.2. If H ¢ {P,, P; + K}, then every ed-blue coloring of K3\ K5 results in a monochromatic
subgraph H.

Proof. Let G = K3V K3 with I} = K3 where V(F}) = {uy, us, u3} and F, = K3 where V(Fy) = {v;, vo, v3}.
Since at least two edges in F} have the same color, we may assume that u;u, and uyus are red.

First, suppose that H = P,. If one of wyv; (i = 1,2,3) is red, say u v is red, then (vq, u, us, u3) is a
red P;. Thus, we may assume that each edge u,v; (i = 1,2, 3) is blue. Similarly, each edge usv; (i = 1,2, 3)
is blue. Thus, (vq, u1, vs, u3) is a blue P;.

Next, suppose that H = P; + K,. At least two of the three edges v u;, v1us, v1u3 have the same color.
There are two possibilities, depending on the colors of these two edges.

Case 1. Two of the three edges v uy, vius, v1uz are blue. By symmetry, we may assume that either
viuy and v;us are blue or v;u; and v,us are blue.

* First suppose that v;u; and viuy are blue. Then vyus and v3us are red, for otherwise there is a
blue P; + K5. Then vyu; is blue, for otherwise (us, us, v3) + (vo, u1) is a red P; + K,. Then usvs is
red, for otherwise (v, u1,vs) + (u2, v3) is a blue P; + Ks. Then (uy, ug, v3) + (v2, u3) is a red Py + Ko.

* Next, suppose that v;u; and v,u3 are blue. Then vyu, and vsu, are red, for otherwise there is a
blue P; + Ks. If vyuy or vsus is red, say the former, then (vs, uo, u3) + (vo, u1) is a red P; + K. Thus,
we may assume that vyu; and vsuy are blue. Then (vq, uy,v9) + (vs, u3) is a blue P; + K.
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Case 2. Two of the three edges viuy, v1us, vius are red. By symmetry, we may assume that either v;u,
and v,u, are red or v;u; and v,us are red.

* First, suppose that v,u; and v,u, are red. Then wvyu; and vsus are blue, for otherwise there
is a blue P; + K. Assume first that u us is red. If vyus or vsu, is red, say the former, then
(v1,u1,u3) + (vg, u2) is ared P+ K». Thus, we may assume that vous and vsus are blue. Then vyu, is
red, for otherwise (us, vs, u3) + (vo, u1) is a blue P; + K,. Thus, (vy,uy, v9) + (ug, u3) is a red Ps + K.
Next, assume that u;u3 is blue. If vous or vsu, is blue, say the former, then (v, ug, u1) + (ve, uz) is a
blue P; + K5. Thus, we may assume that vyus and vzu, are red. Then (vy, ug, v3) + (v1, 1) is a red
P+ K.

* Next, suppose that v,u; and v,u3 are red. We may assume that v,u; is blue. Then vyu; and vsu;
are blue, for otherwise there is red P; + K,. Thus, (ve, u1,vs3) + (v, uz) is a blue P; + K.

O

Theorem 3.3. Let I be a graph of order p with 3 < p < R(F) — 3 and size 3 or more. If F' # H and
H € {P,, Py + K»}, then
R(F,H) = max{R(F), R(H)}.

Proof. Let n = max{R(F), R(H)} where FF # H and let H € {P,, P; + K,}. Since R(F,) = 5 and
R(F) > 6 if F # Py, it follows that n > 6. By Proposition 1.5, it remains to show that R(F, H) < n.
Let there be given a red-blue coloring of G = K,, with V(G) = {vy, va,...,v,}. Since R(F) < n, there is
a monochromatic subgraph F' of G. We may assume that V(F) = {vy,vs,...,v,}. Let G’ = G — E(F).
Since 3 < p < n — 3, it follows that G’ contains the complete bipartite subgraph K;,_; with partite
sets {vy_2,Un_1,vn} and V(G) — {v,_2,Vn_1,v,}. Since n — 3 > p > 3, it follows that K3 vV K3 C G'. It
then follows by Lemma 3.2 that G’ contains a monochromatic subgraph H € {P,, P; + K>} that is
edge-disjoint from F. Therefore, R(F, H) < n and so R(F, H) = n. O

Theorem 3.4. If F is a graph of size 3 with F # Py, then R(F, P;) = R(F).

Proof. If F is a graph of size 3 with ' # P,, then F € {K3, K3, P; + K»,3K>}. If F = K3, then the
order of K3 is 8 and R(F) = 6. Thus, R(K3, P;) = R(K3;) = 6 by Theorem 3.3. If F = K, 3, then

R(K;3,P;) = R(K,3) = 6 by Theorem 3.1. Thus, we may assume that F' = P; + K; or F' = 3K,. By
Proposition 1.5, it remains to show that R(F, P,) < R(F).

o If F = Py + K,, then R(F') = 6. Let there be given a red-blue coloring of G = K¢ with
V(G) = {'Ul,’l)27 N ,U6}.

Since R(P; + K,) = 6, there is a monochromatic subgraph P; + K5 in G. We may assume that
Py + Ky = (v1,v9,v3) + (v4,v5). At least two of the three edges vsv,, vgus3, v6v4 have the same color.
We may assume that either (i) vgv; and vgvs are red or (ii) vgvs and vgv, are red. If (i) occurs, then
every edge in {viv4, V105, U304, V305 } is blue, for otherwise there is a red P, that is edge-disjoint
from F. Then (v4,v3,vs5,v1) is a blue P, that is edge-disjoint from F. If (ii) occurs, then we may
assume that vgv; is blue by (i). Then both v3v; and vsvs are blue, for otherwise there is a red P,
that is edge-disjoint from F'. Then (vg, v1, v3, v5) is a blue P, that is edge-disjoint from F'. Therefore,

R(Py+ Ky, Py) < 6 = R(Ps + K>).



G. Chartrand and P. Zhang / Electron. J. Math. 11 (2026) 141-153 148

o If ' = 3K,, then R(F) = 8. Let there be given a red-blue coloring of G = Ky with
V(G) = {’Ul,’l)g, c. ,Ug}.

Since R(3K;) = 8, there is a monochromatic subgraph F = 3K, in G. We may assume that
E(F) = {vivy, v304, v506}. At least two of the three edges v7vy, v7v3, v;05 have the same color. We
may assume that v;v; and v;v3 are red. Thus, vgv; and vgvs are blue, for otherwise there is a red P,
that is edge-disjoint from F. Regardless of the color of vyu3, there is a monochromatic P, that is
edge-disjoint from F. Therefore, R(3K,, P;) < 8 = R(3K>).

Theorem 3.5. If F is a graph of size 3 with F # 3K,, then R(F,3K,) = R(3K>).

Proof. Let [ is a graph of size 3 with ' # 3K,. Then F € {P,, K3, K13, P3 + Ky}. By Theorems 3.1
and 3.4, we may assume [' = K3 or F' = Py + K,. Since R(K3;) = R(P; + K;) = 6 and R(3K,) = 8, it
follows by Proposition 1.5 that R(F,3K,) > 8. Thus, it remains to show that R(F,3K,) < 8. Note that
K3 C K3+ Ky and P; + K, C K3 + K,. By Observation 1.8, it suffices to show that R(K3 + K», 3K,) < 8.

Let there be given a red-blue coloring of G = K with V(G) = {v1,v9,...,vs}. Since R(K3 + K») = 6,
there is a monochromatic subgraph F' = K3 + K, in G. We may assume that F' = (v, vq, v3,v1) + (v4, v5).
Let X = G — E(F). If three of the four edges v, vs, 1206, V307, v4vg in X have the same color, then there is
a monochromatic 3K, that is edge-disjoint from F. Thus, we may assume that two of these edges are
red and the other two are blue. We may further assume that either (1) v,v5, vovs are red and vzv;, v4vg
are blue or (2) v,vs, v4vg are red and vovg, v3v7 are blue. We consider these two cases.

Case 1. Edges vivs, 0906 are red and vsv;,v4v8 are blue. Since vsv; and v,vg are blue, each edge
e € {v1vg, vous, U506} is red, for otherwise there is a blue 3K, with E(3K,) = {e, v3vr, v4vg}. Similarly,
every edge in {vsvy, v3vs, U3U7, V4U7, V7Ug} is blue. We now consider two subcases, according to the color of
V1 V4.

Subcase 1.1. viv, is red. We proceed with the following steps.

1. Since vjv4 and wvyv; are red, every edge e € {vgvs, vgu4, VU7, UgUs } is blue, for otherwise there is a
red 3K2 with E(?)KQ) = {6, V14, U2U5} in X.

2. The edge vyv, is red, for otherwise there is a blue 3K, with E(3K5) = {vovy, v3vr, vgvg} in X.
3. The edge vsv; is blue, for otherwise there is a red 3K, with F(3K3) = {vsv7, v104, v2v6} in X.

Thus, there is a blue 3K2 with E<3K2) = {115’07, VgUg, U31)4} in X.
Subcase 1.2. viv, is blue. We proceed with the following steps.

1. Since v,v4 and v3vg are blue, every edge e € {v;vy, v7v5, v706} is red, for otherwise there is a blue
3K2 with E(3K2) = {6, V1V4, Ugvg} in X.

2. The ege vgug is blue, for otherwise there is a red 3K, with E(3K,) = {vgvs, v1v5, v2v7} in X.

Thus, there is a blue 3K, with F(3K,) = {vivy, v3v7, v6vs} in X.

Case 2. wvivs,v4vg are red and vyvg, v3v7 are blue. Since vivs and vyvs are red, each edge e in
{vav7, v3v6, vgu7 } is blue, for otherwise there is a red 3K, with E(3K5) = {e, vivs, v40s} in X. Similarly,
each edge f in {v vy, v108, v50s} is red, for otherwise there is a blue 3K, with F(3K3) = {f, vavs, v3v7}
in X. We consider two subcases, depending on the color of vyv,.
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Subcase 2.1. vyv, is red. We proceed with the following steps.

1. Since vyv, and vyvg are red, each edge e in {v,v5, vsv6, Usv7 } is blue, for otherwise there is a red 3K,
with E(3K2) = {67 VU4, 1)1’08} in X.

2. The edge v7vg is red, for otherwise there is a blue 3K, with F(3K,) = {v7vs, vovs5, v306} in X.

Thus, there is a red 3K2 with E(3K2) = {U71)8, VoVy, U1115} in X.
Subcase 2.2. vyv, is blue. We proceed with the following steps.

1. Since v9v, and vzv; are blue, each edge e € {v,vs, v4vg, V506, Vevs } 1S Ted, for otherwise there is a
blue 3K2 with E(3K2) = {6, VoU4, 1137)7} in X.

2. Since v,vs and v4vg are red, each edge f € {vyvs, v3v5, vsv7} is blue, for otherwise there is a red 3K,
with E(?)KQ) = {f, V103, U4’U6} in X.

Thus, there is a blue 3K, with F(3K,) = {vovy, v3v5, vgv7} in X.

In either cace, there are edge-disjoint monochromatic subgraphs K3 + K; and 3K, in G and so
R(K3 + Ky,3K,) < 8. Therefore, R(K3 + K,,3K,) = 8. Consequently, R(F,3K,) = 8 for F = K3 or
F =P+ K. O

Theorem 3.6. If F' is a graph of size 3 and F' # P3 + K, then

R(F, Ps + K») = max{R(F), R(P; + K)}.
Proof. Let F be a graph of size 3 and F' # P; + K,. Then F € {P,, K3, K, 3,3K,}. By Theorems 3.1, 3.4
and 3.5, it follows that R(F, P+ K,) = max{R(F), R(Ps + K,)} if F € {Py, K, 3,3K,}. It remains to show
that R(K3, P;+K,) = 6. By Proposition 1.5, it suffices to show that R(K3, P;+K>) < 6. Let there be given
a red-blue coloring of G = K with V(G) = {v1,vs,...,v6}. Since R(K3) = 6, there is a monochromatic
subgraph F = K3 in G. We may assume that F' = (v, vy, v3,v1). Let G' = G[{vy,vs5,v6}] = K3. At least
two of the three edges of G’ have the same color, say v,v5 and vsvg are red. At least two of the three
edges v4v1, V409, 0403 in G — E(F) have the same color, say v4v; and vyv; have the same color. If vyv;
and vyv, are red, then (v, vy, v2) + (vs,v6) is a red P; + K5 that is edge-disjoint from F. Thus, we may
assume that v,v; and v,v, are blue. Then v3v5 and v3vg are red, for otherwise, there is a blue P; + K,
that is edge-disjoint from F. As with the vertex v,, at least two of the three edges vgsv;, vgv2, vgv3 are
blue. Since vgvs is red, it follows that vgv; and vgv, are blue. Regardless of the color of vyvs5, there is a
monochromatic P; + K, that is edge-disjoint from F and so R(K3, P3 + K5) < 6. O

The following is a consequence of Theorems 3.1, 3.4 3.5, and 3.6.

Corollary 3.7. If F and H are graphs of size 3 and F # H, then

R(F, H) = max{R(F), R(H)}.

4. Two Strong Ramsey Numbers

For every pair F, H of graphs without isolated vertices that we have considered, it has been shown that

R(F,H) = max{R(F), R(H)}. In particular, this is the case when F’ and H have size 3 by Corollary 3.7.
This is also the case for the two cycles C; and C, where R(C5) = R(C,) = 6 as we show next.
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Theorem 4.1. R(Cs,Cy) = 6.

Proof. Since R(C3) = R(C,) = 6, it follows by Proposition 1.5 that R(Cs,Cy) > 6. Thus, it
remains to show that R(Cs,C;) < 6. Let there be given a red-blue coloring of G = K with
V(G) = {uy, us,us,v1,v2,v3}. Since R(K3) = 6, there is a monochromatic subgraph /' = K3 in G. We
may assume that F' = (vy, v, v3,v1). Let H = G[{uy,us,u3}] = K3. We consider two cases, according to
the colors of the edges of H.

Case 1. H is a monochromatic triangle. We may assume that H is a red triangle. We consider two
subcases, depending on the colors of the edges of the triangle F'.

Subcase 1.1. F is a red triangle. Thus, F' and H are both red triangles here. At least two of the three
edges u v; (1 = 1,2, 3) have the same color. If two of these three edges, say u,v; and u 0., are red, then
(u1,v1,v3,v2,u;1) is a red Cy that is edge-disjoint from H. Suppose that two of the edges u,v; (i = 1,2, 3)
are blue. Similarly, at least two of the three edges uyv; (i = 1,2, 3) are blue. If either u; or u, is joined to
all three vertices of F' by blue edges, then there is a blue C, that is edge-disjoint from H. Thus, we may
assume that u; and u, are joined to two vertices of I’ by blue edges and one vertex of I' by a red edge.
Then there is a red C, that is edge-disjoint from H.

Subcase 1.2. F'is a blue triangle. At least two of the three edges u,v; (i = 1,2, 3) have the same color.
If two of these three edges are blue, say u,v; and u,vy are blue, then (uy, vy, vs, v, u;) is a blue C, that is
edge-disjoint from H. Thus, at least two of the edges u,v; (i = 1,2, 3) are red. This is also true for u,
and us. Hence, there is a vertex of F' that is adjacent to two vertices of H by red edges. We may assume
that u;v; and uyv; are red. Then (v, uy, us, us, v1) is a red C, that is edge-disjoint from F'.

Case 2. H is not a monochromatic triangle. Thus, H has two edges of one color and one edge of the
other color. We may assume that u u, and uyus are red, while u,u3 is blue. We consider two subcases,
depending on the colors of the edges of the triangle F.

Subcase 2.1. F is a red triangle. At least one of v,u; and v u; is blue, for otherwise (vy, uy, ug, us, v1)
is a red C} that is edge-disjoint from F. Thus, there are two possibilities, namely (1) both v,u; and v us
are blue or (2) one of v;u; and v;us3 is blue and the other is red. In either case, we may assume that v,u;
is blue.

Subcase 2.1.1. Both viu; and viug are blue. Then T = (vy,uy, us, v1) is a blue triangle.

* First, suppose that v u, is red. Then wuyvy, usvs, usvy are blue, for otherwise there is a red C; that
is edge-disjoint from 7. Now consider the edge uzvs. If uzvs is red, then (vq, us, us, v, v1) is a red Cy
that is edge-disjoint from 7'. If uzvs is blue, then there is a blue C; = (vq, us, v3, us, v2) that is
edge-disjoint from F.

* Next, suppose that v;us is blue. If vou; and veug are both blue, then (vy, uy, v, us, v1) is a blue Cy
that is edge-disjoint from F. Thus, we may assume that v,u; is red and vyus3 is blue. Then vyu; is
red for otherwise, (v, ug, v9, us, v1) is a blue C; that is edge-disjoint from F. Furthermore, both
ujvs and uyvs are blue, for otherwise there is a red C, that is edge-disjoint from 7. Now consider
the edge ugvs. If ugvs is red, then (v, ug, us, vs, v9) is a red Cy that is edge-disjoint from 7". If ugv; is
blue then (vy, us, v, us, v1) is a blue C, that is edge-disjoint from F'.

Subcase 2.1.2. One of viu, and vius is blue and the other is red, say v u; is red and v,us is blue. By
Subcase 2.1.1, we may further assume that for i = 2, 3, one of v;u; and v;us3 is blue and the other is red.
By symmetry, we may assume that either (1) u; is joined to all three vertices vy, vs, v3 by red edges or
(2) u, is joined to exactly two of the three vertices v, vo, v3 by red edges, say u;v1, u1v, are red and wu;vs
is blue.
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* First, suppose that u; is joined to all three vertices vy, v5, v3 by red edges. Then uyv, is blue, for
otherwise the red C5 = (vq, u1,v3,v2) and the red Cy = (v1,v9, uz, uq,v1) are edge-disjoint. Now
consider the edge uyv3. If usvs is blue, then (vy, us, v3, ug, v2) is a blue C; that is edge-disjoint from F'.
If usvs is red, then the red C3 = (uq, v3, us, uq) and the red Cy = (vq, uy, vo, v3, v1) are edge-disjoint.

* Next, suppose that u, is joined to exactly two of the three vertices v;, v9, v3 by red edges, say u,v;
and u;vy are red and u; v is blue. Then uyv; is blue, for otherwise the red C3 = (v, uy, v2,v1) and
the red Cy = (v, ug, us, v3, v9) are edge-disjoint. Then v,u, is red, for otherwise (vy, ug, vo, us, v1) is
a blue C, that is edge-disjoint from F'. Then the red C3 = (v, uy, v2,v1) and the red

04 - (Ula Uz, U3, Vs, Ul)
are edge-disjoint in G.

Subcase 2.2. F is a blue triangle. For i = 1,2, 3, at least one of v;u; and v;us3 is blue for otherwise,
(vy, up, ug, us, v;) is a red Cy that is edge-disjoint from F' = C3. Thus, there are two possibilities, namely
(1) both v;u; and v,us are blue or (2) one of v;u; and v;us is blue and the other is red. In either case, we
may assume that v,u;3 is blue.

Subcase 2.2.1. Both viu; and vius are blue. Then T' = (vy, uy, us,vy) is a blue triangle.

* First, suppose that viu; is red. As we mentioned, at least one of v,u; and vyus is blue. If both vou;
and vyuz are blue, then (v, uy,ve, u3,v1) is a blue Cy4 that is edge-disjoint from F'. Thus, one of
vouy and veus is red and the other is blue. We may assume that vyu; is red and vyus is blue. Then
vauy is blue, for otherwise, there are a red C5 = (v, ug, u1, v2) and a blue Cy = (vq, us, v2, v3, v1) that
are edge-disjont. Furthermore, usv; is red, for otherwise, there is a blue C; = (vy, vo, ug, v3,v1)
that is edge-disjoint from 7". Now consider the edge vsus. If vsus is blue, then (vs, us, vs, v1,v9) is a
blue C, that is edge-disjoint from 7. If v3us is red, there are a red C5 = (v3, ug, us, v3) and a blue
Cy = (v1,us, v2,v3,v1) in G that are edge-disjont.

* Next, suppose that v,u, is blue. Again, at least one of v,u; and vyus is blue. If both v,u; and
vousz are blue, then there is a blue Cy = (vq, u1, v9, us, v1) that is edge-disjoint from F'. Thus, one
of vou; and vyus is red and the other is blue. We may assume that vyu; is red and v,us is blue.
Consider the color of vous. If vous is blue, then the blue Cy = (vy, us, v9, ug, v1) is edge-disjoint from
F. If vyuy is red, there are a red C5 = (vq, u1, uz, v2) and a blue Cy = (v, vs, vo, uz, v1) in G that are
edge-disjont.

Subcase 2.2.2. One of viu, and viuz is blue and the other is red, say v u; is red and vius is blue. By
Subcase 2.2.1, we may further assume that for i = 2, 3, one of v;u; and v;us3 is blue and the other is red.
By symmetry, we may assume that either (1) u; is joined to all three vertices vy, vy, v3 by red edges or
(2) u; is joined to exactly two of the three vertices vy, v5, v3 by red edges, say u;v;, u1v, are red and wu;vs
is blue.

* First, suppose that u; is joined to all three vertices vy, vy, v3 by red edges. Then u; is joined to all
three vertices vy, v5, v3 by blue edges. If one of usvy and uqvs is red, say usv, is red, then there are a
red C3 = (vg,uq, uz,v7) and a blue Cy = (vy, us, v9, v3,v1). Thus, we may assume that u,v; and uyvs
are blue. Then the blue C; = (vq, us, v, us, v9) is edge-disjoint from F.
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* Next, suppose that u; is joined to exactly two of the three vertices v1, v9, v3 by red edges, say u,v;
and u v, are red and wu v3 is blue. Then v,u; and v,us are blue. If one of v;u, and vyus is red,
say vius is red, then there are a red C3 = (vy,uq, uz,v1) and a blue Cy = (v, ug, v2, v3,v1). Hence,
we may assume that v;us and vsuy are blue. Then there is a blue Cy = (vq, ug, vo, ug, v1) that is
edge-disjoint from F.

Therefore, for every red-blue coloring of G = Kg, there are edge-disjoint monochromatic subgraphs
Cs and Cy. Thus, R(C3,C,) < 6 and so R(Cs,C,) = 6. O

While R(C3) = R(Cy) = 6 and R(C3,C,) = 6 by Theorem 4.1, it turns out that R(C,) = R(Ps) = 6 as
well but R(Cy, P5) # 6.

Proposition 4.2. R(Cy, P5) = 7= 1+ max{R(Cy), R(Ps)}.

Proof. First, we show that R(C,, Ps) > 7. Consider the red-blue coloring of K with red subgraph 2K
and blue subgraph K ;. The red subgraph 2K; contains neither P; nor C,. Since K33 — E(Cy) = S5 3,
the blue subgraph does not contain edge-disjoint subgraphs C, and Ps. Therefore, this red-blue coloring
of K does not result in edge-disjoint subgraphs C, and Ps and so R(Cy, P5) > 7.

It remains to show that R(Cy, P5) < 7. Let there be given a red-blue coloring of G = K; with
V(G) = {vy,vq,...,v7}. Since R(C,) = 6, there is a monochromatic subgraph F' = C, in G, say

F = (Ula V2, U3, U4, Ul)-

At least two of the three edges in G[{vs, vg, v7}] = K3 have the same color. We may assume that (vs, vg, v7)
is a red P;. If every edge joining a vertex in {vs,v;} and a vertex in {v;, v, v3,v4} is blue, then there
is a blue P5; = (vy,vs,v2,v7,v3) in G that is edge-disjoint from F. Thus, we may assume that there is a
red edge joining a vertex in {vs, v;} and a vertex in {vy, v, v3,v4}, say vsv; is red. Then (vq, vs, vg, v7) is a
red P, in G. Hence, we may assume that each of v,vs, v7v9, V703, V704 is blue, for otherwise there is a red Ps
in G that is edge-disjoint from F. Then (v, v3, v7,v5) is a blue P, in G. Hence, we may further assume
that each of v vg, vovs5, 1206 is red, for otherwise there is a blue P; in GG that is edge-disjoint from F.
Then (v;, vg, v2,v5,v1) is @a red Ps in G that is edge-disjoint from F. Therefore, there are edge-disjoint
monochromatic subgraphs C, and P; in G and so R(Cy, P5) < 7. Therefore, R(Cy, P5) = 7. O

5. In Closing

For every two graphs F and H for which R(F, H) has been determined, it has been shown that
R(F,H) = max{R(F), R(H)} or R(F,H) =1+ max{R(F), R(H)}.

We therefore close with the following question:

Question 1. Do there exist graphs I' and H without isolated vertices for which

R(F,H) > 1+ max{R(F),R(H)}?
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