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Abstract

Let V be a monoidal category with underlying ordinary category V. Denote by A an enriched category
over V. For any V-endofunctor 7" : A — A, a T-coalgebra is defined as a pair (A, 74) consisting of
an object A in obA together with a Vy-morphism 74 : I — A(A,TA), where I is the unit. The object
A is called the underlying object of the T-coalgebra (A, 74) and 74 is called its coalgebra structure.
Assuming that V is symmetric and admits equalizers, it is shown that T-coalgebras form a V-category,
denoted by A7. Consequently, the correspondence Ur : obAr — 0bA that assigns each T-coalgebra
(A, 74) to its underlying object A is a V-functor. Moreover, if V is closed and complete, and A is a
small V-category, then the underlying V-functor Uy : Ay — A is shown to create weighted colimits
and weighted limits that are preserved by T.
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1. Introduction

The notion of an enriched category is a generalization of the notion of an ordinary category. Very
often, instead of merely having a set of morphisms from one object to another, a category may have
an abelian group of morphisms, a topological space of morphisms, or other similar structures. An
enriched category generalizes the idea of a category by replacing hom-sets with hom-objects, which are
objects of a fixed monoidal category V. The enriching category V must be monoidal in order to define a
suitable composition law, which reduces to the usual composition of morphisms in the case of ordinary
categories. In particular, the underlying ordinary category V, of a monoidal category V is equipped
with a bifunctor ®: V, x V, — V), that is associative up to isomorphism. The monoidal category V is
said to be symmetric if the monoidal product ® is commutative up to isomorphism, and closed if, for
each object B, the functor — ® B: V, — )V, admits a right adjoint [B, —|. The categories Ab of abelian
groups and group homomorphisms, and Top of topological spaces and continuous maps, are standard
examples of monoidal categories (see [7]). An enriched category whose hom-objects lie in a monoidal
category V is called an enriched category over V, or simply a V-category.

Enriched functors play the role of ordinary functors in enriched category theory. Like ordinary
functors, they assign objects to objects; however, instead of mapping hom-sets to hom-sets, they assign
morphisms in the enriching category between the corresponding hom-objects. These assignments are
required to be compatible with composition and units in a natural and coherent way. An enriched
functor between enriched categories over a monoidal category V is called a V-functor.
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Let T: A — A be an endofunctor on an ordinary category A, that is, a category enriched over Set.
A T-coalgebra, or coalgebra of type 7', is a pair (A, a) consisting of an object A of A together with an
A-morphism a: A — T'A. We call A the underlying object of the T-coalgebra (A, a) and a its coalgebra
structure.

A homomorphism between 7-coalgebras (A, a) and (B, b) is a morphism f: A — B in A that respects
the coalgebra structures, that is,

T(f)oa=bo f.

Homomorphisms of 7T-coalgebras are stable under composition. Hence, T-coalgebras and their
homomorphisms form a category, denoted by A;. The forgetful functor Ur: Ar — A creates colimits;
that is, a colimit of a diagram D: D — Ay is obtained from a colimit L = colim(Ur o D) in A (assuming
it exists) by equipping L with the unique coalgebra structure that turns the colimit cocone into a colimit
cocone of homomorphisms (see [2, Theorem 1.1]). In general, limits in coalgebras are not created by Ur
(see [9,10]). However, if A has limits of a given type that are preserved by 7', then Uy creates limits
of that type (see [1, Remark 4.4(a)]). Recall that every A-morphism a : A — T A corresponds under
bijection with a mapping

Ta: {x} = A(A, TA)
such that 74(x) = a. So, we can consider a T-coalgebra as a pair (A, 74) consisting of an object A in A
together with a mapping

Ta: {x} = A(A,TA).
This prompts us to define, for each pair of T-coalgebras A = (A,a) and B = (B, b), the hom-set A (A, B)
as the subobject of A(A, B) represented by the equalizer of the pair of composite morphisms:

A(A, B)
TZéaB)
A(A, B) x {x}
1xTp
A(A, B) x A(B, TB)
CaBTB

A(A,TB)

and
A(A, B)

l—l
A(A,B)

(%} x A(A, B)
IxTap

{x} x A(TA, TB)
Tax1

A(A, TA) x A(TA, TB)
Carars

A(A,TB),

where 74(x) = a and 75(*) = b. In this way, every .A-morphism f : A — B that belongs to Ar(A, B) is a
homomorphism between T-coalgebras A = (A, a) and B = (B, b). Hence, we say that Ay (A, B) satisfies
the homomorphism condition.
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In this paper, A denotes an enriched category over a monoidal category V. For any V-endofunctor
T:A— A, aT-coalgebra is defined as a pair (A, 74) consisting of an object A in 0b A together with a
Vo-morphism 74 : I — A(A,TA), where I is the unit. The object A is called the underlying object of
the T-coalgebra (A, 74) and 74 is called its coalgebra structure. Assuming that V is symmetric and
admits equalizers, it is shown that T-coalgebras form a V-category, denoted by A;. Consequently, the
correspondence Ur : obAr — obA that assigns each T-coalgebra (A, 74) to its underlying object A is
a V-functor. Moreover, if V is closed and complete, and A is a small V-category, then the underlying
V-functor Ur : Ar — A is shown to create weighted colimits and weighted limits that are preserved by
T.

2. Elementary Notions

2.1. Monoidal Categories

A monoidal category V = (Vy,®,1,a,l,r) consists of a category V), a bifunctor ® : V, x Vy — V,, an object
I of V, (called the unit) and natural isomorphisms

aapc (A®B)®C - A®(B®C), la:I®A—A ry: A1 — A,

subject to the coherence axioms, expressing the commutativity of the following diagrams:

(A B®C)® D)

/ \
(A® (B ()

a (A® B)® (C® D)

A® (B® (C® D))

\\\\\

®(B®(C®D))

(A )@ B—22 - A® (I ® B)

&%

A®B

A special case of a monoidal category, called a cartesian monoidal category, is obtained by taking V,
to be any category with finite products, taking ® to be the categorical product x, the unit object I to be
the terminal object 1, and the coherence isomorphisms «, [, and r to be the canonical ones. Particular
cases of cartesian monoidal categories include the category Set of sets and mappings, the category
Top of topological spaces and continuous mappings, and the category SL of sup-complete lattices and
order-preserving mappings. Further cartesian examples arise by taking V, to be an ordered set with
finite intersections, such as the two-element ordinal 2 = {0, 1}.

The category Ab of abelian groups and their homomorphisms is a monoidal category, with the tensor
product of abeian group being the monoidal product, denoted by ®7, and with the abelian group of
integers 7Z as the unit. However, this structure is not cartesian (see [7, Sec. 1.1]).
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Lemma 2.1.1 (see [5]). Let V be a monoidal category with underlying ordinary category V,. The following
diagrams commute for all objects A, B €, :

(A® B) ® ek A®B

B®]

® (A® B) laon A®B
$ %
I®A)®B

A symmetry s for a monoidal category V is a natural isomorphism s, 5 : A ® B — B ® A satisfying
the coherence axioms expressed by the commutativity of

(A®B)®C 5% A® (B C) 22 (B O)® A
sAB®1l laBCA

(B@A)®0—>B®(A®O)WB®(C®A)

aABAC

together with the identities sp4 0 sap = lagp and ry o s;4 = 4.

The monoidal category (symmetric or not) is said to be closed if each functor — ® B : V; — V), has
a right adjoint [B, —|, so that we have a natural bijection V,(A ® B,C) = Vy(A4, [B, C]) with unit and
counit (the latter is called evaluation), say d4 : A — [B,A® B] and evp¢ : [B,C] ® B — C. Monoidal
categories Set, Ab, Top, SL and 2 are symmetric, and all are closed except T'op (see [4,7]).

2.2. Enriched Categories

An enriched category over a monoidal category V or a V-category A consists of a class ob.A, a hom-object
A(A, B) € V, for each pair of objects of A, a composition law Cypzc : A(A, B) @ A(B,C) — A(A,C)
for each triple of objects, and an identity element j, : I — A(A, A) for each object; subject to the
associativity axiom expressed by the commutativity of

(A(A, B) ® A(B,C)) ® A(C, DY22°%L . A(A,C) ® A(C, D)
aA(A,B>,A(B,C),A<C,D>l
A(A,B) ® (A(B,C) ® A(C, D)) Caco
1®cBCDl

A(A,B) ® A(B, D)

A(A, D)

CaBD

and unit axioms expressed by the identities

Capp o (1aa,p) ®iB) = ram,p) and Caap o (ja ® 1aa,p)) = la,B)-

A V-category A is called small when ob A is a set. Enriched categories over Set are ordinary categories,
Ab-categories are preadditive categories and enriched categories over 2 are preordered sets. Any
symmetric monoidal closed category V can itself be endowed with a structure of a V-category. More
precisely, there is a V-category, also denoted by V, whose objects are those of V;, and whose hom-object
V(A, B) is [A, B]. Its composition law Cyp¢ : [A, B] ® [B,C| — [A, C] corresponds, under adjunction, to
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the composite morphism
(A, Bl®[B,Cl)© A

5[4,B],(B,0)®1

([B,C]®[A,B])® A

a[B,C],[A,B],A

[B,C]® ([A,B]® A)

1®evap

[B,C]® B

evpc

C

and its identity element j, : [ — [A, A] corresponds, under adjunction, tol,: I ® A — A.

For any commutative ring R, the category Mody of (left) modules over R and their homomorphisms
is a monoidal category with the monoidal product given by the tensor product of modules, denoted as
®r, and the unit object by the trivial module R. Also, Mody is self-enriched as a symmetric monoidal
closed category. Enriched categories over Mody are R-linear categories or R-algebroids.

Given )V a symmetric monoidal category, every V-category A gives rise to the dual of a V-category
A* whose objects are those of 0b.A, and whose hom-object A*(A, B) is A(B, A). Its composition law
Chpe  A(A,B) @ A*(B,C) — A*(A, C) is the composite morphism

A(B,A)® A(C, B)
sA<B,A>,A<c,B>l

A(C, B) ® A(B, A)
Cona |

A(C, A)
and its identity element is j4 : I — A(A, A).
Lemma 2.2.1. Let A be an enriched category over a monoidal category V. Then, for any objects A, B,

and C'in obA, the diagrams

-1
%A(A,B),A(B,C),I

A(A,B) ® (A(B,C)®I) (A(A,B)® A(B,C))® 1

1®T;X(IB,C)T / lCABC‘g)l
r

A(A,B) ® A(B,C) AABEABE A(A,C)@ T

m /

A(A,C)” e

and
aI,A(A,B),.A(B,C)

(I ® A(A,B))® A(B,C)

I®(A(A,B)® A(B,C))

l;\%A,B)®1T =T l1®CABC
A(A,B)® A(B,C) ALBIBAED) I ® A(A,C)
m %7
A(A,0) *

commute.
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Proof. By Lemma 2.1.1, the two diagrams commute, respectively, by the naturality of r ! in the first
case and by the naturality of /! in the second case. O

For V-categories A and B, a V-functor T : A — B consists of the assignment of an object T'A € 0bB to
each object A € obA, together with, for each pair A, B € 0bA, a morphism 745 : A(A, B) — B(T'A, TB),
subject to the compatibility with composition expressed by the commutativity of

A(A, B) @ A(B, C) —242¢ A(A,C)
TAB@TBC\L \LTAC

B(TA,TB) ® B(TB,TC) B(TA, TC)

CrarBrc

and with the identities expressed by 744 0 j4 = jra. Taking V = Set, 2, Ab, we recover the classical
notions of, respectively, an ordinary functor, an increasing function, and a preadditive functor. Enriched
functors over Mody are R-linear functors, and hence additive functors because Mody is an additive
category (see [6, Examples 2.2.2]). Given N € Modp, the functor (—) @z N : Modr — Modg that forms
the tensor product of modules is additive (see [12]). Further details about additive functors can be found
in [8,11]. For V-functors T',S : A — B, a V-natural transformation o : T' = S is an ob.A-indexed family of
components a4 : I — B(T'A, SA) satisfying the V-naturality condition expressed by the commutativity
of

/l;“lf*% A(A, B) &7@31

19 A(A, B) AA,B)® I
aaA®SaB Tap®ap

B(TA,SA) @ B(SA, SB) B(TA,TB)® B(TB, SB)

B(TA, SB)

Proposition 2.2.2 (see [3]). Let V be a symmetric monoidal closed category. If Ais a V-category and
T,S: A— YV are V-functors, then giving a V-natural transformation o : T = S is equivalent to giving a
family of morphisms oy : TA — S A satisfying the V-naturality condition expressed by the commutativity
of

A(A,B) — 42~ [T A, TB

SAB\L l[LOéB]

(SA, SB) TA, SB|
[O‘A71]

Assume that V is a complete symmetric monoidal closed category. For two V-categories A and B,
where A is small, the category of V-functors A — B and V-natural transformations can be provided
with the structure of a V-category (see [3, Proposition 6.3.1]).

Definition 2.2.3. Let V be a symmetric monoidal closed category. Given a V-category A and two
V-functors T, S : A — V, an object N € V, is called the object of V-natural transformations from T to S,
and one writes N =V — Nat(T,S), if for all V €V, there exist bijections, natural in the variable V € V,
between

(1) the set of morphisms V — N;

(i1) the class of V-natural transformations T = [V, S—].
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Lemma 2.2.4 (see [3]). Let V be a complete symmetric monoidal closed category. Given a small A and
two V-functors T, S : A — V), an object N € V), is isomorphic to the object of V-natural transformations
YV — Nat(T, S), if and only if, for every object V' € V), there is a bijective correspondence between

(1) the morphisms V — N

(17) the V-natural transformations T' = [V, S—|.

2.3. Weighted Limits

Weighted limits enjoy all the formal properties expected of a notion of limit and include the classical
cone-type limits as a special case. In particular, a weighted limit in a Set-category can be expressed as
an ordinary limit (see [3, 7]).

Definition 2.3.1. Let V be a symmetric monoidal closed category. Given V-functors ' : A — B and
G: A=YV, the V-limit of I weighted by G exists when

(i) for every B € obB, the object V — Nat(G,B(B, F—)) of V-natural transformations exists;
(17) there exists an object L € obB and isomorphisms in V
Ag:V — Nat(G,B(B,F-)) = B(B, L)
which are V-natural in B.
The dual notion of weighted V-limit is that of weighted V-colimit.

Definition 2.3.2. Let V be a symmetric monoidal closed category. Given V-functors I' : A — B and
G : A* — V, the V-colimit of F weighted by G exists when

(i) for every B € obB, the object V — Nat(G,B(F—, B)) of V-natural transformations exists;
(77) there exists an object L € obB and isomorphisms in V
MgV — Nat(G,B(F—,B)) = B(L, B)
which are V-natural in B.

We write in general (co)limqF for this weighted (co)limit, when it exists. When (co)limqF exists for
all choices of F' and GG, A small, B is said to be V-(co)complete.

3. Coalgebras for an Enriched Functor

First, in this section, we introduce the notion of coalgebra for an enriched functor. Then, we prove that
coalgebras for an enriched functor form an enriched category. This section concludes with some results
on the existence of weighted colimits and weighted limits in an enriched category of coalgebras.

3.1. Enriched Coalgebras

For any enriched endofunctor 7" : A — A, we discuss the conditions under which the class of T-coalgebras
can be endowed with an enriched category structure.
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Definition 3.1.1. Let V be a monoidal category and T : A — A a V-endofunctor. A T-coalgebra or a
coalgebra of type T is a pair A = (A, 74) consisting of an object A in obA together with a V,-morphism
Ta: I — A(A,TA). The object A is called the underlying object of the T-coalgebra (A, 74) and 7,4 is called
its coalgebra structure.

Given a pair of T-coalgebras A = (A, 74) and B = (B, 75), the hom-object A (A, B) is said to satisfy
the homomorphism condition whenever it exists.

Proposition 3.1.2. Let T : A — A be a V-endofunctor, where V is a symmetric monoidal category
admitting equalizers. Then, T-coalgebras form a V-category, denoted by Ar.

Proof. By the assumptions, the hom-object A (A, B) exists for any two T-coalgebras A = (A, 74)
and B = (B, 7). It is given as the regular subobject of A(A, B) represented by the equalizer e :
Ar(A, B) — A(A, B) of the pair of composite morphisms

A(A, B)

r;h&B)
AA,B)® I
1®7B
A(A,B) @ A(B,TB)

CaBTB

A(A, TB)

and
A(A, B)

Laa,)

1® A(A, B)

18Tap

I® A(TA,TB)

TA®1

A(A, TA) ® A(TA,TB)

Cararp

A(A. TB)

For any triple A = (A, 74), B = (B,75) and C = (C, 7¢) of T-coalgebras, let us prove that the composition
law of A7 is the unique arrow C4 g making the diagram

Casc

AT (A7 E) & AT (Eu Q) AT (A? Q)
€AB ®630l l’EAC

A(A, B) ® A(B,C) A(A, C)

CaBc

commute with e45, egc and e, the respective regular subobject witness.
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By the naturality of r—! together with the associativity axiom, the following diagram commutes as the
monoidal product ® is a bifunctorial correspondence:

Ar(A, B) @ Ap(B,C)

co(eap®epc)
eap®epc
CaBc

A(A, B) ® A(B,C) A(A,C)
T A(A,B)YDA(B,C) TAAC)
(A(A, B) ® A(B,C)) @ [ —4zc®! AA,C)® 1
(1®)®Tc 1®7c
(A(4, B) © A(B,C)) @ A(C, TC)———A(A,C) & A(C, TC)

@A(A,B),A(B,C),A(C,TC)

A(A, B) @ (A(B,C) @ A(C,TC)) Cacre
1®Cpcro

A(A, B) ® A(B,TC)

A(A,TC)

CaBre

Also, it holds that

a(a,B),AB,C)AcTe) © (1®1)oTe) = (1® (1 ®7¢)) 0 asa,B).ABO)I
due to the naturality of a. Moreover,

-1 -1
AA(A,B).AB,C)L O T a4 Byoam,c) = 1 T ap0)

due to Lemma 2.1.1. As a consequence, the following diagram commutes:

.AT(A, ﬁ) ® AT(E; Q)

(ean®1)o(18en0) coleap®enc)
A(A, B) @ A(B,C) Cusc A(A,0)
184 (5,0) TA(AC)
A(A,B)® (A(B,C)® 1) AA,C)® T
1®(1®7c) 1®7¢
A(A, B) ® (A(B,C) ® A(C,TC)) A(A,C) @ A(C, TC)
18CEcre Cacre

A(A, B) ® A(B,TC) A(A, TC)

CaBrc
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The following diagram also commutes as Ay (B, C) satisfies the homomorphism condition:

Ar(A, B) ® Ap(B,C)

(ean®1)o(18ec) zeoleanene)
A(A, B) ® A(B,C) Cagc A(A,C)
1815 (5,0) TAAC)
A(A, B) @ (I @ A(B,C)) AAC) @ T
19(1®Trc) 1®1¢
A(A,B) @ (I @ A(TB,TC)) A(A,C) ® A(C,TC)
1®(TB®1)
A(A, B) ® (A(B,TB) ® A(TB, TC)) Cacre
1®CprBTC

A(A,B)® A(B,TC) A(A, TC)

CaBrc

From the associativity axiom, it follows that

Capre o (1® Cprpre) = Carsre © (Canrs © 1) 0 3y gy 4oy arsircy

In addition, it holds that

a;\%A,B),A(B,TB),.A(TB,TC) o[1®(rp®1))o(1®(1®Tse))]
=[((1®1)®@Tpc)o (1®@713)®1)]0 a;l%A,B),I,A(B,C)

because a~! is natural. By the second coherence axiom, one has

—1 —1 —1
agamyrasce) ® 1 ®UEe) =Tiap ®1

Also,
(Caprp®1) o (1®1)®@Tpe) = (1@ Tpe) o (Capec ®1)

as ® is a bifunctor. Hence, the following commutative diagram is obtained:

Ar(A, B) @ Ar(B,C)

(ean@l)o(18e5c) \%
A(A, B) ® A(B,C) Cane A(A, C)
"a(a,m)®1 TAAC)
(A(A,B)® I) ® A(B,C) AA,C)® 1
(1975)01 1®7c
(A(A, B) ® A(B,TB)) ® A(B, C) A(A,C) @ A(C,TC)
Caprs®l
A(A,TB)® A(B,C) Cacro
1®Tec
A(A, TB) ® A(TB,TC) A(A,TC)

Carsre
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Since A7 (A, B) satisfies the homomorphism condition, the following diagram commutes:

Ar(A, B) ® Ar(B,C)

co(eap®epc)
(eaB®1)o(1®epc)

A(A,B) ® A(B,C) Caso A(A,C)
Laa.m)®1 Tala,0)
(I ® A(A,B)) ® A(B,C) AAC) T
(18Tap)®1 1®7¢
(I ® A(TA,TB)) ® A(B,C) A(A,C)® A(C,TC)

(Ta®1)®1
(A(A,TA) @ A(TA,TB)) ® A(B,C)
Cararp®l Cacrc
A(A,TB)® A(B,C)

1®8Tsc

A(A, TB)® A(TB,TC)

A(A,TC)

CarBre

However,
(1®Tpe) @ [(Carar ®1) o ((1a® 1) ®1)] = [(Cararp @ 1) o ((Ta®@ 1) @ 1)] o (1 ® 1) ® The)
as ® is a bifunctor. In a similar way, we have
(1®1)®@Tpc)o (1@Tap)®1) =1® (Tap ® Tse).
By the associativity axiom, it holds that
Carpre © (Carars ® 1) = Cararc o (1 ® Crarpre) © G aA,1A), A(TATB),ATB,TC)-
Furthermore, the naturality of a yields

aaara), ATATB),ATBTC)C(TA®1)®1)o((10Tap)@Tpe)]=[(TAa®(1®1))o(1&(Tup®@Tpc))|0ar aca,B),A(B,C);
that is, the following diagram commutes:

Ar(A,B) @ Ar(B,C)

co(eap®epc)
eAap®epc
CaBc

A(A,B) ® A(B,C) A(A,C)
La(am®! AAC)
(I ® A(A,B)) ® A(B,C) AA,C) QT
ar A(A,B),A(B,C) 1QT¢

1® (A(A,B)® A(B,C))
1®(Tap®T5C)

I ® (A(TA,TB) ® A(TB,TC))
TA®(1®1) Cacro

A(A, TA) @ (A(TA,TB) ® A(TB,TC))

A(A,C)® A(C,TC)

1®CrarBTC

A(A, TA) @ A(TA,TC)

A(A, TC)

Cararc
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Since the monoidal product ® is a bifunctor, one has
(1® Crarpre) o (Ta®@ (1®1)) =(ta® 1) o (10 Crarpre)-
According to the compatibility with composition,
(1@ Crarpre) o (1@ (Tap @Tpe)) = (1@ Tac) o (1 ® Cape).

Also, it holds that (1 ® Capc) © araa.p).45.0) © (l;\%A B ®1) = l;\éA ¢ © Capc due to Lemma 2.1.1.
Consequently, the following diagram commutes:

Ar(A, B) ® Ar(B,C)

coleap®epc)
eAap®epc
Cagc

A(A, B) ® A(B,C) A(A,C)

cre / TZ\(IA,C)
A

A(A,C) (A,C)® 1
a0 1®@7c
I® A(AC) A(A,C)® A(C,TC)
18T ac
I® A(TA,TC) Cacre
TA®1

A(A, TA) @ A(TA,TC)

A(A,TC)

Cararc

As, in addition, A7 (A, C) satisfies the homomorphism condition, there is a unique arrow
Capc : Ar(A,B) ® Ar(B,C) — Ar(A,C)

such that e o 0 Capc = Cape © (eap ® epc). This is the composition law of A7.
For each T-coalgebra A = (A, 74), the identity element of A7 is the unique arrow j, : I — Ar(A4, A)
making the following diagram commute:

X an

A(A, A)

Ar(A,A)

with e4 4 the regular subobject witness. Indeed, the following diagram commutes as ® is a bifunctor:

I I A(A, A)
it T;XEA,A)
o1 A A 1
1®74 1®74
1 A(A,A) = A(4, 4) © A(A, TA)
laca,Ta) Caara

A(A, T A) A(A, TA)
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This results from the naturality of »—! and the unit axiom Cyar40 (ja® 1) =1 A(a,r4)- By the coherence
axiom lA(A,TA) = TA(ATA) © SI,LA(ATA) and the unit axiom CATATA o (1 X .jTA) = TA(ATA)> it holds that

Lacaray = Cararao(1®jra)osr acaray, and hence, the following diagram commutes as s; 44, 74)0(1074) =
(T4 ® 1) o s7; because s is natural:

I J4 A(A, A)
! A
Ior A(AA) @ T
SII 1®74a
Il A(A, A) @ A(A, TA)
TAR1
AA,TA) @I Caara
1®jra

A(A, TA) @ A(TA,TA) A(A, TA)

CaraTa
Since ® is a bifunctor, (1 ® jra)o (T4 ® 1) = (74 ® 1) o (1 ® jra). Also, the identity T4 0 ja = jr4 can be

transformed into (1 ® T44) o (1®j4) = 1 ® jra. Consequently, the following diagram commutes as /7! is
natural:

I Z A(A, A)
! La(a.a)
IRl I® A(AA)
el 1@ A(TA,TA)
TA®1 TA®1
AA,TA @ T —A(A,TA) @ A(TA,TA)

From this, we deduce the commutative diagram given below.

I 4 A(A, A)
ja / Tala)
A(A, A) AAA) © T
Uala,a) 1874
I® A(A,A) A(AA) @ A(A, TA)
18Tan
I'® A(TATA) Caara
TAR1L

A(A, TA) ® A(TA,TA) A(A, TA)

CaraTA
By the universal property of equalizers, there is a unique arrow j4; I — Ar(A, A) such that e440j4 = ja.

Hence, j, is the identity element of .A; as indicated above. The associativity and unit axioms are easily
verified. Thus, Ay is a V-category. O
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Corollary 3.1.3. Let T : A — Abe a V-endofunctor, where V is a symmetric monoidal category admitting
equalizers. The correspondence Ur : obAr — obA that assigns each T-coalgebra (A, T4) to its underlying
object A together with for each pair of T-coalgebras A = (A,74) and B = (B, Tp), the regular subobject
witness (Ur)ap : Ar(A, B) — A(A, B) is a V-functor.

Proof. It suffices to check the compatibility with composition and with the identities that, respectively,
arise from the composition law and the identity element of A-. O

3.2. Weighted Limits in A,

We are interested in the creation of weighted limits by the underlying V-functor Uy : Ar — A. Before
doing so, we recall the following fact.

Lemma 3.2.1. Let T : A — A be a V-endofunctor, where V is a symmetric monoidal category admitting
equalizers. Given a V-functor F : B — Ar. For each pair A, B € Band L € A, the diagrams

B*(A,B) ® A(FA, L)

(UroF)pa81 aro((UroF)pa®1)
A(FB,FA)® A(FA,L) Crorat A(FB, L)
1814 1) LA(r.1)
A(FB,FA)® (I ® A(FA, L)) I® A(FB,L)
1®(1®TFaL) 1®TFpL
A(FB,FA)® (I ® A(TFA,TL)) I® A(TFB,TL)
1@(Tra®1) TFE®1
A(FB,FA)® (A(FA,TFA)®@ A(TFA,TL)) A(FB,TFB) ® A(TFB,TL)
1®CrarrarL CrBTFBTL
A(FB,FA)® A(FA,TL) G A(FB,TL)
and
A(L,FA) ® B(A, B)
| @(UroF) s rBo(18(UroF)aB)
A(L,FA) ® A(FA, FB) Crrars A(L,FB)
Ta(L,ra)®L TaAlL.FB)
(A(L,FA)®I)® A(FA, FB) AL, FB)® I
(1®74)®1 1®7Fp
(A(L,FA) @ A(FA,TFA)) ® A(FA, FB) A(L,FB) ® A(FB,TFB)
Crrarra®l
AL, TFA)® A(FA, FB) CLrBTFB
10TrAFB
AL, TFA)® A(TFA,TFB) rS— A(L,TFB)
commute.

Proof. First Diagram. By the associativity axiom, it holds that

-1
Crprarr © (1 ® Cparrart) = Crprrars © (Crprarra @ 1) 0 U A(FB,FA), A(FATFA),ATFATL)"
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Also, we have

-1

A A(FB,FA),A(FATFA),ATFATL) °
[(1®Tpa) ®1) 0 (1®1) ®Tpar))]oay

(1@ (Tra®1)) 0 (1© (1 ®Trar))]

1
(FB,FA),I,A(FA,L)

as a~ ! is natural, and due to the second coherence axiom,

Furthermore, we have

—1
A A(FB,FA)ILAFAL) ©

1® l;l(lFA,L)) = r;l(lFB,FA) ® 1.

(Crerarra®1) o (1@ 7pa) ®1)] 0o (1®1) ® Tpar) = (1 @ Trar) o [(Crerarra ®1) o (1 ® 7pa) @ 1)]

as ® is a bifunctor, and hence, the following diagram commutes:

B*(A,B)® A(FA,L)

(UroF)pa®1
A(FB, FA)

-1
1®l.A(FA,L)

A(FB,FA)®

19(1QTFAL)
A(FB,FA) & (I

1®(Tra®1)

A(FB, FA) ® (A(FA

1®CFrATFATL

A(FB, FA)

® A(FA,L)

-1
T A(rB,F)®1

(I ® A(FA,L))

® A(TFA,TL))

Y

TFA)® A(TFA,TL)

® A(FA,TL)

(A(FB,FA)®1)® A(FA, L)
(1®87pa)®1
(A(FB,FA) @ A(FA, TFA)) @ A(FA,L)
CrBrarra®l
A(FB,TFA)® A(FA,L)

1®TraL

) A(FB,TFA)® A(TFA,TL)

CFBTFATL

A(FB,TL)

CFBFATL

Since (Uro F)pa = (Ur)rpra © Fpa, the following diagram also commutes because Ay (F' B, F'A) satisfies
the homomorphism condition:

B*(A,B) ® A(FA, L)

(UroF)pa®1

A(FB, FA)

-1
18l 4 (ra, L)

® A(FA, L)

-1
lA(FB,FA)®1

A(FB,FA)® (I ® A(FA, L))

1®(1®TrAaL)
A(FB, FA) & (I
1®(Tra®1)

A(FB,FA) ® (A(FA,

1®CraTFATL

® A(TFA,TL))

TFA)® A(TFA,TL))

A(FB,FA) ® A(FA,TL)

(I ® A(FB,FA)) ® A(FA,L)
(1®Trpra)®L

(I A(TFB,TFA))® A(FA,L)
(TrE®1)®1
(A(FB,TFB)® A(TFB,TFA))® A(FA,L)
CrBrFBTFA®]
A(FB,TFA)® A(FA,L)

1®TraL
A(FB,TFA)® A(TFA,TL)

CrBTFATL

A(FB,TL)

CrBFATL
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Notice that

(1®Tpar) o (Crprrerra® 1) o ((Trp® 1) ®@ 1) o (1 @ Tppra) ® 1)
= (Crprrerra® 1) o ((trp ®@ 1) ®@ 1) o (1 @ Trpra) ® Trar)

as ® is a bifunctor. By the associativity axiom, it holds that

Crprrart © (Crerrerr ® 1) = Crprrerr © (1 ® CrpprrarL) © AA(FBTFB), A(TFB,IFA), ATFATL)-

The naturality of a yields

aarB,rFB),ATFBITFA)ATFATL) O (TP ® 1) ® 1) 0 (1 ® Trpra) ® Trar)]
=[(tre® (1®1)) 0o (1® (Trpra ® Trar))] © ararB,FA),A(FA,L)-

As a consequence, the following diagram commutes:

B*(A,B) ® A(FA, L)

(UroF)pa®1
A(FB,FA)® A(FA, L) Alrn.rn)®! (I® A(FB,FA) ® A(FA, L)
181 4(pa.r) Q1 A(FB,FA),A(FA,L)
A(FB,FA) ® (I ® A(FA, L)) [® (A(FB,FA) ® A(FA, L))
1®(1®TFaL) 1®(Trpra®TFaL)
A(FB,FA)® (I ® A(TFA,TL)) [ ® (A(TFB,TFA) ® A(TFA,TL))
1®(Tra®1)
A(FB,FA) @ (A(FA,TFA) @ A(TFA,TL)) TrER(181)
A(FB,TFB) ® (A(TFB,TFA)® A(TFA,TL))
18CraTFATL 18CrrBTFATL
A(FB,TFB)® A(TFB,TL)
CrprreTL
A(FB,FA)® A(FA,TL) A(FB,TL)

CFrBTFBTL

Since ® is a bifunctor, we have
(1® Crpprrarr) o (Tre®@ (1® 1)) = (tre ® 1) o (1 @ Crrprrars)-

Also, we have (1 ®@ Crrprrarr) o (1 ® (Trpra @ Trar)) = (1 ® Trpr) o (1 ® Crprar), as a consequence of
the compatibility with composition. Moreover,

(1® CpBraL) © 1, A(FB,FA),A(FA,L) © (C&Fam) ®1)= ZQZFBL) o CrBrAL,

by virtue of Lemma 2.2.1.
Second Diagram. We note that

(1®Trarp) o [(Crrarra ® 1) o (1 ®7pa) ®1)] = [(Crparra ®1) o (1 @ 7pa) ® 1) 0 (1 ® 1) @ Trarp)

since ® is a bifunctor. From the associativity axiom, it follows that

Crrrarrs © (Crrarra ® 1) = Crparrp © (1 ® CrarparrB) © QA(L,FA),A(FATFA),A(TFATFB)-
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However,

aAr,FA),AFATFA)ATFATFB) © (1 ® Tra) ® 1) 0 (1 ® 1) ® Trars)]
=(1®(ra®1))o(1®(1®Tpars))| © aar,Fa),AFAFB)

as a is natural. Also, we have
AA(L,FA),ILA(FA,FB) © (TQ%LFA) ®1)=1® l;leA’FB)
due to the second coherence axiom. Hence, the following diagram commutes:

A(L,FA) @ B(A, B)

1®@(Urol) ap
A(L, FA) ® A(FA, FB) liearn AL FA)Y e (I A(FAFB))
T A Fa)®L 19(18TFarB)
(A(L, FA) @ I) © A(FA, FB)) A(L,FA) ® (I ® A(TFA,TFB))
le@(Tra®1)
(1err )1 A(L, FA) @ (A(FA, TFA) ® A(TFA,TFB))
(A(L,FA) @ A(FA,TFA)) ® A(FA, FB) 1QCFATFATFB
CLrATFA®L
A(L,TFA) ® A(FA, FB) A(L, FA)) ® A(FA,TFB)
1®TrarB CLFATFB
A(L,TFA)® A(TFA,TFB) A(L,TFB)

CLTFATFB

The following diagram also commutes as A7 (F' A, F'B) satisfies the homomorphism condition (which
follows from the fact that (Ur o F)ap = (Ur)rarp © Fap):

A(L,FA) @ B(A, B)

1(UroF)ap
A(L, FA) ® A(FA, FB) [Alearn (L FA) @ (A(FAFB)® )
TALp ) ©
(A(L,FA)® I)® A(FA, FB) 18(1®7r5)
(187r4)®1 A(L,FA)® (A(FA,FB) ® A(FB,TFB))
1®CFrAFBTFB
(A(L, FA) ® A(FA, TFA)) @ A(FA, FB) A(L,FA) ® A(FA,TFB)
CLraTFA®]
A(L, TFA) @ A(FA, FB) Crrarrs

1®TrAFB

A(L, TFA) @ A(TFA,TFB)

A(L, TFB)

CLTFATFB
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By the associativity axiom, we have

Crrarrp © (1 ® Cparprre) = Crrerr © (Crorarp @ 1) 0 G;%LFA),A(FA,FB),A(FRTFB)-

Since o~ ! is natural, we have

—1 -1
A ray,AFAFByAFErFE) © (1@ (1 Q@ Trp)) = (L®1) ® Trp) 0 ay(1 pay apa,F)T-

As a consequence, the following diagram commutes:

A(L, FA) ® B(A, B)

1®(UroF)aB

A(L, FA) @ A(FA,FB) ATy (L FA) @ (A(FAFB) @ 1)
Talnpa)®l AL, FA) AF,FB)T
(A(L, FA) ® I) © A(FA, FB) (A(L,FA) ® A(FA,FB))® I

(18 a)o1 (19N eren

(A(L, FA) © A(FA, TFA)) © A(FA, FB) (A(L, FA) © A(FA, FB)) ® A(FB, TFB)
CLrAaTFA®L CrLrarp®1
A(L, TFA) ® A(FA, FB) A(L,FB) ® A(B,TFB)
1Q@TrarB CLFBTFB

A(L,TFA)® A(TFA, TFB) A(L,TFB)

CLTFATFB

However, (Crrarp®1)o(1®1)®@7r5) = (1@ 7)o (Crrarp ® 1) as ® is a bifunctor. On the other hand,
it holds that

1 1 1
(Crrars ®1) 0 (L, FA)AFAFB)I ° (1® TA(FA,FB)) =TAwFB)° Crrars

due to Lemma 2.2.1. O]

3.2.1. The Case of Weighted Colimits

Definition 3.2.1.1. Let V be a symmetric monoidal closed category. Given V-functors I': A — B and
G: A* =V, a V-functor H : B — C is said to create the V-colimit of F weighted by G if colimgF exists
whenever colimg(H o I) exists.

Proposition 3.2.1.2. Let V be a complete symmetric monoidal closed category, A a small V-category and
T: A— Aa V-endofunctor. Given V-functors F : B — Ar and G : B* — V. The underlying V-functor
Ur : Ar — A creates the V-colimit of I weighted by G.

Proof. Suppose that colimg(Ur o F) exists. Then,
(i) for every C € obA, the object V — Nat(G, A((Ur o F)—,(C)) of V-natural transformations exists;
(77) there exists an object L € obA and isomorphisms in V),
Ac: V= Nat(G,A((Uro F)—,C)) = A(L,C),

which are V-natural in C.



J. P. Mavoungou / Electron. J. Math. 11 (2026) 1-28 19

By Lemma 2.2.4, for every VV € V), there exist bijective correspondences

V = Nat(G, [V, A(Ur o F)=, C)]) = Vo(V, A(L, C))
which are natural in C. This induces a bijection

YV — Nat(G,[I, A(Ur o F)—, L)]) =W (I, A(L, L))

which is natural in L. Hence, the unit element j; : I — A(L, L) corresponds under bijection with a
V-natural transformation o : G = [I, A((Ur o F)—, L)|. For each pair A, B € obB, the following diagram
commutes due to Proposition 2.2.2:

B*(A, B) Coa [GA, GD]
[IvA((UTOF)_vL)]BAL l[lva}a]
I, A(FA, L)],[I, A(FB, L)]] [GA,[I, A(FB,L)||

[aAv]-]

Each component a4 : GA — [I, A(FA, L)] corresponds, under adjunction, with a morphism
fa:GARIT — A(FA,L).
Consider the composite morphism u, : A(FA, L) — A(FA,TL) defined as

A(FA,L)

A(ra.r)

I® A(FA,L)

1®TFaAL

I® A(TFA,TL)

TFA®L
A(FA,TFA)® A(TFA,TL)
CFRATFATL

A(FA,TL)

The composite u4 o §4 corresponds, under adjunction, with a morphism v, : GA — [I, A(FA,TL)]. Let
dG’A cGA = [[,GA@I]
denote the unit of the adjunction — @ I 4 [I, —]. Here, we have

Ya = [l,ug 0 Balodga = [1,ua] o [1,Ba] odga = [1,ua] 0 aa.

First, let us show that L can be equipped with a T-coalgebra structure. By Lemma 3.2.1, the
following diagram commutes:
B*(A,B) ® A(FA, L)
(UroF)pa®1
A(FB,FA)® A(FA,L) Crorat A(FB, L)
ml L

A(FB,FA) ® A(FA,TL) A(FB,TL)

ALo((UroF)pa®1)

CrBFATL
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Also, Crppar © ((UT o F)BA & 1) = CUA(FA,L),A(FB,L) © (-A((UT © F)—, L)BA & 1) as -A((UT © F)—, L) is the
composite of V-functors Ur o F and A(—, L). Since ® is a bifunctor, we have

(1®ua)o (UroF)pa®1) = ((UroF)pa®1)o(1Quy).

Hence, the following diagram commutes:

A((UroF)—,L)pa®1

B*(A,B) ® A(FA, L)
1®ua
B*(A,B) ® A(FA,TL)
A((UroF)—,TL)pa®1

[A(FA,TL), A(FB,TL)| ® A(FA,TL)

Subsequently, the composite morphisms

(B*(A,B)® [I, A(FA,L)])® I

ap*(A,B),[I,A(FA,L)],I
B*(A,B) ® ([I,

1®evr a(Fa,L)

VA(FA,TL),A(FB,TL)

B*(A,B) ® A(FA,L)

A((UroF)—,TL)pa®1

A(FA,TL), A(FB,TL)] @ A(FA, L)

[uA,1]®1
IA(FA, L), A(FB

€VA(FA,L),A(FB,TL)

A(FB,TL)

A(FA L) ® 1)

,TL)| ® A(FA,L)

A(FA, L), A(FB,L)] ® A(FA, L)

€VA(FA,L),A(FB,L)

A(FB, L)

LUB

A(FB,TL)

(which corresponds, under adjunction, with [[1,u4],1] o [I, A((Ur o F)—,TL)|p4) and

(B*(A,B)® [I, A(FA, L)) ® I

AB(A,B),[I,A(FA,L)],I
B*(A,B) ® ([,

1®evr a(Fa,L)

A(FA L) ® 1)

B*(A,B) ® A(FA, L)

A((UroF)—,L)pa®1

[A(FA,L), A(FB,L)] ® A(FA, L)

€VA(FA,L),A(FB,L)

A(FB, L)

upB

A(FB,TL)

(which corresponds, under adjunction, with [1, [1, ug]] o [I, A((Ur o F)—, L)|a) are equal. It follows that

[[1,ua], 1] o [I, A(Uro F)—,TL)|ga = [1,[1,up]] o I, A((Ur o F)—, L)|ga.
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Consequently, we have

[(va, 1] o [I, A(Upo F)—,TL)|ga = [aa, 1] o [[1,ual], 1] o [I, A((Ur o F)—,TL)|pa
= [aa, 1] o [1,[1,up]] o [I, A((Ur o F)—, L)|a
= [L[Lup]] o [aa, 1] o [I, A((Ur o F)—, L)|pa
= [1,[1,up]] o [1,ag] o Gga = [1,78] 0 Gpa.

That is, the following diagram commutes:
B*(A, B) Gpa [GA, GB]
[ A((UroF)—TL)]|a (1,v8]

(1, A(FA,TL)], [I, A(FB, TL)|} ———

= [GA, [ A(FB,TL))
Hence, the B-indexed family of morphisms v, : GA — [I, A(F A, TL)] defines a V-natural transformation
v:G = [I,A((Ur o F)—,TL)], which corresponds under bijection with a T-coalgebra structure 7, : I —
A(L,TL) on L.

Next, we show that L = (L,7;) is the V-colimit of ' weighted by G. By hypothesis, A is a
small V-category. Therefore, Ar is also a small V-category. Given C = (C,7¢) in obAr, the object
YV — Nat(G, Ar(F—,(C)) of V-natural transformations exists because V is complete (see [3, Sec. 6.6]).
For every V € V, and a pair A, B € obB, the following diagram commutes as [—, —| is a bifunctor:

B*(A, B) LA Ot 11y, Ar(FA, O], [V, Ar(FB, C)]]

[V:-A((UTOF)_vc)]BAL l[lv[lv(UT)FBC“

[V, A(FA,C)], [V, A(FB,C)]] V,Ar(FA,C)|, [V, A(FB,C)]

[[1’(UT)FAQ]71]H

Given a V-natural transformation a : G = [V, Ar(F—, C)], the following diagram commutes due to the
V-naturality condition:

B*(A, B) Gpa [GA, GB]
VA7 (F=C)lpa [Las]
IV, Ar(FA, C)], [V, Ar(F B, O)]| = [GA, V. Ar (F B, O]
[L[L(UT)FBcnl j[L[L(UT)FBcn
IV, Ar(FA, Q) [V, A(F B, )| ———[GA. [V A(FB, )]

Putting together the last two diagrams, the following one commutes:

B*(A, B) “5A___[GA,GB,[V, Ar(FB,C)]]
[VV'A((UTOF)_rc)}BA l[lv@B}

[V, A(FA, O)), [V, A(F B, C]] [GA [V, A(FB,C]]

[pa,1]

As a consequence, the B-indexed family of morphisms ¢ 4
GA
aa
[V, Ar(FA,C)]
[L,(Ur)rac]
[V, A(FA,C)]
satisfies the V-naturality condition, and hence, it defines a V-natural transformation

p:G=[V,A((Uro F)-,C)].
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Furthermore, the B-indexed families of morphisms

GA

paA

[V, A(FA,C)]
Li(rac))
V. I® A(FA,C)]
[1,18TFac]

V,I® A(FA,C)
[Lrra®1]
V,A(FA,TFA) @ A(TFA,TC)]
[L,CraTFraTC]

[V, A(FA,TC)]

and
GA

[V, A(F A, C)]

—1
(L a(ra,c))

V,A(FA,C)® I
[1,1®Tc]

V,A(FA,C)® AC,TC)]

[1.Cracrc]
[V, A(FA,TC)
satisfy the V-naturality condition, and define a unique V-natural transformation
p:G=[V,A(Uro F)—,TC)]

because, for each A € 0bBB, o4 = [1, (Ur)rac] o aa and Arp(F A, C) satisfies the homomorphism condition.
Since L is the V-colimit of Uy o F' weighted by G, there exist bijective correspondences

e+ V = Nat(G, [V, A((Ur o F)—, O)]) = Vo(V, A(L, C)

which are natural in C. Therefore, ¢ corresponds under bijection with a Vy-morphism v : V' — A(L,C).
Also, u equalizes the morphisms

A(L, C)

1=t
A(L,C)

[® AL, C)

1QTrLc

I1® A(TL,TC)
TL,®1
A(L,TL) ® A(TL, TC)]
Crrrre

A(L,TC)
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and
A(L,C)

—1
TAL,0)

AL, C)® T
1®7¢
A(L,C) ® A(C,TC)
Crecre
A(L, TC)]

as composing u with each of these morphisms gives the unique Vy-morphism w : V. — A(L,T'C) such

that urc(p) = w; this follows from the naturality of 1 in C. By the universal property of equalizers,
there is a unique V,-morphism
w:V — Ar (L, c )

such that (Ur)p¢ o u = u. Conversely, let v: V — Ar(L,C) be a Vy-morphism. Then,
(UT)LQ ov:V — A(L, C)

equalizes the morphisms
A(L,C)

l—l
A(L,C)

[® A(L,C)
1T

[® A(TL,TC)
TL®1
A(L,TL) ® A(TL, TC)]
Crrrre

A(L,TC)

and
A(L,C)
T;ulL,C)
AL, C)& T
1®Tc
A(L,C) ® A(C,TC)
Crere
A(L,TC)]

because A7 (L, C) satisfies the homomorphism condition.
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Hence, it corresponds under bijection with a V-natural transformation o : G = [V, A((Ur o F)—, C)] for
which each component 04 : GA — [V, A(F A, C)] equalizes the morphisms

[V, A(FA,C)]

(Ll a(pac)]

V., I® A(FA,C)
[1,18TFac]

V. I® A(TFA,TC)]
(Lrpa®1]
V,A(FA,TFA) @ A(TFA,TC)]
(1,CraTFraTC]

[V, A(FA,TC)]

and
[V, A(FA,C)]

(L7 a(pa.c)]

V,A(FA,C)® I
[1,1®7c]
[V,A(FA C)® AC,TC)]
[1.Cracrc]

V, A(FA,TC)]

due to the naturality of y' in C. From the universality of the equalizer, there is a unique arrow
ga: GA — [V, Ap(FA,C)| such that [1,(Ur)rac| ©c 64 = 0. As, in addition, the B-indexed family of
morphisms o, : GA — [V, A(F A, C)] satisfies the V-naturality condition, with [—, —] being a bifunctor,
the following diagram commutes for each pair A, B € ob3:

B*(A, B) Coa (GA,GB]
[V, Ar(F—,C)lBa [1,5B]
IV, Ar(FA,C)}, [V, Ar(FB, O))| - [GA, IV, Ar (FB,C)]
[17[17(UT)FBC”L j[lv[lv(UT)FBC]]
[[‘/7 AT(FAa Q)L [V7 A(FBa C)H [G4,1] [GAa [Vv A(FBa C)H
It follows that the diagram
B*(A, B) “84_ _|GA,GB], [V, Ar(FB,C)|]
[V, Ar(F—,C)lBa l[LUB]
[V, Ar(FA,O), [V, Ar(FB, O]}~ [GA, [V, Ar(F B, C)]

commutes because [1,[1, (Ur)rpc]] is @ monomorphism; that is, the B-indexed family 64 : GA —
[V, Ar(FA,C)] defines a V-natural transformation ¢ : G = [V, Ar(F—,C)], and hence, there exist
bijective correspondences jic : V — Nat(G, [V, Ap(F—,C)]) = Vo(V, Ar(L,C)). which are natural in C;
their naturality arises from that of bijections u¢ in C.
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As a consequence, there exist isomorphisms in V,
Ae 1V — Nat(G, Ar(F—,C)) =2 Ar(L, C)

which are V-natural in C. Thus, the V-colimit of F' weighted by G exists and it isin fact { = (L, 7). O

3.2.2. The Case of Weighted Limits

Definition 3.2.2.1. Let V be a symmetric monoidal closed category. Given V-functors F' : A — B and
G : A — V such that limgF exists. A V-functor H : B — C is said to preserve limgF if limg(H o F) exists
and if the canonical morphism H(limgF) — limg(H o F) is an isomorphism.

Proposition 3.2.2.2. Let V be a complete symmetric monoidal closed category, A a small V-category
and T : A — A a V-endofunctor. Given V-functors F : B — Ar and G : B — V such that limg(Ur o F)
exists. Then, limgF exists, provided that T preserves the V-limit of Ur o F weighted by G.

Proof. Suppose that limq(Ur o F') exists. Then,
(i) for every C' € obA, the object V — Nat(G, A(C, (Ur o F')—)) of V-natural transformations exists;
(77) there exists an object L € obA and isomorphisms in V
Ao 1V —=Nat(G, AC,(Uro F)—) = A(C, L)
which are V-natural in C.
According to Lemma 2.2.4, for every V € V), there exist bijective correspondences
Y — Nat(G, [V, A(C, (Ur o F)-)]) & Vo(V, A(C, L))
which are natural in C. Particularly, there exists a bijection
YV — Nat(G,[I, A(L,(Ur o F)—)]) = Vo(I, A(L, L))

which is natural in L. This implies that the unit element j; : I — A(L, L) corresponds under bijection
with a V-natural transformation o : G = [I, A(L, (Ur o F)—)]. By Proposition 2.2.2, the following
diagram commutes for each pair A, B € obB:

B(A, B) Caz [GA, G B
I, A(L,(UroF)-)]an [1,a5]
HI?A<L7FA)]7[IaA<L7FB)]]W[GA7 [I7A(L7FB)H

Each component vy : GA — [I, A(L, F'A)] corresponds under adjunction with a morphism g4 : GA® [ —

A(L,FA). Denote by v4 : A(L, FA) — A(L,TF A) the composite morphism
A(L,FA)

e

AL, FA) @ I

1®7F A

A(L,FA) ® A(FA,TFA)

CLrATFA

A(L,TFA)
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Therefore, v4 o 54 corresponds under adjunction with a morphism v, : GA — [I, A(L, TF A)] written as
Ya = [L,va0 Ba]odga = [1,v4] o [1, Ba] 0 dga = [1,v4] 0 va.
Now, we find the V-limit of I weighted by G. By Lemma 3.2.1, the following diagram commutes:

A(L,FA) @ B(A, B)

1®(UroF) ap ro(10(UroF) AR)
A(L,FA)® A(FA, FB) Crrars A(L, FB)
vAR®1
A(L,TFA)® A(FA, FB) .
18Tpars

A(L, TFA) ® A(TFA,TFB) A(L,TFB)

CLTFATFB

Furthermore, (1 ® Trarp)o (va®1)o (1@ (Uro F)ap) = (va®1)o (1@ Trarp) o (1® (Uro F)ap) as ® is
a bifunctor. Since A(L, (Ur o F')—) is the composite of V-functors Ur o F' and A(L, —),

CLrarFB © (1 ® (UT © F)AB) O SB(A,B),A(L,FA) = €UVA(L,FA),A(l,FB) © (A(L, (UT © F)—)AB oY 1)>
and hence,

Crrrarrs © SATFATFB)ALTFA) © (Trarp ® 1) o (Uro F)ap ® 1)
= €UA(L,TFA),A(LTFB) © (AL, T((Upro F)=))ap ®1).

By the fact that s is a natural isomorphism, the following diagram commutes:

A(L,(UroF)—) ap®1

B(A, B) @ A(L, FA) LA(L, FA), A(L, FB)] ® A(L, F A)

1®va €V A(L,FA),A(L,FB)
B(A,B) ® A(L,TFA) A(L,FB)
A(L?T((UTOF)_))AB(@Il L’UB

[A(L, TFA), A(L,TFB)] ® A(L, TFA) A(L, TFB)

VA(L,TFA),A(L,TFB)

Hence, the composite morphisms

B(A,B)® [I, A(L, FA))) @ I
AB(A,B),[I,A(L,FA)],I
B(A,B) ® ([, A(L, FA)|  I)
1®evr, A(L,FA)

B(A, B) ® A(L, FA)
A(LT((UroF)-))ap®1
A(L,TFA), A(L,TFB)] ® A(L, FA)
[va,1]®1

JA(L, FA), A(L, TFB)] ® A(L, FA)
€VA(L,FA),A(L,TFB)

A(L, TFB)
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(which corresponds under adjunction with [[1,v4],1] o [I, A(L, T((Ur o F)—))]ap), and

(B(A,B)® [I, A(L,FA)]) ® I
AB(A,B),[I,A(L,FA)],I
B(A,B) ® ([, A(L, FA)| ® I)
1®evr, A(L,F A)

B(A, B) ® A(L, FA)
A(L,(UroF)=) ap®1
AL, FA), A(L, FB)] ® A(L, FA)
€V A(L,FA),A(L,FB)
A(L,FB)

A(L,TFB)

(which corresponds under adjunction with [1, [1,vg]] o [I, A(L, (Ur o F)—)]4p) are equal. Thus, we have

[Lval, 1] o [1, AL, T((Ur © F)=))]as = [L, [1,vs]] o [I, A(L, (Ur © F)=)] ap.

It follows that
[ya, 1] o [I, A(L, T((Ur o F)=))lap = [aa, 1] o [[1,04], 1] o [I, A(L, T((Ur © F')—))] a5
= laa, 1] o [1,[1,vg]] o [I, A(L, (Ur o F)—)]as
= [1,[1,v]] o [aa, 1] o [I, A(L, (Ur o F)—)]an
= [1,[L,vp]] o [1, ] 0 Gap
= [1,7p] 0 Gap

Consequently, the B-indexed family of morphisms v, : GA — [I, A(L,TFA)] defines a V-natural
transformation

Since 7" preserves the V-limit of Uy o ' weighted by G, there exists a bijection
V — Nat(G,[I, A(L,T((Ur o F)=))]) 2 WV(I, AL, TL))

which is natural in L, and hence, v corresponds under this bijection with a T-coalgebra structure
11— A(L,TL) on L.

For every C = (C, 7¢) in obAr, the object V — Nat(G, Ar(C, F—)) exists as V is complete and A7 is a
small V-category. Given L = (L, 1) in 0bAr, there exist isomorphisms in V),

Ao 1V — Nat(G, Ar(C, F-)) = Ar(C, L)

which are V-natural in C. They are induced (as in the proof of Proposition 3.2.1.2) by the isomorphisms
inV,
AoV — Nat(G,A(C, (Uro F)—)) = A(C, L)

which are V-natural in C. Consequently, the V-limit of I weighted by G exists and it is nothing else
but L = (L, 77). O
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