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Abstract

For a connected graph G with vertex set V(G) and edge set E(G), the first Zagreb eccentricity index and the second Zagreb
eccentricity index are defined as & (G) = X, cy(q) e?(v) and &(G) = > vuen(c) €(v)e(u), respectively, where e(u) is the
eccentricity of vertex u in G. In this paper, we identify the trees that minimize the first and second Zagreb eccentricity
indices among all trees with 2n vertices and a perfect matching.
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1. Introduction

All graphs in this paper are finite and simple. Let G be a graph of order n with vertex V(G) and edge set E(G). For
u € V(Q), dg(u) denotes the degree of u in G and Ng(u) denotes the set of neighbors of v in G. The distance between
vertices v and v in G, denoted by dg(u, v), is the length of a shortest path between v and v in G. For a vertex v € V(G), its
eccentricity eq(v) is given as e¢(v) = max{dg(u,v) : u € V(G)}. The diameter of G, denoted by diam(G), is the maximum
of the eccentricities of all vertices of G. A diametrical path of GG is a shortest path (between two vertices) whose length is
equal to the diameter of G.

Topological indices are graph invariants that take numerical values and are used to predict certain properties of chem-
ical compounds. Among these indices, the first and second Zagreb indices are well-known and extensively researched. The
first Zagreb index of a graph G is defined [3] as

Mi(G) =) d&(v),

veG

and the second Zagreb index of G is defined [3] as

My(G) = Y de(v)da(u).

vu€E(G)

In an analogy with the first and the second Zagreb indices, Zagreb eccentricity indices were introduced in [2,10]. The
first Zagreb eccentricity index and the second Zagreb eccentricity index of G are defined as

&(G)=) €e*(v) and &(G)= Y e(v)e(u).

veG vu€eE(G)

Recently, plenty of results on the Zagreb eccentricity indices have been obtained. Das and Lee [1] figured out some lower
and upper bounds on the first and second Zagreb eccentricity indices of trees and graphs, and characterized the correspond-
ing extremal graphs. Qi and Du [7] determined the trees with minimum Zagreb eccentricity indices when the domination
number, maximum degree, and bipartition size are respectively given. Qi and Zhou [8] characterized the unicyclic graphs
minimizing and maximizing the first and second Zagreb eccentricity indices. Li and Zhang [6] characterized the graphs
with the maximum and second maximum values of the second Zagreb eccentricity index among all n-vertex bicyclic graphs.
Song, Li and He [9] obtained sharp lower and upper bounds on the Zagreb eccentricity indices for cacti with a fixed order
and the number of cycles, and identified the graphs that attain these bounds. Hayat, Xu and Qi [4] determined the graphs
that minimize the second Zagreb eccentricity index among n-vertex bipartite graphs with a fixed number of edges and
diameter.
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A matching in G is a set of edges without common vertices. The maximum matching is a matching with the maximum
size in G. The matching number of GG, denoted by «(G), is the size of a maximum matching in G. If 2a(G) = |V(G)|, then
the maximum matching is a perfect matching.

In this paper, we determine the trees having the minimum values of the first and second Zagreb eccentricity indices
among 2n-vertex trees with perfect matching. The rest of this paper is organized as follows. In Section 2, we present some
transformations of trees that decrease the first and second Zagreb eccentricity indices. In Section 3, we determine the
2n-vertex trees with perfect matching having the minimum first and second Zagreb eccentricity indices.

2. Some transformations of trees

In this section, we propose four graph transformations that decrease the first and second Zagreb eccentricity indices
under certain constraints. For V' C V(G), let G[V’] be the induced subgraph of G with vertex set V/ and two vertices being
adjacent if and only if they are adjacent in G, and G — V' be the induced subgraph of G obtained by deleting all vertices in
V' and all edges incident with them. In particular, we write G — v instead of G — {v} if V' = {v}. For a subset E; of E(G),
G — F; denotes the graph obtained from G by deleting all the edges in F;, and in particular, we write G — xy instead of
G — {zy} if E; = {zy}. Let G be the complement of Gi. For a subset E; of E(G), G + E, denotes the graph obtained from G
by adding all edges in F>, and in particular, we write G + zy instead of G + {xy} if E; = {zy}. For disjoint subsets U and
W of V(G), E(U,W) denotes the set of edges between U and W.

Let T2y,a denote the set of trees of order 2n with diameter d. Let 7, ; be the subset of those trees in 72, 4 that have a
perfect matching. Let T' € T3, 4 and P41 = vov1 ...v4 be a diametrical path of 7. Denote by T; the connected component
of T'— E(Py4+1) containing v; for j € {0,1,...,d}.

QP
(ﬁ’-

v

Ti‘

Figure 2.1: Trees T and T’ used in Lemma 2.1.
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Lemma 2.1. Let T € T3, 4 be a tree with a diametrical path Piy1 = vovy - --vq such that d > 6. Assume that there exists
a component T; with er,(v;) = 1 > 3. Denote V; = {u € V(T;) : dr,(u,v;) = j < I}. Denote V/ | = | N(u) N V_y,
‘/ZLQZUueVl’l N(u)NVi—zand E = E(V/_,V|_,). Let

ueVy

T'=T—-E+{wv; :weV/_,},
where T and T’ are depicted in Figure 2.1. Then, & (T') < &1(T), &(T7) < &(T) and o(T') = o(T).
Proof. Note that er(v;) = max{d(v;, vo),d(v;,vq)} for v; € V(Pyy1). Let er(v;) =, then for u € V;, we have
er(u)=1+e(v;) =141 and ep(u)=2+e(v;)=2+1".
For v e V;_4,
er(u)=1—1+e(v;)=1+1'-1 and ep(u)=1+e(v;)=1+1".

For v € V;_o,
er(u)=1—2+e(v;) =1+1 —2.

Note that ep(v) = ep/(v) forallv € V(T)\ (V,UV/_,). Let |Vi| = a, |V/_4]| = b, |E(V},V]_)| = k1 and |E| = k.. By direct
calculation, we have

Q) -a) = Y e+ Y - enlu) - Y el

ueV) ueV/_ u€eV; ueV/_;

al +1)? +b(14+1 =12 —a(2+1)? = b(1 +1')?

and
£(T) - &((T) = Yo erwer(v)+ > er(wer()— > erm(uer(v) = > er(u)er (v;)
weE(V,V/_,) uwweE weE(Vi,V/_,) ueV/_;
= k(+)1+U -1 +k(I+1 =D+ =2) =k 24+ 1)14+1") — k(1 + )" > 0.
By Lemma 3.1 of [5], we have o(T") = «(T). O

17t+2

EoNaRa N Ak

Viyz

Figure 2.2: Trees T and 7" used in Lemma 2.2.
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Lemma 2.2. Let T € Ta,.q be a tree with a diametrical path Pyi1 = vgvy - - - vg such that d > 6. Assume that there exists a
component T; with e, (v;) =2and 2 < i < L%J Let ug € N(v;) and uy,us,. .., u, be pendant neighbors of ug. Let

T' =T — uov; + ugviy1,
where T and T’ are depicted in Figure 2.2. Then, £1(T") < £&1(T), &(T") < &(T) and o(T") = a(T).

Proof. Note that er(v) = e (v) for all v € V(T) \ {wo,u1,...,un}. Furthermore, er: (ug) = er(ug) — 1 = d — 4, and for
j=1,2,...,m, we have
er(uj) = ep(uj) —1=d—i+1.

Thus,
&(T) = &(T") = e (uo) — €7 (ug) +m - (ef(u1) — €7 (u1)) >0
and
§(T) = &(T') = er(uo)er(vi) — er(ug)er: (vig1) +m - (er(ur)er(ug) — er(ur)er(uo))
> m-(d—i+1)(d—1i)—(d—1i)(d—i—1))>0.
By Lemma 3.2 of [5], we have o(T") = a(T). O
Vo 51 Vi1 Vi Vi1 Vj Va1 Vd

T

>

Vi v

T.l'
Figure 2.3: Trees T and 7’ considered in Lemma 2.3.

Lemma 2.3. Let T € T3,,4 be a tree with a diametrical path Py 1 = vov; - --vg Such that d > 4. Assume that there are
pendant edges u1v;, ugv; in T with 1 <1 < j < Lg] and uy,us ¢ V(Pgy1). Let

T =T — uyv; + uius,
where T and T’ are depicted in Figure 2.3. Then, each of the following statements holds true.
Q) Ifj=i+1,then &(T) =& (T) and &(T7) = &(T).
(i) Ifj > i+ 1, then &(T7) < &(T) and &(T) < &(T).

(iii) [6] Assume that er, (vg) < 2 for any 0 < k < d and there are no pendant edges incident with v, foreach i+1 <1< j—1.
If T has a perfect matching, then T’ has a perfect matching.

Proof. Note that er(v) = e/ (v) for all v € V(T') \ {u1}. Moreover,

er(u)=d—i+1, er(v;)=d—1i, er(u1)=d—j+2 and ep(uz)=d—j+1.
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Ifj=¢+1, then

&(T) = &(T") = ep(ur) — e (ur) = (d —i+1)* = (d—i+1)*=0
and

E(T) — &(T") = er(uy)er(vs) — e (uy)err(ug) = (d—i+1)(d —i) — (d — i+ 1)(d — i) = 0.

Ifj >i+1, then

&(T) —&(T) = ep(w) — e () = (d —i+1)* = (d—j+2)° >0
and

&(T) — &(T') = er(ur)er(vi) — e (ur)er (ug) = (d—i+1)(d—i) — (d—j+1)(d — j +2) > 0.

Vis1 Viy2

T

i
@OOCDQ@L

Vit1 Va-1

T-"
Figure 2.4: Tree T and T’ used in Lemma 2.4.

Lemma 2.4. Let T € Ty, 4 be a tree with a diametrical path P 1 = vovy - - - vq sSuch that d > 6. Assume that there exists a
pendant edge vv; € E(T;) with 1 <i < |95%]. Let

T =T — vv; + V40,
where T and T’ are depicted in Figure 2.4. Then, the following statements hold true.
1) 61 (TI) < 51 (T) and §2(T’) < fg(T)

(ii) [5] Assume that there are no pendant edges incident with v; 1 and v;1o. If T has a perfect matching, then T' has a
perfect matching.

Proof. Note that er(u) = e/ (u) for all w € V(T') \ {v}. Moreover,
er(vi)=d—1i, er(vie)=d—i—2, er(v)=d—i+1 and ep(v)=d—i—1.

Thus
G(T) —&(T) = eh(v) —e2(v)=(d—i+1)2—(d—i—1)*>0
and
&(T) — &(T) = er(v)er(v;) — e (v)e (viza) = (d—i)(d—i+1) — (d—i—1)(d —i—2) > 0.



J. Li and L. Huang / Electron. J. Math. 10 (2025) 86-96 91

Choose T' € 75, ; such that &(T) (or £1(7')) is minimized. Let Pyy1 = vovs ... v, be a diametrical path of 7. By using
Lemma 2.1, we have er, (v;) < 2 for every i satisfying 0 < i < d. By Lemma 2.2, if er, (v;) = 2, then i = 4 or %t for odd d
d—1 d+1

and i = ¢ for even d. Furthermore, by Lemma 2.4, if d is odd and er, (v;) = 1, then i € {452, &1 4t

5 , 443}, if d is even and

er,(v;) =1, theni € {452, ¢ 412} Tn summary, the following corollaries hold.
Corollary 2.1. Let T € T, ,; be a tree that minimizes & or &, where d > 5 is odd. Suppose that T' has the maximum
possible number of non-pendant vertices. Then, the following statements hold true.

(1) er, (v;) < 2 for every i satisfying 0 < i < d.
(i) Ifer,(v;) =2, then i € {452, 441}

(ii) If er,(v;) = 1, then i € {453, 41 dfl dt3y

(iv) The total number of the pendant edges incident with v; is at most one, where i € {%, %}

Corollary 2.2. Let T € 7T, ; be a tree that minimizes & or &, where d > 4 is even. Suppose that T has the maximum
possible number of non-pendant vertices. Then, the following statements hold true.

(i) e, (v;) < 2 for every i satisfying 0 < i < d.
i) Ifer,(v;) =2, then i = &.

(ii) Ifer,(v;) =1, then i€ {42, 4 23

(iv) The total number of the pendant edges incident with v; is at most one, where i € {%, %}

3. Main results

In this section, we determine the trees with the minimum values of the first and second Zagreb eccentricity indices among
2n-vertex trees with perfect matching. Suppose that d > 5 is odd. Let T;f)’d be the tree obtained from Py 1 = vgvy -+ -vq
by attaching = paths of length 2 to Vi and y paths of length 2 to v 4, where 2(x + y) + d + 1 = 2n, see Figure 3.1. Let
T3, be the tree obtained from 7, , ; by attaching a pendant edge to va_s and v.s, see Figure 3.2. Let T,%; be the tree
obtained from T;’fiz 4 by attaching a pendant edge to v a1 and v a1, See Figure 3.3.

P2x q2y

p— —
Vo 41 Vd+1 Va1 Vg
T Y

2n,d

Figure 3.1: The tree 7",

Lemma 3.1. Let T’ € Ty;, ,; be a tree that minimizes & or &z, where d > 5 is odd. Suppose that the number of non-pendant
vertices in T is maximum among all such trees. Then, T has one of the following structures.

() If 7 <d<2n—3and d =3 (mod 4), then

T=Ty" or T =T,
(ii) If5<d<2n-3and d=1 (mod 4), then

T =Ty orT = Tg‘;ﬁ’d.

(i) Ifd = 2n — 1, then T = Py,,.



J. Li and L. Huang / Electron. J. Math. 10 (2025) 86-96 92

QZy

qz1

b X,y
T 2n,d

Figure 3.2: The tree 73",

QIy QZy

P2x

q21

G—
v
Vo %1 I I % v? Vg-1 Vg
Uuq Uz
1y
2n,d

Figure 3.3: The tree 7",

Proof. Denote by a1, as, a3, a4 the number of pendant vertices adjacent to v 43, Vi1, Vg1, Vass, respectively. As T has 2n
vertices, Z?Zl a; must be even. By Corollary 2.1(iv), we obtain 0 < a; + a2 = a3 + a4 < 1.

Suppose that d = 3 (mod 4). If a; + ay = 0, then T = T5'Y . If ay + ay = 1, then T = 73" .

Suppose that d =1 (mod 4). If a1 + az = 0, then 7" = T;;l_”d. Ifa; +as =1, then T = 73",

If d = 2n — 1, then P, is the unique tree in 75;, ;. Hence’, the result follows. O

Suppose that d > 4 is even. Let 77 ; be the tree obtained from Pyi1 = vov1 - - - vq by attaching z paths of length 2 to va,
where 2z + d + 1 = n, see Figure 3.4. Let Tfn) 4 be the tree obtained from 73, , ; by attaching a pendant edge to va, see
Figure 3.5. Let T;n 4 be the tree obtained from T;’ly_l, 4 by attaching a pendant edge to Va2, see Figure 3.6.

P2z P1z
P21 P11
: . v . o-
Vd— v
Vo vy -z a+2 Vg-1 Vq
z
nd

Figure 3.4: The tree T} .
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Pz
P11
: L ] . .
U_d;rz Va-1 Vd

nZ
TZn,d

Figure 3.5: The tree T;m g

Vg vy Vd—2 Vi1 Vd

Uy

.
TZn,d

Figure 3.6: The tree T;,n, g

Lemma 3.2. Let T’ € T, ; be a tree that minimizes & or &3, where d > 4 is even. Suppose that the number of non-pendant
vertices in T is maximum among all such trees. Then, T has one of the following structures.

(i) Ifd > 4and d =0 (mod 4), then
T =15, .,

(ii) If d > 6 and d = 2 (mod 4), then
T=T5 4

Proof. Denote by a1, as, a3 the number of pendant vertices adjacent to va_z,v 4,Vas2, respectively. As T has 2n vertices,
2 2

Zle a; must be odd. If Zle a; = 3,then a; = a3 = a3 = 1, and hence by the transformation of Lemma 2.3, we can obtain a
new tree T € T,;, ; with &1 (T) = &1(T) and & (T™) = &»(T). Note that the number of non-pendant vertices in 7™ is greater
than that in T, which is a contradiction. Thus, 2%, a; = 1.

Suppose that d = 0 (mod 4). If a; = 1, then T doesn’t have a perfect matching. If a; = 1, then 7' T;n, a

Suppose that d = 2 (mod 4). If a; = 1, then T TQZH, 4+ Ifas =1, then T doesn’t have a perfect matching. O

Lemma 3.3. Let T c Ty, , be a tree that minimizes &, or &, where d > 7 is odd. Suppose that the number of non-pendant
vertices in T is maximum among all such trees. Then, there exists a tree T' € T, ,_, such that

G(T) <&(T) and &(T7) < &(T).
Proof. Suppose that d = 1 (mod 4). By Lemma 3.1, T = T3, % or T;nyd Suppose that 7 = T, ;. Let

T =T — vgv1 — Vg—1Vq + VoVd=3 + VqUdts .
2 2
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Then, T" = T, ,. It is obvious that e7(v) < er(v) for all v € V(T). Thus, & (7") < &(T) and

&(T") = &(T) < er(vo)er (vass)+ er (va)er (vags) — er(vo)er(v1) — er(va-1)er(va)

d+3 d+1
_ 2~%3-%—2d(d—1)<0.

Since d —2 =3 (mod 4) and 7" € 7;, ; ,, the result follows in the considered case.

Suppose now that 7' 2 75%,. Let 7" = T — vov; — v4—1vq + voti1 + vqup. Then 7" 2= Ty """ By a similar argument, we
have that £, (7") < &1(T') and &(7") < &2(T'). Since d — 2 = 3 (mod 4) and 7" € Ty;, ; ,, the result follows in the considered
case.

Suppose that d = 3 (mod 4). By Lemma 3.1, T = 73", or T5,. Suppose that T = 75" . Let

T =T —vgvg — Vg_1v4 + VoUa—1 + VgV

Then, 7" = T3:Y, . By a similar argument, we have that

§(T500—2) <&(T) and  &(T3,7% ) < &(T).

Since d — 2 =1 (mod 4) and 7" € Ty;, ;_,, the result follows in the considered case.
Suppose now that 7" = T;fd. Let

T, =T — vov1 — Vg—1vq + VoUd_1 + Vav g
and
T, =T, — uw% — UQU# + vou1 + vqus.
By a similar argument, we have that
(1) <&(T) and  &(T) < &(T).
By Lemma 2.3, we have that & (T) = & (7}) and &(T3) = &(7}). Note that 75 = 75" ;%! and d — 2 = 1 (mod 4). Thus,

Ty € T3, 42> and hence, the desired result follows. O

Lemma 3.4. Let T € T, ; be a tree that minimizes &, or &, where d > 6 is even. Suppose that the number of non-
pendant vertices in T is maximum among all such trees. Then, there exists a tree 1" € Ty;, ; 5 such that §;(1") < & (T') and

£(T") < &(T).
Proof. Suppose that d = 2 (mod 4). By Lemma 3.1, T' = Tfmd. Let
Ty =T —vgvy — vVg—1vq + VoUd + VaUatz
and
Ty =1T; — Urva_z + uqvg.

It is obvious that er/(v) < ep(v) for all v € V(T). Thus, & (Th) < & (T) and

§(Th) = &(T) < er(vo)er (va) + er(va)er (vagz2) — er(vo)er(vi) — er(va—1)er(va)
gl'd—2+d—2.d—4
2 2 2 2
By Lemma 2.3, we have that & (7h) = & (1) and &(T1) = &(Th). So &(Tz) < &(T) and &(Tz) < &(T). Note that
Ty = TQZJ;_Q and d — 2 =0 (mod 4). Thus 7z € T;;, ;,_, and the result follows in the considered case.

Suppose that d = 0 (mod 4). By Lemma 3.1, T = T;md. Let

—2(d-1)d < 0.

Ty =T —vgv1 — Vg—1Vg + VoVd—2 + VU d+2
2 2

and

T2 = Tl — VgUd—2 + VgUd.
2 2

By a similar argument, we have that &, (71) < & (T) and &(71) < &(T). By Lemma 2.3, & (T1) = &1 (T2) and & (1) = &2(T).
Thus & (T2) < &1(T) and &(Ty) < &(T). Note that 7 = T")  and d — 2 = 2 (mod 4). Thus, T, € on.d—2> and hence, the

2n,
required result follows. O
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Theorem 3.1. Let T € T, ,; be a tree, where d > 5 is odd. Then
Q(T) = &(13)5) and  &(T) > &(T3,")
where any of the equalities holds if and only if T = T;nb5

Proof. Let T' € 7, ;, be a tree that minimizes &, or &, where d > 5 is odd. Suppose that the number of non-pendant
vertices in 7' is maximum among all such trees. From Lemmas 3.1 and 3.3, it follows that 7' = T;, " with 2(z +y) +6 = 2n
or T = TP with 2(a + b) + 8 = 2n. Here, we have

2n,5
GI5%) = (@+1)- 52+ (x+1)- 4243 +32+ (y+1)- 4+ (z+1)-5
= 41n — 23,
G(T30) = (a+1)-5*+(a+2) 42 +3>+32+ (b+2)- 4>+ (b+1)-5°
= 41n — 32,
&(T5)%) = (e4+1)-5-4+(x+1)-4-3+3-3+(y+1)-4-3+(y+1)-5-4
= 32n—23
and
&(T5') = (a+1)-5-4+(a+2)-4-3+3>+(b+2)-4-3+(b+1)-54
= 32n -3l
Thus & (T5,5) < &(T5.%) and &(T5."s) < &(T5%). O

From Lemmas 3.2 and 3.4, the following theorem follows immediately.
Theorem 3.2. Let T’ € Ty, , be a tree such that d > 4 is even. Then,
6(T) = &(15,4) and  &(T) > &(T5,,)
where any of the equalities holds if and only if T = Tfm 4
Theorem 3.3. Let T' € Ty;, ,; be a tree such that d > 4. Then,
&(T) > &(15,4) and &(T) = &(15,4)
where any of the equalities holds if and only if T = Tfn, &
Proof. By direct calculation, we have that
E1(T5,4) = (2 +2) 4> + (2 +3) - 32 + 2% = 26n — 12 < & (T5)5)

and
&(T5,,)=(2+2)-4-3+(2+3)-3-2=18n—12< &(TS,;%),

where 2(a + b) + 8 = 2n and 2z 4+ 6 = 2n. Now, from Theorems 3.1 and 3.2, the desired result follows. O

4. Concluding remarks

In this paper, we have identified the trees that minimize the first and second Zagreb eccentricity indices among all trees
with 2n vertices and a perfect matching. To obtain these results, we propose four graph transformations that decrease the
first and the second Zagreb eccentricity indices under certain constraints. We believe that these transformations can be
applied to some other graph invariants.
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