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Abstract

This paper is concerned with an m-step (m > 2) method of order m + 1, which was first studied by Ahmad, Tohidi, and
Carrasco in [Numer. Algorithms 71 (2016) 631-653] to solve nonlinear systems defined on the finite Euclidean space. The
method depends on a single real parameter and uses one inverse per a complete step. But the local convergence was shown
using Taylor series expansions and by assuming the existence of the seventh derivative; this assumption, however, does not
pertain to the method itself. Other constraints include the lack of a priori error estimates and isolation of the solution results.
The semi-local convergence has not been considered previously either. In this paper, both local and semi-local convergence
analyses are performed using only the operators inherent to the method, namely the operator and its derivative. Moreover,
the convergence analysis is carried out in the more general setting of Banach space, employing generalized continuity to
control the derivative and to sharpen the error distances. In addition, isolation of the solution results are provided. The
proposed technique is quite general and can be employed to extend the applicability of other iterative methods.
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1. Introduction

A well-studied problem in numerical analysis is that of solving a nonlinear equation or system of nonlinear equations of
the form

F(z) =0, (@))

where F'is a Fréchet differentiable operator from a Banach space B; into a Banach space B,. Let (2 be an open convex subset
of B;. Formulation of problems as an equation like (1) using mathematical modeling [4,9, 17, 19, 28] arises in multiple
disciplines of science and engineering. Obtaining a solution y € 2 of (1) in analytic form is another significant issue.
Non-analytic and complex functions are therefore addressed through a powerful computational approach, namely iterative
methods, which approximate the solution p of (1). To overcome the issues such as slow or non-convergence, divergence,
and inefficiency, a substantial body of literature has been devoted to the study of convergence of iterative methods based
on algebraic and geometric considerations [19,28]. Consequently, researchers worldwide have continued to develop higher
order iterative methods [3,5,10,11,13,15,20-25].

In this study, we analyze the convergence of a multi-step method, which is defined for a € R, a # 0, xg € Q, m = 3,4,...,
and each forn = 0,1,2,..., by

Yy = F/(il'())ilF((L'o), (2)
1 =20 — (14+a—a)y,
1
Y2 = F'(z9) ' F <$0 — ayl) )
T2 =1 — a’ys,
andfor j=1,...,m—2,
Yjra = F'(0) ' F(241)

Tj+2 = Tj+1 = Yj+2-
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The local convergence order (m + 1) of the method (2) is shown in [1] for B; = B, = R* using Taylor series expansions and
by assuming the existence of F(7); this assumption, however, does not pertain to the method itself. To illustrate the idea,
let us consider a simple example for @ = [52, 3] and B, = B, = R. Define the function ¢ : @ — R by

cot’logt + ct® 4+ c1t?, t#0,
q(t) =

0, t=0,
where ¢y # 0 and ¢+ ¢; = 0. Then, the number 1 = 1 € Q) is a solution of the equation ¢(¢) = 0. But the seventh derivative
of the function ¢ is not bounded on €2, since this function is not continuous at ¢ = 0 € Q). Moreover, the method converges,
say if o = 0.95 and a = % Thus, the sufficient conditions in [1] can be weakened. There are other restrictions under the
Taylor series approach: neither a priori error estimates on ||x — z,,|| are available, nor the results concerning isolation of
solutions are available. That is why, in the present paper, the new local convergence is shown using conditions only on
the operators inherent to the method, namely the operator F' and its derivative F’'. Moreover, the more important and
challenging semi-local convergence, not previously studied, is addressed through the use of majorizing sequences. Both
types of analyses rely on generalized continuity used to control F’ and are developed in the general framework of Banach
spaces. This methodology is sufficiently flexible to extend the applicability of other iterative methods along the same
lines [2—-31].

The rest of the paper is structured as follows. Section 2 and 3 present the local and semi-local convergence analysis

of the method (2), respectively. Two numerical examples are provided in Section 4, and concluding remarks are given in
Section 5.

2. Local convergence

In this section, local convergence of (2) for solving (1) is established. Let ¢/ (z,r) and U[z, r| denote the open and closed balls,
respectively, with center = and radius r. Set A = [0, 4+00). The hypotheses for the local convergence analysis are given as
follows.

(C1) There exists a continuous and nondecreasing function ¥, : A — A, (CNDF, in short) such that U(¢) — 1 possesses a
smallest positive root (SPR), which is denoted by b.

(C3) There exists a CNDF ¥ : Ay — A, where A; = [0,b). Define real functions on A; by

[ W((1 — 0)t)do + |a(1 — a)|(1 + [ To(61)dA)

Ailt) = 1—To(0) ’

T((14 Ay (t)t)
U(t) = or
\I/()(t) + \Il() (Al(t)t)7

(fol (1 - O)t)do + |1 — L1+ [y \I'O(Ht)d0)>t

1—Ty(%)
ro) =" ) = Lo+ o), =",
ha(t) = hit) + (o)t Tplr) = 722,

(= 0)A0))d T+ [ To(0A(1)t)d0)
Axlt) = ( I (1= (o)1 - %(Aﬂt)t)))Al(t”

(1+ ha()ha(t) + 11— a[(1 + [y Wo(Oh(t))d)R(t)
1— Wo(t) ’
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U((L+ A1 (1)1)
Pja(t) = or
Wo(t) + Wo(A;+1(0)1),

&Hm:<£wm—>JH@w aﬂu+ﬁWdMﬂmmwvAﬁwy
T=Uo(Aja () (1= To()(1 ~ To(A; (1)
(Cs) Every equation
Ajt)—1=0, withj=1,2,...,
has an SPR denoted by b;. Let
r=min{b;}, j=1,2,.... (3)

(C4) There exists an invertible linear operator G and a solution p € 2 of the equation F'(x) = 0 such that for each u € Q

IGTHE (w) = F'(m) < Po(llu— pll)-

IG™H(F" (uz) — F'(w))| < ¥

(lug = uall)
for all vi,ve € Qo := QNU(u,b).
(Ce)
Ulp,r] C Q.

Theorem 2.1. Assuming that the conditions (C1)—(Cs) hold true, then the sequence {xj} converges to u, provided that
To € u Ma ) {M}

Proof. Using condition (C4) and the definition of r, we obtain
IG™H(E" (z0) — F' (W)l < Wo(llwo — pl) < 1

Then, F'(z0)~! exists. Employing the Banach lemma on invertible operators [3—5,19], we have

1
Fl(zo) G| < .
1F°@0) ™Gl < T (e =7l

The motivation for introducing the real functions in (C2) is followed by induction and a series of estimates given in subse-

quent results

T1— =T — p— F (x9) " F(z0) —a(l — a)F' (z0) " F(z0),

T ﬁwm—wmwmwwwm—@u+£%mmwmwmw%_w

1= Wo([lzo — pll)
< Ar(llzo = plDllzo — pll < flwo — pll <7
Thus, x; € U(u,r). Similarly, we can write in turn

/ / / 1
To—p=x1—p—F (21) ' Fzy) + F (z1) ' F(z1) — a®F (20) ' F (gco — ay1>

’

=21 — p— F (21) " F(a1) + (F (21) " = F(wo) ™) F(@1) + F (20) "' (F (1)

—F (:co - iyl)) +(1—d®)F (x0)”'F <x0 - iy1> .
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Consequently, we obtain

Jo w1 = )]y — pll)dé U1+ [ Wo(B]|z1 — pl])do)
s — p| < ( G 1_%( + g ))>|Ix1—u||+

lzo — p|) (1= Yo(llzo — )X = o([lzr — pll

(A + P (llwo = pl))llzo — pll) 11— a?|(1+ [ Co(0h(|lwo — p])))dO)h(]|z0 — pil])
1= Yo(llzo — ull) 1= Wo(llzo — pll)

< Az(llwo — pl)llzo — pll < llzo — 4.

Here, we used the estimates

1 ! 1 1 1
F(x,) - F <ﬂfo - ay1> = / F’ (:Eo - ayl +0(x1 —xo + ay1)> do (551 —x0 + ayl)
0

and
]. ’ ’ 1 ’
x| — o+ 5F (xo)_lF(l'o) =] — - (x() o e F (xo)_lF((EO)) + (a — ].) F (xo)_lF(-TO)~
Hence,
1.
|21 — 20 + F (o) " F(xo)|| < Ar(llzo — pll)l|wo — pll
[ W((1 = 0)||lzo — pl)dblzo — pl| + |2 = 1{(1 + f, Wo(8]|xo — ul|)db)|zo —
+
1L —Wo(llzo — )
= ha([lzo — pll),
1 1 1
To—p— Y+ 0(w1 — xo + Eyl) =1 =0)(zo—p) +0(x1 — ) — 5(1 — 0)y1,
1 1
|lzo—p — —y1 + 0(x1 — 20 + —31)]|
a a
(fo (1= O)lzo — ol )d6 + |1 — L|(1 + [y o (o — ull)d9)> lzo — pl
<(1—-86
<t =9) = Wo (o — )
+0A1(lro — pl)llwo — pll = ha([lzo — pl])
and

’

2o = =91 = al = llzo — 1= F'(z0) ™ Fizo) + (1 = 2)F (20) " Flao)|

(fol W((1 = 0)llro — pal})dd + 1 = 111+ [; Wo(Bllzo — Mll)d9)> llzo = pll

<
- 1= Wo(([zo — pll)

= h(llzo — pl))-
Similarly, by method (2), we have
Tjpa — = i1 — p— F (2551) " F(@j0) + (F (2540) 7 F (20) ) F (2541),

Jo WO = Olga = pl)dd | PraQlt Jy Yolllaser = a)ad) T, -
1= (g —pl) (0= o(lao = p) (1= To(layer — ) | 77

)2 = pll < — |

< Ajro(llzger — pllzjen = pll < flzjea = pll-
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Therefore, z; € U(u,r) forall i =1,2,... k and
lor — pll < dllzo — plf <7,
where d = Ay (||zo — 1]]) € [0, 1). Consequently, using the induction, we have
|zisn — pll < d"FHlzo — pll
which implies that {z)} C U(u,r) and kETooIk = . O

The next result determines the uniqueness of the solution region.

Proposition 2.1. Assume that the condition (Cy) is valid on the ball U(u,t) for some t > 0, and there exists some t; >t
such that

1
/ Wo(6t1)d6 < 1.
0

Let Oy = QN Up, t1]. Then, the equation F(x) =0 has p as the only solution in the region Q.

Proof. Assume that there exists a solution p* € Q; of the equation (1) such that u* # u. Define the linear operator I by

= /0 F'(p+6(p* — p))do.

It follows that

1
Wf%r—wnsﬁ‘%wmf—mme

1
< / \IIO(th)dG < 1.
0
Hence, the operator I is invertible. Then, from the identity
W =T F() — F(n)) =T(0) = 0,
it follows that p* = u, which is a contradiction. O
Remark 2.1. (i). The point b can be replaced with r in condition (Cs).

(ii). The selections that can be made for the operator G are: I or F'(u), where p is a simple solution of the equation (1).
As such an assumption is not made in Theorem 2.1, the method (2) can be utilized to find roots of multiplicity greater
than one of the equation (1). The operator G can have other choices also, provided that conditions (C4) and (Cs) hold.

3. Semi-local convergence

The computations and formulas are the same but i, ¥¢ and ¥ are replaced with zq, vy and v, respectively.
(S1) Assume that there exists a CNDF v, : A — A such that v (¢) — 1 possesses SPR denoted by so.

(S2) Assume that there exists a CNDF v : Ay — A, where A; = [0, s9). Define the scalar sequence {«,, } such that oy = 0,

620”7:%70‘1 = ‘1+aia2|ﬂ7
1
ag = aq + a® (6+ (1 +/ vo(ﬂfy)cw) 7) , 4)
0

and
1
Qjro = Q1+ (1 +/ vo(QaJ—H)dG) Qi1+ S.
0

(This sequence is shown to be majorizing for the method (2) in Theorem 3.1. But, let us first provide a convergence
condition.)
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(S3) There exists s € [0, sp) such that
a,<s V n=0,1,2....

This condition, (4) and the induction, show that the sequence {«,} is nondecreasing and is bounded from above by
s, and hence, it converges to its unique least upper bound s;. There is also a relationship between vy and v, and the
operators on the method (2).

(S4) There exists an invertible linear operator G and a point z; € 2 such that for each u € Q,

IG=H(F" () = G)| < volllu — wol])-

Set Q5 = QN U(xg, s0). From this condition, it follows that, for u = o,
IGTH(F" (20) = G)|| < v0(0) < 1.
Thus, the linear operator F’(z,) is invertible and we can take 3 > || F’(x) ' F(xo)]|.

(S5) The inequality
IGTHEF" (w1) = F' (u2))I| < v(lluz — ual))

holds for all uq,us € Q.
(S@) Z/[(.%‘Q,Sl) c Q.

Remark 3.1. Similar to the local analysis, we can choose G = I or G = F'(T) for some T € Q) including xo or some other
selection as long as (51)—(Ss) hold.

Now, we provide the result concerning the semi-local analysis.

Theorem 3.1. Assume that the conditions (S1)—(Ss) hold. Then, there exists a solution p € U|xg, s1] of the equation (1) such
that Er}rl Ty = b

Proof. The motivational calculations are as follows:
r1—20=—(14+a— az)F/ (x0) " F(z0),
w1 — woll < |1+ a — a®[||F (z0) T F ()| = a1 — ao,
ot 1
x9 —x1 = —a°F (x9)  F <x0 — ayl) .
But,

F <l‘0 — iyl) :F(l‘o — 2y1) - F(Io) + F(xo)

L, 1 1
:/ F (o + 0(zo — —y1 = 20)df(——y1) + F(wo)
0

and

Hence, we have

1
||1’2 — I’lH § a2 |:6 + (1 +/ ’Uo(o"}/)de) ")/:| = Qg — (1
0

and

lz2 — zo| < 51

by the triangle inequality.
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Similarly, we obtain
Tjp2 = i1 = —F (20) T Flwj41)

and
1
F(zj11) = F(zj41) — F(x0) + F(z0) = / F (2o + 0(zj11 — x0))d0(zj41 — x0) + F(20).
0

Consequently, we have

1
[7j42 — ]l < (1 +/ U0(9aj+1)d9) aj+1+ 0= ajp2 — ajqr
0

and

2512 — 2ol < 51

by the triangle inequality. It follows that {z,} is a Cauchy sequence in B;. Therefore, there exists y € U[xo, s1] such that
lim,, s 1 o0 ©, = p. Finally, by using the inequality

IF (i)l < [1F (@o)llllj+2 — 24l
we conclude F'(u) = 0. O
Next, the uniqueness region is provided.
Proposition 3.1. Assume that the following conditions hold.
(1) There exists a solution (* € U(xo, V) of the equation F(x) = 0 for some 0 > 0.
(2) The condition (S2) holds on the ball U(x, V).

(3) There exists 91 > O such that
1
/ vo((1 — 0)9 + 091)d6 < 1.
0

Set Q3 = QN U[xg,1]. Then, the equation F(x) = 0 is uniquely solvable by (* in the region Qs.

Proof. As in Proposition 2.1, define the linear operator I'; = fol F'(¢* 4+ 0(9* — ¢*))db for some ¥* € Q3 with F(9*) = 0.
Then, by conditions (1)—(3) of the proposition, we have

1
I1F (z0) " (T — F'(w0))]| < / vo((1 = O)[[C" — zol| + 0[[9" — xo||)dO
0

Therefore, we conclude that ¢* = 9*. O

4. Examples

Example 4.1. Let B; = B, = R? and Q = 14/(0, 1). Define the mapping H : Q — R3 for § = (1, 2, d3)!" as

tr
H(5): <e51 —1,;(6—1)5§+52,53) s

where “tr” stands for the transpose. It follows by the definition of the operator H that
% 0 0
H@E =10 (e—1d+1 0f.
0 0 1

We note that if © = (0,0,0)", then H'(§) = I. Choose G = I. Then, conditions (C,) and (C5) hold if we choose ¥ (t) = (e—1)t

and U(t) = e=1¢. Since b = —L-, the radius r defined in (3) is given by r = 0.192081.
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Example 4.2. Consider the nonlinear integral equation of mixed Hammerstein-type equations given by

x(s) = /01 G1(s,t) (a:(t)g + x(;)2> dt, 5)

where z(t) € C[0,1] and G4 (s, t) is Green’s function defined on the interval [0, 1] x [0, 1]. Finding the solution z* = 0 of (1)
is same as finding the solution of

[N/

F(x)(s) = a(s) — / s, (x(t)' - ”C(;)) dt =0,

where F' : C[0,1] — C[0,1]. Therefore, for a = 1, Uy(t) = ¥(t) =
r = 0.891432.

( %t% + t), and the radius of convergence r is given by

ool

5. Concluding remarks

The current study considers an existing m-step method (m > 2) of order m + 1, depending on one real parameter and
requiring one inverse per step, defined on a finite Euclidean space. The earlier local convergence analysis was established
by assuming the existence of the seventh derivative (a requirement not inherent to the method) and by employing Taylor
series expansions. However, no a priori error estimates, isolation results for the solution, or semi-local convergence analysis
were provided previously. In contrast, the present work develops both local and semi-local convergence analyses using only
the operator and its first derivative in a Banach space setting. A generalized continuity condition is employed to control
the derivative and improve the error distances, while isolation results for the solution are also established. This technique
is, therefore, an improvement of the previous one and can be used for other methods [2—-31] to extend their applicability.
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