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Abstract

For a positive integer ¢ and a graph F, the numbers ER;(F) and VR.(F) of F' are the minimum positive integer n such
that every red-blue coloring of the edges of the complete graph K, results in ¢ pairwise edge-disjoint and vertex-disjoint,
respectively, monochromatic copies of F' in K,,. The number ER;(F') is determined when F' = K3 for t < 4 and when F is the
path Ps of order 3 for every positive integer ¢, while V R;(F) is determined when F € {K3, Ps} for every positive integer ¢.
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1. Introduction

In a red-blue coloring of a graph G, every edge of G is colored red or blue. For two graphs F' and H, the well-known
Ramsey number R(F, H) is the minimum positive integer n such that for every red-blue coloring of the complete graph K,
of order n, there is either a subgraph of K, isomorphic to F all of whose edges are colored red (a red F) or a subgraph
of K,, isomorphic to H all of whose edges are colored blue (a blue H). Therefore, for a single graph F, the Ramsey number
R(F, F), also denoted by R(F'), is the minimum positive integer n such that for every red-blue coloring of K, there is a
subgraph of K,, isomorphic to F' all of whose edges are colored the same (a monochromatic F'). That these numbers exist
for every graph F is due to Ramsey [3]. We refer to the book [1] for notation and terminology not defined here.

An introduction to Ramsey numbers in graph theory often begins with a question that is sometimes stated in the
following manner.

How many people must be present at a party to be guaranteed that there are three mutual acquaintances or three
mutual strangers?

It may already be clear that this question has a graph theory interpretation. For example, suppose that there are n people
at the party. These n people are the n vertices of the complete graph K,,. Two vertices are joined by a red edge if the two
people are acquaintances and joined by a blue edge if they are strangers. The question then becomes the following.

n
2

whatsoever, we are guaranteed that a subgraph Ks (a triangle) all of whose edges are colored red (a red triangle)

What is the smallest positive integer n such that if the ( ) edges of K,, are colored red or blue in any manner

or colored blue (a blue triangle) appears?
In order to answer this question, it is useful to make the following observation.

Observation 1.1. Let there be given an arbitrary red-blue coloring of a complete graph K, where n > 4. If a vertex of K,
is incident with three or more edges of the same color, then K,, contains a monochromatic triangle.

Proof. Suppose that a vertex v of K, is incident with at least three edges of the same color, say vv,, vvs, vvs are red. If any
two of vy, vy, v3 are joined by a red edge, then there is a red triangle; otherwise, (v, v, vs,v1) is a blue triangle. O

First, n = 5 does not work. By Observation 1.1, any red-blue coloring of K5 in which some vertex is incident with at
least three edges of the same color results in a monochromatic triangle. Therefore, the only possible red-blue coloring of K5
without any monochromatic triangle is for every vertex to be incident with exactly two edges of each color. Consequently,
we have the next observation.
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Observation 1.2. The only red-blue coloring of the complete graph K for which there is no monochromatic triangle is one
that produces a red cycle Cs of order 5 and a blue Cs.

This red-blue coloring of K5 is shown in Figure 1.1 where a bold edge represents a red edge and a thin edge represents
a blue edge.

Figure 1.1: A red-blue coloring of K.

However, n = 6 does work. Every red-blue coloring of K¢ results in at least three edges incident with each vertex colored
the same. By Observation 1.1, there is a red triangle or a blue triangle. Hence, the solution to the question above is the
Ramsey number R(K3) = 6, which appeared in [2]. This problem essentially appeared as Problem A2 in the 1953 Putnam
Exam.

A2, The complete graph with 6 points and 15 edges has each edge colored red or blue. Show that we can find 3 points such
that the 3 edges joining them are the same color.

Not only does every red-blue coloring of K always produce a monochromatic triangle, it always produces at least two
monochromatic triangles. To see this, let there be given a red-blue coloring of G = K with red subgraph G, and blue
subgraph G,. First, suppose that there is a vertex v that is incident with four edges of the same color, say vv;, vve, vvs, vvy
are red. If there are two red edges in the subgraph G[{vi,vs,vs,vs}] of G induced by the set {vq, v2,vs,v4}, then there
are two red triangles. If at most one edge, say v;v9, is colored red, then {v;,vs,v4} and {vq, vs,v4} are the vertices of two
blue triangles. Next, suppose that G, is 3-regular. Then G, is either the Cartesian product K5 (0 K5 of K3 and K5 or the
complete bipartite graph K3 3. If G, = K3 [0 K, then G, has two triangles; while if G, = K3 3, then G}, = 2K3 (the union
of two vertex-disjoint copies of K3) also contains two triangles.

Finally, suppose that neither G, nor GG, contains a vertex of degree 4 or more or is 3-regular. Then each of these graphs
must contain only vertices of degree 2 or 3, necessarily some of each. Since every graph contains an even number of odd
vertices, one of these two graphs contains four vertices of degree 3 and two vertices of degree 2 while the other contains
two vertices of degree 3 and four vertices of degree 2. Suppose that G, contains four vertices of degree 3 and two vertices u
and v of degree 2. Thus, G, is one of graphs shown in Figures 1.2(a), (b), and (c).

z u v w z u w z u w
M K K !
@;
Y z Yy v x Y x
(a) (b) (c)

Figure 1.2: Three possible blue subgraphs G,.

If (a) occurs, then u and v are adjacent and G, has two triangles. If (b) occurs, then (v, w, z,v) and (u, z, y, u) are two red
triangles. If (c) occurs, then (z,y, 2z, z) is a blue triangle and (u, z, y, u) is a red triangle. Therefore, we have the following.

In every red-blue coloring of the edges of Kg, there are always at least two monochromatic triangles.

2. Monochromatic triangles

The red-blue coloring of K with red subgraph K 4, and blue subgraph K5+ K, has four monochromatic triangles, all blue.
However, every two blue triangles have an edge in common. When n = 7, however, every red-blue coloring of K, results in
two edge-disjoint monochromatic triangles.
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Proposition 2.1. Every red-blue coloring of K7 results in two edge-disjoint monochromatic triangles.

Proof. Let there be given an arbitrary red-blue coloring of G = K7. Since R(K3, K3) = 6, there is a monochromatic trian-
gle T'in G. Let V(T) = {u1,u2,us} and let V(G) — V(T') = {v1, v2,vs3,v4}. Let F; = G[{u;,v1,v2,v3,v4}] = K5 for i = 1,2, 3.
If any F; contains a monochromatic triangle, then G contains two edge-disjoint (in fact, vertex-disjoint) monochromatic
triangles. Thus, we may assume that no F; (i = 1,2, 3) contains a monochromatic triangle. It follows by Observation 1.2
that each F; consists of a red C5 and a blue C5 for i = 1,2,3. Assume, without loss of generality, that (uq, v1, va, vs, v4, u1) is
ared Cs in F; and (uq,v9, v4,v1,v3,u1) is a blue C; in F;. We now consider F; for i = 2,3. Since

(a) (v1,v2,v3,v4) is ared Py in F; and (va, vy, v1,v3) is a blue Py in F; and
(b) F; consists of a red C5 and a blue Cs,

it follows that u;v1, u;v4 are red and u;vs, u;v3 are blue . If T is a red triangle, then (uy, vy, us, u1) and (ug, v4, ug, us) are two
edge-disjoint red triangles in G; while if T is a blue triangle, then (uj, va, us,u1) and (us, vs, uz, uz) are two edge-disjoint
blue triangles in G. Therefore, G contains two edge-disjoint monochromatic triangles. O

Consequently, 6 is the smallest order n of a complete graph K, for which every red-blue coloring of K, results in
a monochromatic triangle (or two monochromatic triangles which may have an edge in common), while 7 is the smallest
order n of a complete graph K, for which every red-blue coloring of K, results in two edge-disjoint monochromatic triangles.
These facts suggest the problem of determining the smallest positive integer n such that every red-blue coloring of K,
results in two vertex-disjoint monochromatic triangles.

The red-blue coloring of K with red subgraph K5 + K, and blue subgraph K 5 does not contain two vertex-disjoint
monochromatic copies of K3. When n = 8, however, every red-blue coloring of Kg results in two vertex-disjoint monochro-
matic triangles.

Proposition 2.2. Every red-blue coloring of Kg results in two vertex-disjoint monochromatic triangles.

Proof. Let there be given an arbitrary red-blue coloring of G = Ky with vertex set {v1, va,..., vs}. Since R(K3, K3) =
6, there is a monochromatic copy of K3 in G. Let T be a monochromatic triangle in G where V(T) = {v;,v9,v3}. Let
F = G[{vy,vs,v6, 0708} = K5. If F contains a monochromatic triangle, then G contains two vertex-disjoint monochromatic
triangles. Suppose that F' does not contain a monochromatic triangle. Then F' consists of a red C5 and a blue C5. We may
assume that the red Cs is (vg4,vs, vg, U7, vs,v4) and the blue Cs is (vg, vg, vs, Us, V7, v4). Since v; is jointed to at least three
vertices of V(F) = {uvg4, v, vg, v7, vg} by edges of the same color, we may assume that v, is adjacent to three vertices of V(F)
by red edges. Necessarily, v; is joined to two adjacent vertices of V(F') that are joined by a red edge. Consequently, we may
assume that v;v4 and v,v5 are red. See Figure 2.1.

Figure 2.1: A step in the proof of Proposition 2.2.

Let H = G[{va,vs3,v6,v7,v8}] = Ks. If H contains a monochromatic triangle, then G contains two vertex-disjoint
monochromatic triangles. Suppose that H does not contain a monochromatic triangle and so H consists of a red subgraph
H, = Cs and a blue subgraph Hj; = Cs. First, suppose that 7" is blue. Since degy_v7 = 2, it follows that vovs, vovs, v3v6, V308
are red. However then, degy vs = degy_ vs = 3, a contradiction. We may assume that 7" is red. We may further assume
that H, = (vg,v3, v, v7,v6,v2) and Hy, = (v, vg, vg, v3, V7, v2). We consider two cases, according to whether v;vg is red or vvg
is blue.

Case 1. vyvg is red. This implies that vov, is red for otherwise, there are two vertex-disjoint monochromatic triangles
(v1,vs5,v6,v1) and (vy, vg,v7,v2). Also, this implies that vsv, is red for otherwise, there are two vertex-disjoint monochro-
matic triangles (vi,vs,vg,v1) and (vs,v4,vs,v3). However then, there are two vertex-disjoint monochromatic triangles

(’U17U5? Ve, Ul) and (’U27’U33 V4, U2)~
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Case 2. vivg is blue. First, suppose that vivg is red. So, vovs is blue, for otherwise there are two vertex-disjoint monochro-
matic triangles (v1, v4, vs, v1) and (v, vs, vg, v2). Then (vy,v4, vg,v1) and (vg, vs, v7, v3) are two vertex-disjoint monochromatic
triangles. Next, suppose that vyvg is blue. If vyvs is blue, then there are two vertex-disjoint monochromatic triangles
(vg, v5,v7,v2) and (v, vg,vs,v1). Thus, we may assume that vovs is red. If vov, is blue, then there are two vertex-disjoint
monochromatic triangles (vy,v4,v7,v2) and (vq,vs,vs,v1). Thus, we may assume that vevs is red. Then there are two
vertex-disjoint monochromatic triangles (ve, v4, v5, v2) and (v, vg, vs, v1). O

The results above concerning two edge-disjoint and vertex-disjoint monochromatic triangles in an edge-colored complete
graph suggest more general concepts. Let t be a positive integer and let F be a graph without isolated vertices. The vertex-
disjoint Ramsey number V R;(F) is the minimum positive integer n such that every red-blue coloring of K, results in at least
t pairwise vertex-disjoint monochromatic copies of 7. Then V R, (K3) = R(K3) = 6 and V R (K3) = 8 by Proposition 2.2 and
the red-blue coloring of K; with red subgraph K5 + K, and blue subgraph K 5. For a graph F without isolated vertices,
VRi(F) > t|V(F)| and the Ramsey number R({F) exists where ¢F is a union of ¢ vertex-disjoint copies of F'. Hence, we
have the following observation.

Observation 2.1. For every graph F without isolated vertices and every positive integer t, the number V R,(F) exists and
tlV(F)| < VR(F) < R(tF). Furthermore, VR,(F) < VR 1(F).

Theorem 2.1. For an integer t > 2, VR (K3) = 3t + 2.

Proof. We proceed by induction on ¢t. We saw that V R, (K3) = 8 and so the result is true for t = 2. Assume that VR (K3) =
3k+2 for an integer k > 2. We show that V Ry1(K3) = 3k+5. The red-blue coloring of K314 with red subgraph Ksj o+ Ko
and blue subgraph K 3112 has k vertex-disjoint red triangles and no blue triangle. Thus, V Ry (K3) > 3k + 5. Next, let
there be given a red-blue coloring of K3;5. Since 3k + 5 > 11 > 6 and R(K3) = 6, there is a monochromatic triangle 7.
Let H = K35 — V(T) = Ksgyo. Since VR (K3) = 3k + 2, it follows that H contains k vertex-disjoint monochromatic
triangles. Hence, there are & + 1 vertex-disjoint monochromatic triangles in Ksx15 and so V Ry 1(K3) < 3k + 5. Therefore,
VRpy1(K3) =3k +5. O

Let ¢ be a positive integer and let I’ be a graph without isolated vertices. The edge-disjoint Ramsey number ER,(F') of
F is the minimum positive integer n such that for every red-blue coloring of K,,, there are at least ¢ pairwise edge-disjoint
monochromatic copies of F. Hence, ER;(F) is the Ramsey number R(F). Therefore, ER;(K3) = 6 and FRy(K3) = 7 by
Proposition 2.1 and the red-blue coloring of K¢ with red subgraph K> 4 and blue subgraph K, + K4. There is an observation
for edge-disjoint Ramsey numbers similar to Observation 2.1.

Observation 2.2. For every graph F without isolated vertices and every positive integer t, the number ER;(F) exists and
ER,(F) < VR,(F). Furthermore, ER,(F) < ERy1(F).

We now determine ER;(K3) for ¢t = 3,4. First, we present a useful lemma.
Lemma 2.1. For each positive integer t, ER;11(K3) < ERy(K3) + 2.

Proof. Let FR:(K3) = k. Let there be given an arbitrary red-blue coloring of G = Kj;5. Then there is a monochromatic
copy Fp of K5in G. Let u,v € V(Fp) and let H = G — {u,v}. Then H = K}, contains no edge of F,. Since FR;(K3) = k, there
are t pairwise edge-disjoint monochromatic copies Fi, Fs, ..., F; of K3 in H that are edge-disjoint from Fj. Therefore, Fj,
Fy, F, ..., F; are t+ 1 pairwise edge-disjoint monochromatic copies of K3 in G and so ER;1(K3) < k+2 = ER;(K3)+2. O

Both strict inequality and equality in Lemma 2.1 can occur, as we show next.
Proposition 2.3. ER;(K3) =9

Proof. Since FR3(K3) < ERy(K3) + 2 = 9 by Lemma 2.1 and Proposition 2.1, it remains to show that FR3(K3) > 9. For
the red-blue coloring of K5 with red subgraph K4 4 and blue graph 2Ky, there is no red triangle and only two edge-disjoint
blue triangles. Since this red-blue coloring of K3 does not produce three pairwise edge-disjoint monochromatic triangles,
it follows that ER3(K3) > 9 and so ER3(K3) = 9. O

Theorem 2.2. FR4(K3) = 10.

Proof. The red-blue coloring of Ky with red subgraph Kj 4 and blue subgraph K5 + K, contains no red triangle and three
edge-disjoint blue triangles. Since this red-blue coloring of Ky does not produce four pairwise edge-disjoint monochromatic
triangles, it follows that FR4(K3) > 10.
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It remains to show that FR,(K3) < 10. First, we verify the following claim.

Claim: For every red-blue coloring of G = Ko containing two edge-disjoint monochromatic triangles 7' and 7"’
having a vertex in common, there are four pairwise edge-disjoint monochromatic triangles in G.

To verify the claim, consider a red-blue coloring of G with two edge-disjoint monochromatic triangles 7' = (vy, vo, v3,v1) and
T = (v1,v4,05,v1). Let H = G[V(G) — {v1,v2,v4}] = K7. Since ER(K3) = 7 by Proposition 2.1, there are two edge-disjoint
monochromatic triangles 77 and T3 in H edge-disjoint from T and 7’. Thus, T,7’,T1, T, are four pairwise edge-disjoint
monochromatic triangles in G and so the claim is true.

Next, we show that every red-blue coloring of G = K;g produces four pairwise edge-disjoint monochromatic triangles
in G. Let there be given a red-blue coloring of G. Since ER3(K3) = 9, it follows that G contains three pairwise edge-disjoint
monochromatic triangles T}, 75, T5. We show that G contains a fourth monochromatic triangle edge-disjoint from 7}, 75, T5.
By the claim, we may assume that 7}, T, T5 are pairwise vertex-disjoint. Hence, the subgraph F of G induced by E(7}) U
E(Tz) U E(T5) is 3K3. Let Th = (v1,v9,v3,v1), Ta = (v4, v5,06,v4), T3 = (v7, 08,09, v7), and let v be the vertex of G not in F.
Furthermore, let H = G — E(F) be the spanning subgraph of G whose edge set consists of all edges not belonging to any
of Ty, Tp, and T3. Then H = K 33 3 and degy v = 9. Let r be the number of red edges incident with v and b the number of
blue edges incident with v. Then r + b = 9. We may assume that b < randso b5 <r <9.

First, suppose that there is a red edge joining v to at least one vertex in each of 77, 75,75. We may assume without
loss of generality that vvy,vvy, vu; are red. If there is a red edge joining two vertices in {v1,v4,v7}, say vivy is red, then
(v,v1,v4,v) is a red triangle edge-disjoint from T3, T», T5; while if every two vertices in {v1, v4, v7} is joined by a blue edge,
then (v1,v4,v7,v1) is a blue triangle edge-disjoint from 77, 75,75. Thus, we may assume that v is joined to exactly two of
T1,T5, T3 by red edges. Hence, » = 5,6 and we may further assume that vv; is red for : = 1,2, 3,4,5 and vvg is either red or
blue.

Let H' = K 3 be the complete bipartite subgraph of H with partite sets {v1,v2,v3} and {v4,vs}. If H' contains a red
edge, say vy, is red, then (v, v1,v4,v) is a red triangle edge-disjoint from 73,75, 73. Thus, we may assume that H’ is a
blue K, 3. If T is blue, then (v1,v4,v2,v1) and (v1, vs, vs, v1) are two edge-disjoint blue triangles having the vertex v; in
common. It then follows by the claim that G contains four pairwise edge-disjoint monochromatic triangles. Thus, we may
assume that T} is red. If 75 is red, then (v1,v,v2,v1) and (vg, v, v5, v4) are two edge-disjoint red triangles having the vertex v
in common; while if 75 is blue, then (vy,v2,v3,v1) and (v1, v4, v5,v1) are two edge-disjoint monochromatic triangles having
the vertex v; in common. Again, by the claim, G contains four pairwise edge-disjoint monochromatic triangles. Therefore,
ER4(K3) <10 and so ER4(K3) = 10. O

We close this section with the following conjecture.

Conjecture 2.1. For every integer t > 4, ER(K3) < ER;11(K3) < ER:(K3) + 1.

3. Monochromatic paths of order 3

We now turn our attention to the other connected graph of order 3, namely the path P; of order 3. Of course,
Ri(P;) =VRy(Ps) = ERy(P3) = 3.

First, we determine V R;(Ps) for every positive integer ¢.

Theorem 3.1. For every positive integer t, V Ry(Ps) = 3t.

Proof. Since VR;(P;) > 3t by Observation 2.1, it remains to show that VR,(P;) < 3t. We proceed by induction on ¢.
Since VR (P3) = R(P3;) = 3, the result is true for ¢t = 1. Assume that VR, (P;) < 3k for a positive integer k. We show
that VRy.1(P;) < 3k + 3. Let there be given a red-blue coloring of K. 5. Then there is a monochromatic copy P of Ps.
Let H = K33 — V(P) = Ksi. Since VR (P;) = 3k, it follows that H contains & vertex-disjoint monochromatic copies
of P;. Hence, there are k + 1 vertex-disjoint monochromatic copies of P; in K3; and so V Ryy1(P3) < 3k + 3. Therefore,
VRyi1(P3) = 3k + 3. O

Next, we determine ER;(P;) for every positive integer ¢, beginning with ¢ = 2, 3.
Proposition 3.1. ERy(Ps;) =4 and ER3(Ps;) = 5.

Proof. First, we show that FRy(P;) = 4. Since K3 has size 3, it follows that FRy(P;) > 4. Let there be given a red-blue
coloring of K4 with V(K,) = {v1,v2,v3,v4}. At least two edges incident with v; are colored the same, say vivs and vyvs,
resulting in a monochromatic copy of Ps;. The same is true for v4. Thus, ER>(Py) < 4 and so ERy(P3) = 4.
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Next, we show that ER3(P3;) = 5. The red-blue coloring of K, with red subgraph 2K, and blue subgraph C; has only
two edge-disjoint monochromatic copies of P; and so ER3(P3) > 5. Let there be given a red-blue coloring of G = K5 with
V(K5) = {v1,v2,v3,v4,v5}. Let S = {v1,vs,v3,v4}. Then H = G[S] = K4. Since ER»(P;) = 4, it follows that H contains two
edge-disjoint monochromatic copies I} and F; of P;. At least two edges incident with v5 are colored the same, producing a
monochromatic copy of P3 edge-disjoint from F; and F5. Thus, ER3(P;) < 5 and so ER3(P;) = 5. O

We now determine ER,(Ps) for all positive integers ¢t. For every positive integer ¢, there exists a unique nonnegative
integer k such that k2 — k <t < k2 + k.

Theorem 3.2. For a positive integer t, let k be the unique integer with k*> — k <t < k% + k.
(1) Ifk* — k <t < k? then ER,(P3) =2k + 1.
(2) If k? <t < k? + k, then ER,(P3) = 2k + 2.

Proof. First, we verify (1). Since FR;(P3) = 3, we may assume that ¢t > 2 is an integer such that k? — k +1 <t < k? for a
unique integer k£ > 2. We show that ER;(P3) = 2k + 1. By Observation 2.2, if k¥ — k + 1 <t < k2, then

ERp2 y1(P3) < ER(P3) < ERy2(P3).

Hence, it suffices to show that ERy2 ;. 1(P3) > 2k + 1 and ERy2(P;) < 2k + 1.

First, we show that ER2_;1(P;) > 2k + 1. Let ¢ be the red-blue coloring of K5, with red subgraph kK, and blue
subgraph Ky, — kK. The red subgraph contains no P;. Since the size of Ky, — kK5 is (22’“) — k = 2(k? — k), the blue
subgraph contains at most k2 — k pairwise edge-disjoint copies of P;. Since the coloring c of K5, does not produce k2 —k +1
pairwise edge-disjoint monochromatic copies of Ps, it follows that ERy2 ;. 1(Ps) > 2k + 1.

To show that FR;2(P;) < 2k + 1, we proceed by induction on k£ > 1. The statement is true for k¥ = 1,2,3. Assume that
ERy2(P3) < 2k + 1 where k > 3. We show that ER ;1 1)2(P3) < 2k 4 3. Let there be given a red-blue coloring of G = K3,
where G, and G}, are the red and blue subgraphs of G, respectively. Since G, has odd order, GG, contains a vertex u of even
degree, say deg; u = 2a + 2 for a nonnegative integer a. Let uv be a red edge of G and let H = G — {u,v} = Ko y1. By
the induction hypothesis, H contains k? pairwise edge-disjoint monochromatic copies Fy, F», ..., Fj2 of P;. The vertex u is
incident with 2a + 1 red edges that join u to vertices in H and (2k — 2a) blue edges that join u to vertices in H. Together
with the red edge uv, there are a + 1 pairwise edge-disjoint red copies of P; centered at u and k — a pairwise edge-disjoint
blue copies of P; centered at u. Hence, there are (a + 1) + (k — a) = k + 1 pairwise edge-disjoint monochromatic copies
of P; centered at u. Regardless of the colors of these 2k + 1 edges incident with v, there are k pairwise edge-disjoint
monochromatic copies of P; centered at v. Hence, G contains 2k + 1 pairwise edge-disjoint monochromatic copies of P;
centered at either u or v that are edge-disjoint from Fy, F», ..., Fy2. Thus, G contains k? + 2k + 1 = (k + 1)? pairwise
edge-disjoint monochromatic copies of P; and so ER(;1)2(Ps) < 2k + 3. Therefore, ER,(P3) = 2k + 1 for k* — k <t < k%

Next, we verify (2). Let t > 2 be an integer and let k be the unique integer such that k2 + 1 < ¢t < k? + k. We show that
ER;(P;) = 2k + 2. By Observation 2.2, if k? + 1 <t < k% + k, then ERy2,1(P3) < ER;(P3) < ERy2,,(P3). Hence, it suffices
to show that ERy2,1(Ps) > 2k + 2 and ERy2 . (P3) < 2k + 2.

First, we show that ERy2,1(P3) > 2k + 2. Let ¢ be the red-blue coloring of K5, with red subgraph kK, and blue
subgraph Kop1 — kK5. The red subgraph contains no P;. Since the size of Ko 1 — kK> is (2]“2“) — k = 2k2, the blue
subgraph contains at most k% pairwise edge-disjoint copies of P;. Since the coloring c of Ko, does not produce k2 + 1
pairwise edge-disjoint monochromatic copies of Ps, it follows that ERy2,1(P3) > 2k + 2.

To show that ERy>(P3) < 2k + 2, we proceed by induction on k¥ > 1. The statement is true for k¥ = 1,2,3. Assume
that ERy2;(Ps) < 2k + 2 where k£ > 3. We show that ER ;4124 (x+1)(P3) < 2k 4 4. Let there be given a red-blue coloring
of G = Ksj14, where G, and G}, are the red and blue subgraphs of G, respectively. Let = be a vertex of G. Regardless of
the colors of these 2k + 3 edges incident with x, there are k + 1 pairwise edge-disjoint monochromatic copies of P; centered
at zin G. Let G’ = G — © = Ky,43 where G, and G} are the red and blue subgraphs of G’, respectively. Since G’ has
odd order, there is a vertex y in G’ such that the degree deggr y of y in G, is even, say degg y = 2a for some nonnegative
integer a. Let H = G—{z,y} = Ka,12. By the induction hypothesis, H contains k?+k pairwise edge-disjoint monochromatic
copies Iy, Fy, ..., Fy2y of P;s. The vertex y is incident with 2a red edges that join y to vertices in H and incident with
(2k + 2 — 2a) = 2(k + 1 — a) blue edges that join y to vertices in H. Thus, G’ contains « pairwise edge-disjoint red copies
of P; centered at y and k + 1 — a pairwise edge-disjoint blue copies of P; centered at y. Hence, there are k + 1 pairwise
edge-disjoint monochromatic copies of P; centered at y in G’ = G — z. Thus, G contains 2k + 2 pairwise edge-disjoint
monochromatic copies of P; centered at either x or y that are edge-disjoint from Fy, Fs, ..., Fy2,;. Thus, G contains
k?+k+2k+2 = (k+1)2+ (k+1) pairwise edge-disjoint monochromatic copies of P; and so ERy21(P;) < 2k +2. Therefore,
ER,(P3) =2k +2for k> <t < k? + k. O
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Corollary 3.1. For a positive integer t, ER,(P3) = [2V/t + 1].

Proof. Let ¢ be a positive integer. Then there is a unique integer k such that k> — k + 1 < ¢t < k? + k. We consider two
cases, according to whether k2 —k+1 <t <k’ ork?+1<t<k>+k.

Case 1. k* — k+1 <t < k* By Theorem 3.2, ER,(P3) = 2k + 1. Since k* —k +1 > (k — l)2, it follows that

2
1
\/k27k+1>k‘f§.

Thus, 2vVk?> —k+1+1>2(k—3) +1 =2k and so [2Vk?> —k+ 1+ 1] > 2k + 1. Since 2vk? + 1 = 2k + 1, it follows that
[Nl?u 1} — 9k + 1. For each integer ¢ with k — k + 1 < t < k2,

% +1< {2\/k2—k+1+1] < {2\/£+1] < [2\/1@7“] — %+ 1.

Therefore, [2v/t + 1] = 2k + 1 = Ry(P).

Case 2. k? +1 < t < k? + k. By Theorem 3.2, ER,(P3) = 2k + 2. Since k* + k < (k + %)2, it follows that V&2 + k < k + 1.
Thus, 2Vk?2 +k+1<2(k+ 1) +1=2k+2andso [2Vk?> + k+ 1] < 2k + 2. Since Vk? + 1 > £k, it follows that

2vVEk24+141>2k+1

and so [2vk? + 1+ 1] > 2k + 2. For each integer t with k* + 1 <t < k? +k,
% +2< [2\/k2+1+1] < [2\/£+1] < [2\/k2+1<:+1] < 9%k 2.

Therefore, [2v/t + 1] = 2k + 2 = ERy(P). O
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