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Abstract

Let G be a simple connected graph with order at least 3, vertex set V(G), and edge set E(G). For a vertex v € V(G),
denote by dg(v) the degree of v. The augmented Zagreb index of the graph G is denoted by AZ(G) and is defined as
AZ(G) =X, c (e (de(w)da(v)/ (da (u) + da(v) — 2))3. In this paper, the minimum augmented Zagreb index of chemical
trees of order n is determined. The extremal chemical trees of order n with the minimum augmented Zagreb index are also
characterized.
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1. Introduction

All graphs considered in this paper are simple connected of order at least 3. Let G be a such graph with vertex set V(G)
and edge set F(G). For v € V(G), let dg(v) denote the degree of v and let N (v) denote the set of neighbours of v. A path
P =vjvy... v satisfying dg(v1) > 3, dg(v;) =2 when 2 < i <t—1, and dg(v;) > 3, is called an internal path of length ¢ — 1.
A vertex of degree greater than 2 is called a branching vertex.

The augmented Zagreb (AZ) index of GG, denoted by AZ(G), is defined [3] as

AZ(@G)= Y fldg(u),dg(v)),

weE(Q)

where f(z,y) = (m fy{Q)g. This index was shown to have the best predicting ability for a variety of physicochemical
properties among several tested vertex-degree-based topological indices (see [4, 5]). Hence, this topological index has
attracted more and more attention in recent years. Consequently, various significant mathematical properties of the AZ
index were obtained. Most of the known results on this index can be found in [1, 2,6-8, 10].

In [3], Furtula et al. proved that the star is the unique tree having the minimum augmented Zagreb index among
n-vertex trees. Lin et al. [8] and Xiao et al. [10] completely characterized the trees with the maximum augmented Zagreb
index by proving that the n-vertex balanced double star uniquely maximizes AZ index for n > 19.

A tree T is a chemical tree if dy (v) < 4 for every v € V(T). Let T}, be the set of all chemical trees of order n. A chemical
tree T € T, is said to be an AZ-maximal/AZ-minimal chemical tree if T has the maximum/minimum AZ index among all
chemical trees of n. In [9], the authors determined the maximum AZ index for chemical trees of order n, and the extremal
chemical trees with the maximum AZ index were characterized. In the present paper, the minimum AZ index of chemical
trees of order n is determined. The AZ-minimal chemical trees of order n are also characterized. Theorems 3.1 and 3.2 are
the main results of this paper.

Note that S,, is a chemical tree for every n < 5. Thus, by a result reported in [3], the AZ-minimal chemical tree of order
n is the star S,, for n < 5. Consequently, we assume n > 6 in the rest of this paper.

2. Lemmas

For a tree T € T,,, a vertex v with dp(v) = i is called an i-degree vertex, and an edge e = uv with dy(u) = i and dp(v) = j is
called an (4, j)-edge. The notations n;(1") and m;;(T") denote the number of i-degree vertices and the number of (i, j)-edges
of T, respectively.
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3
Lemma 2.1 (see [6]). Let f(z,y) = <zf;J_2> withl <z <4and1<y<4. Then

(1) f(1,y) is strictly decreasing on y > 2;
) f(2,y) =8
3) f(3,y) and f(4,y) are strictly increasing on y.

Lemma 2.2 (see [7]). Let g(x) = (;—fl) - (;‘Tg) with 1 <z < 4. Then g(x) is strictly decreasing on .
Lemma 2.3. Let T € T, be an AZ-minimal chemical tree. Then ns(T) + ny(T) > 1.

Proof. Consider the tree T} € T), depicted in Figure 2.1. Then
27
AZ(Ty) = 2f(1,3) +8(n — 3) = T +8(n —3) <8(n — 1) = AZ(P,),
which implies that the path P, is not an AZ-minimal chemical tree. Thus, ns(T) + n4(T) > 1. O
I v1
V2 U3 Vg " Un
Figure 2.1: The chemical tree T; of order n, considered in the proof of Lemma 2.3.
From the definition of the AZ index, the next lemma follows.

Lemma 2.4. Let T c T, be tree as depicted in Figure 2.2, where dp(u) = dp(v) > 2. Let T' = T — uuy — vvy 4 uvy + vuy.
Then AZ(T) = AZ(T").

T T’
Figure 2.2: The chemical trees T and T considered in Lemma 2.4.

Lemma 2.5. If T ¢ fn is an AZ-minimal chemical tree with n > 7, then m13(T) = 0.

Proof. Suppose to the contrary that m3(7T) # 0. By Lemma 2.3, ng(T) + n4(T") > 1. Then, T is of the form as depicted in
Figure 2.3, where t > 2 and dr(v) > 3.

V2

v V1

T T T3
Figure 2.3: The chemical trees 7', T}, and 75, considered in the proof of Lemma 2.5.

Ift >3, thenlet 7" = Ty = T — v;_1v; + ve_ov; (see Figure 2.3). So, T’ € T,. By Lemma 2.1, f(3,dr(v)) < f(3,4) = 128,
Thus,

2f(1,3) + f(3, f(3,dr(v)) —24 < 2L + 1188 94 — _1H3  jfy — 3

2f(1,3) — 16 = —31 ift > 4.

AZ(T") — AZ(T) = {
Hence, we have AZ(T") < AZ(T), a contradiction. Therefore, ¢ = 2. Since n > 7, there is a vertex © € Np(v) with « # v,
such that dr(x) > 2. Without loss of generality, we assume that dr(u) > 2. Let 7/ = Ty = T — vu — v1v9 + vvy + vau
(see Figure 2.3). Then, 7" € T, and by Lemma 2.1, AZ(T") — AZ(T) = f(1,dr(v)) — f(dr(u),dr(v)) < 0, which gives

AZ(T") < AZ(T), a contradiction. O
Lemma 2.6. Let T € T, be an AZ-minimal chemical tree. Then mao(T) < 2.

Proof. Suppose to the contrary that mqs(T) > 3. Then by Lemma 2.5, m;2(T) = 0, which implies that every (2, 2)-edge
is on an internal path of 7. By Lemma 2.4, we may assume that there is at most one internal path of T" of length greater
than 2. So, there is an internal path of T of length ¢ > 5; that is, T is of the form as depicted in Figure 2.4, where ¢ > 5,
dr(v) > 3, and dr(v;) > 3. Let T" = T — v3v4 + vavy (see Figure 2.4). Then T” € Tn and

AZ(T") ~ AZ(T) =f(1,3) 8 = 3 ~§ =~ <0,

which yields AZ(T') < AZ(T), a contradiction. O
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T T
Figure 2.4: The chemical trees 7" and 7" considered in the proof of Lemma 2.6.

Lemma 2.7. Let T € T,L be an AZ-minimal chemical tree. If moo(T) # 0, then no two branching vertices are adjacent; that
i.S‘, m33(T) = W’L34(T) = m44(T) = 0.

i E ( V1 V2 1)3( ) Ul UQQ i E v V1 ’U3{ } Ui V2 UQO
T T’

Figure 2.5: The chemical trees T" and 7" considered in the proof of Lemma 2.7.

Proof. Suppose to the contrary that mq2(T") # 0, and uy,us € V(T') are two adjacent branching vertices. Then T is of the
form as depicted in Figure 2.5, where dr(u1) > 3, and dr(ug) > 3. Take T = T — vjv3 — v303 — Uyt + V103 + U1V + Vaug @S
depicted in Figure 2.5. Then T’ € T,,. By Lemma 2.1, f(dz(u1), dr(uz)) > £(3,3) = 729 Hence,

AZ(T') — AZ(T) =8 — f(dr(u1), dp(us)) < 8 — % B *% <

that is, AZ(T') < AZ(T), a contradiction. O
Lemma 2.8. Let T € Tn be an AZ-minimal chemical tree. If mas(T) # 0, then ns(T) = 0.

Proof. Suppose to the contrary that mss(T) # 0 and n3(T) # 0. Then T is of the form as depicted in Figure 2.6. By Lemma
2.7, no two branching vertices are adjacent. Then, dr(u;) = 2 and dr(u;) < 2 for i = 2, 3.

T
Figure 2.6: The chemical trees T and T" considered in the proof of Lemma 2.8.

Let 7" = T — v1v2 — vav3 + v1v3 + uvy (see Figure 2.6). By Lemma 2.2, f(4,dr(u;)) — f(3,dr(u;)) < f(4,2) — f(3,2) = 0 for
i = 2,3. Thus,

3

AZ(T') = AZ(T) =f(1,4) + Y (f(4,dr(w;) — f(3,dr(u;) —8 < — — 8 =

=2

that is, AZ(T") < AZ(T), a contradiction. O
Lemma 2.9. Let T € T, be an AZ-minimal chemical tree, where n > 7. Then ma4(T) # 0.

Proof. Suppose to the contrary that m4(7T") = 0. Then by Lemma 2.5, m12(T) = 0, and so m13(T) # 0 and n3(T) # 0. By
Lemma 2.8, mo3(T) = 0. Noting that n > 7, we have ng(7T") > 2. Then T is of the form as depicted in Figure 2.7, where
dr(u) > 2 and dr(v) > 2. Without loss of generality, assume that dp(u) > dp(v).

us3 U3

Figure 2.7: The chemical trees T and 7" considered in the proof of Lemma 2.9.

If dr(u) > 3, thenlet 7" = T — ujus — uyug — vvy + vug + ugvy + viug, as depicted in Figure 2.7. So 7" € fn. By Lemma
2.1, f(1,dr(u) < f(1,2) =8, f(3,dr(u) > f(3,3) = 22, and f(3,dr(v)) > f(3,2) = 8. Therefore,

27 729 1025

2 64 576 <0
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Consequently, we have AZ(T") < AZ(T), a contradiction.
If dr(u) = dr(v) = 2, then let Np(u) = {u1,uo} and take 7" = T — uu; — uyus — vvy + vug + ugv1 + viug (see Figure 2.8).
So, T" € T,,. Note that mao(T) = 0. Then, dr(uo) > 3 and f(1,dr(uo)) < f(1,3) = 27 Therefore,

AZ(T") = AZ(T) =3f(1,4) + f(1,dr(up)) — 4£(1,3) < % * % - % - *% =0

which gives AZ(T") < AZ(T), a contradiction. O

Figure 2.8: The chemical trees T and 7" considered in the proof of Lemma 2.9.

Lemma 2.10. Let T € Tn be an AZ-minimal chemical tree, where n > 8. Then myy(T) = 0.

Proof. Suppose to the contrary that my,(T) # 0. By Lemma 2.9, m14(7T) # 0. Then by Lemma 2.4, we may assume
that T is of the form as depicted in Figure 2.9. Let 7" = T — vu + v1u (see Figure 2.9). Then T" € T.,. By Lemma 2.2,
fBydr(vy)) — f(4,dr(v;)) < f(3,1) — f(4,1) = % for i = 2, 3. Thus,

3
AB(T') = AZ(T) =16+ 3 (3. dr(w) — f(Ldr(v)) - F4,0) — £(1,4) 16+ 100 - 22— 2 = -0 <o,

1=2

that is, AZ(T") < AZ(T), a contradiction. O

Figure 2.9: The chemical trees 7" and 7" considered in the proof of Lemma 2.10.

Lemma 2.11. Let T € T, be an AZ-minimal chemical tree with n > 8. Then msa(T) = 0.

Proof. Suppose to the contrary that ms4 (7)) # 0. By Lemma 2.9, m14(T") # 0. Then by Lemma 2.4, we may assume that T’
is of the form as depicted in Figure 2.10. Without loss of generality, assume that dr(ve) > dr(vs) and dr(vs) > dp(ve).

Figure 2.10: The chemical trees T, T}, 15, and T3, considered in the proof of Lemma 2.11.

Case 1. dr(vs) > 2 and dp(vg) > 2.
Take T" = Ty = T — v4v5 + vy v5 (see Figure 2.10). Then T’ € T),. By Lemma 2.1, f(3,dr(v;)) > f(3,2) = 8 for i = 5,6. Thus,

AZ(T) = AZ(T) =32 = (3, dr(vs)) — (3, dr(0s)) = [(3,4) — f(1,4) <32 16— 12 — T2 = — 220 <o,

that is, AZ(T’) < AZ(T), a contradiction.
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Case 2. dr(vs) > 2 and dr(vg) = 1.
Let T" =T, = T — vqvs + vgvs (see Figure 2.10). Then T’ € T, By Lemma 2.1, f(3,dr(vs)) > f(3,2) = 8. Hence,

27 1728 1199
/
_ — _ _ _ < [ N « SO
AZ(T") = AZ(T) = 24— (1,3) = J(3,4) — f(3,dr(vs) £ 24— = — 22 =8 = —222 <0,

which yields AZ(T") < AZ(T), a contradiction.
Case 3. dT(U5) = dT(’UG) =1.
Since n > 8, we have dr(vy) > 2. Let T" = T3 = T — vov — v4u5 — v406 + 0205 + V50 + vgv (see Figure 2.10). Then 77 € T,
By Lemma 2.1, f(4,dr(v2)) > f(4,2) = 8. Therefore,

, B 64 1728 27 29749
AZ(T') = AZ(T) =24+ F(1,4) = £(3,4) = 2£(1,3) = f(4,dr(v)) S 2+ o — o0 = =8 =~ T2 <0,

that is, AZ(T") < AZ(T), a contradiction. O

Lemma 2.12. Let T € Tn be an AZ-minimal chemical tree with n > 8. Then ms3(T) = 0.

Proof. Suppose to the contrary that mss(7") # 0. By Lemma 2.11, ms4(7T) = 0. Then by Lemma 2.4, we may assume that
T is of the form as depicted in Figure 2.11, where dr(u;) < 2 and dr(v;) < 3 for i = 1,2. Without loss of generality, assume
that dr(uz) > dr(uy), dr(ve) > dr(v1), and dr(ve) > dr(us). Let TV = T — vvy 4+ uvy as (see Figure 2.11). Then 7" € Tn and

2
AZ(T') = AZ(T) =16 + ) (f(4,dr(u;)) = f(3,dr(wi))) + f(4,dr(v1) = f(3,3) = fB3.dr(v1)) = f(3,dr(v2)).
i=1

If dp(u2) = 1, then dp(u1) = 1. Since n > 8, we have dr(v2) > 2. By Lemmas 2.1 and 2.2, f(3,dr(v2)) > f(3,2) = 8 and
f(d,dr(v1)) — f(3,dr(v1)) < f(4,3) — £(3,3) = 25T, Thus,

4 2 19467 72 2
AZ(T’)—AZ(T)<16+2<6 7) 9467 729 320383

27 %) 8000 64 108000 -

that is, AZ(T") < AZ(T), a contradiction. Hence, dr(u2) = 2, dr(u1) < 2, and dr(vy) > 2. By Lemmas 2.1 and 2.2,
F(3,dr(v2))> f(3,2)=8, f(4,dr(v1)) = f(3,dr(v1)) < f(4,3)~f(3,3) =G0 » and f(4, dr(u;))— f(3,dr(ui)) < f(4,2)— f(3,2) =0
for i = 1,2. Consequently, we have

19467 729 3829
/!
— < R — -
AZ(T') = AZ(T) <16+ oo — - =8 = =05 <0,

a contradiction. O

U1 U U1
v2 v u o U2 vz v u|  u2
U1
T T

Figure 2.11: The chemical trees 7" and 7’ considered in the proof of Lemma 2.12.

Lemma 2.13. Let T € T, be an AZ-minimal chemical tree with n > 13. Then my3(T) = 0.

Proof. Suppose to the contrary that m3(7T) # 0. From Lemmas 2.8, 2.9, 2.10, 2.11, and 2.12, it follows that m4(T") # 0 and
ma2(T) = maa(T) = ms4(T) = ms3(T) = 0. Then, for every 3-degree or 4-degree vertex v € V(T), dr(x) < 2 for x € Nr(v),
and there is at least one 2-degree vertex in Nr(v).

Case 1. n3(T) > 2 and there is a 3-degree vertex u € V(T such that Nr(u) contains at last two 2-degree vertices.

In this case, T is of the form as depicted in Figure 2.12, where dr(vg) = dr(ug) = 3, dr(v2) < 2, and dr(ug) < 2. Take T =
T, = T — uusy + vuy, as depicted in Figure 2.12. So, T" € T,,. By Lemma 2.2, f(4, dr(v2)) — £(3,dr(v2)) < f(4,2) — £(3,2) =0
and f(4,dr(uz)) — (3. dr(uz)) < £(4,2) — £(3,2) = 0. Thus,

that is, AZ(T') < AZ(T), a contradiction.
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Figure 2.12: The chemical trees T and T considered in the proof of Lemma 2.13.

Case 2. n3(T') > 2 and for every 3-degree vertex v € V(T), Nr(v) contains a unique 2-degree vertex.

In this case, T is of the form as depicted in Figure 2.13, where dr(up) > 3, dr(vo) > 3, dr(usz) < 2, and dr(ve) < 2. Note
that n > 13. So, ug # v. Take T = To = T — uuy — uug — v1v + viug + uv + vus, as depicted in Figure 2.13. Then T” € Tn.
By Lemma 2.1, f(1,dr(ug)) < f(1,3) = 2. Thus,

AZ(T) = AZ(T) =3f(1,4) + (1, dr(u) ~4/(1,3) < & + 7 — 2 = =21 <0,

that is, AZ(T") < AZ(T), a contradiction.

Figure 2.13: The chemical trees T and 75 considered in the proof of Lemma 2.13.

Case 3. n3(T) = 1.

Note that n > 13. Then n4(T) # 0. If for every 4-degree vertex w € V(T), Np(w) contains three 1-degree vertices, then
we have ny(T) < 2 and n = 4ny(T) + 4 < 12 (since n3(T") = 1 and m3(T) # 0), which is a contradiction. Thus, there is a
4-degree vertex u € V(T') such that Np(u) contains at lest two 2-degree vertices. That is, T is of the form as depicted in
Figure 2.14. Let T/ = T3 = T — usuy + v3uy (see Figure 2.14). Then, T’ € T, and

AZ(T') = AZ(T) =f(1,4) - f(1,3) = % - % - _% .

that is, AZ(T") < AZ(T), a contradiction. O

Figure 2.14: The chemical trees T and T3 considered in the proof of Lemma 2.13.

Lemma 2.14. LetT ¢ Tn be an AZ-minimal chemical tree with n > 13. Then n3(T) < 2.

Proof. Suppose to the contrary that n3(T) > 3. Let u,v € V(T') be two 3-degree vertices. By Lemmas 2.11, 2.12, and 2.13,
all vertices in Nr(u) and Nr(v) are 2-degree vertices. Then, T is of the form as depicted in Figure 2.15, where dr(u;) = 2
and dp(v;) = 2 fori = 1,2,3. Take T' = T — vvs + uvs (see Figure 2.15). Then, T’ € T, and AZ(T') = AZ(T). Note that
n3(T") = ng(T) — 2 > 1, and both vv;, v, are (2,2)-edges of 77. By Lemma 2.8, it is a contradiction. O

Figure 2.15: The chemical trees T and 7’ considered in the proof of Lemma 2.14.
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3. AZ-minimal chemical trees of order n > 6
For any chemical tree T € T,, the following equations hold:

n1(T) + na2(T) + ng(T) + na(T) =

n1(T) + 2no(T) + 3ns(T) + 4na(T) =
mio(T) + maz(T) + maa(T) = n1(T),
T) + 2ma2a(T) + mas(T) + may
T) 4+ ma3(T) + 2ms3(T) + msa(T)
mia(T) + mas(T) +m3a(T) + 2mas(T) =

mi2

mi3

(
(
(
(

Note that

n—1=[E(T)| =m12(T) + ma3(T) + maa(T) + mao(T) + mas(T) + ma2a(T) + ma3(T) + m34(T) + maa(T),

and for y = 1,2, 3, 4,

f(27y) :Saf(lv?’) = S
Thus,

> G, §)mi(T)

1<i<j<4

=8 (m12(T) + ma2(T) + mas(T) + m24(T)) + —

=80 1)+ (5 —8) mua() + (57 - 8) mar) +

37 152 217
=8(n—1) — §m13(T) - Wmm(T) + 7y

7 64
77f(]-74) - 277

) mas(T) + ( - 8) maa(T) + (

ma3(T) + —

o)
(2)
3
4)
(5)
(6)

(7

Theorem 3.1. Let 6 < n < 12. Then T € T, is an AZ-minimal chemical tree if and only if T is of the form as depicted in

Figure 3.1 in terms of n.

EE P B
-+

Figure 3.1: The AZ-minimal chemical trees of order 6 < n < 12.

R IS I

T6,1

Figure 3.2: The chemical trees T 1, T2 and T; 3 of order 6.

Proof. Let T ¢ fn be an AZ-minimal chemical tree, where 6 < n < 12. By Lemma 2.3, n3(T) + n4(T) > 1.

If n = 6, then T is one of the three trees T 1, 152, 15,3, depicted in Figure 3.2. By elementary calculations, one has

AZ(T671) > AZ(TG,Q) > AZ(T&?,). Thus, T = T6,3.
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T74
Figure 3.3: The chemical tree 77 ; of order 7.

If n = 7, then by Lemmas 2.5 and 2.9, m13(T") = 0 and m4(T) # 0. Hence, T' = T ; (see Figure 3.3).

Finally, assume that 8 < n < 12. By Lemmas 2.5, 2.6, 2.8, 2.9, 2.10, 2.11 and 2.12, m12(T) = mg3(T) = ms4(T) =
m44(T) = 0, m14(T) 7é 0, mQQ(T) § 2, and 1fn3(T) 7& 0 then mQQ(T) =0. Thus, T = Tg_]l ifn = 8, T= Tg’l ifn = 9, T = T1071
ifn=10,T € {Th11,Th1,2, T3} if n =11, and T € {T12,1,T122} if n = 12, (see Figure 3.4). By simple calculations, one has

AZ(Tll_’l) < AZ(Tll_’Q) < AZ(Tll_’g) and AZ(Tlg_’l) < AZ(T12_’2). Therefore, T = T1171 ifn= 11, and T = T1271 if n =12.

T T T

T3

RSN

Ti2.1 T2
Figure 3.4: The chemical trees of orders 8-12 used in the proof of Theorem 3.1.

Theorem 3.2. Letn >13and T € fn.

(1). Ifn =0 (mod 4), then
A(35n — 92)
27 '
The equation holds if and only if n3(T) =1, na(T)="32, m12(T) = m13(T) = maa(T) = ms3(T) = mza(T) = maa(T)
and mq4(T) = 2.

AZ(T) >

(2). If n=1 (mod 4), then
4(35n — 111)
27 )
The equation holds if and only if n3(T) =0, na(T) =", m12(T) = m13(T) = maa(T) = ms3(T) = mas(T) = maa(T)
and myy(T) = 22,

AZ(T) >

3). Ifn =2 (mod 4), then
4(35n — 92)
27 '
The equation holds if and only if n3(T) = 0, na(T) = 232, m12(T) = mi3(T) = mas(T) = msa(T) = maa(T)
maoa(T) = 1, and my4(T) = 242,

AZ(T) >

(4). Ifn =3 (mod 4), then
A(35n — 73)

27 '
The equation holds if and only if T = Ty when n € {15,19}, while T € {T1,T>} when n > 23, where n3(T1)
ng(Th) = 232, mia(Th) = mas(Th) = mas(T1) = msa(Th) = maa(Ty) = 0, maa(Th) = 2, mia(T1) = 254, n3(Th)
ny(Ta) = 255, mia(Ta) = mas(Ta) = maa(To) = mas(Ta) = msa(T2) = mas(To) =0, and my (1) = “$L

AZ(T) >

O

0,

0,

0,

0,
2

>
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For every considered case, an AZ-minimal chemical tree T € fn is shown in Figure 3.5.

T € T, (where n. > 13 and n = 0 (mod 4)) T € T, (where n. > 13 and n = 1 (mod 4))

T € T, (where n > 13 and n = 2 (mod 4))

T, € fn (where n > 13 and n = 3 (mod 4))

®
—O

[ ]

®

®
—O

®
—O

®

®
—O

[ ]

I !

*——o—o

T € Tn (where n > 23 and n = 3 (mod 4))
Figure 3.5: The AZ-minimal chemical trees of orders n > 13.

Proof. Let T € T, be an AZ-minimal chemical tree, where n > 13. By Lemmas 2.5, 2.6, and 2.8-2.14, we have that
mlg(T) = mlg(T) = m33(T) = m34(T) = m44(T) =0, m14(T) 7é 0, mQQ(T) <2, ng(T) <2, and if ’I’L3(T) 75 0 then mQQ(T) =0.

Case 1. n3(T) = 0.
By (1), (2) and (3), one has n1(T) = 2n4(T) + 2 = m14(T) and na(T) = n — 2 — 3ny(T). Then, from (4) and (5) it follows that
Ang(T) = m1a(T) — 2maa(T) + 2n2(T) = 2n4(T') + 2 — 2mo2(T) + 2n — 4 — 6ny(T),
that is, 4n4(T) = n — 1 — maa(T).
If moo(T) = 0, then ny(T') = 2. Thus, n = 1 (mod 4) and m4(T) = 2n4(T) + 2 = 2. Now, by using (7), one has

152 3 4(35n — 111
AZ(T):8(n—1)—2—7-n_2|_ _ A ”27 ) 8)

If moo(T) = 1, then ny(T') = 2:2. So, n = 2 (mod 4) and m4(T) = “£2. From (7), it follows that

152 2 4(35n — 92
AZ(T)zs(n_U_W-”;F _ A 27 ). )

If moo(T) = 2, then ny(T') = 22. Hence, n = 3 (mod 4) and my4(T) = “t*. By utilizing (7), one has

152 1 4(35n — 73
AZ(T):S(n—l)—W-n—; _ A 7;7 ). (10)
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Case 2. n3(T) # 0.
In this case, mo2(T) = 0 and n3(T) < 2. By using (1), (2), and (3), one has n1(T) = m14(T) = n3(T) + 2n4(T) + 2 and
ng(T) = n—2—2n3(T) —3n4(T). From (4), (5), and (6), it follows that 3n3(T) +4n4(T) —2n2(T) = m14(T) = n3(T)+2n4(T)+2.
Then 3n3(T) + 4ny(T) — 2(n — 2 — 2n3(T) — 3n4(T)) = m14(T) = n3(T) + 2n4(T) + 2; that is, 4n4(T) = n — 1 — 3nz(T).

If ng(T) = 1, then ny(T) = 2. Thus, n = 0 (mod 4) and m4(T) = n3(T) + 2n4(T) + 2 = 22, By using (7), one has

152 n+2  4(35n—92)

AZ(T)=8(n—1) — o - — >

If ng(T) = 2, then ny(T') = 2. Hence, n = 3 (mod 4) and m14(T) = ns(T) + 2n4(T) + 2 = 2L, From (7), it follows that
152 ntl 43n-T3)
21 2 21

In this case, note that mi5(T) = ms3(T) = ms4(T) = 0. Thus, by using (5), one has my3(7T) = 3n3(T) = 6. Hence,
na(T) > mez(T) — 1 = 5. Also, observe that

AZ(T) = 8(n — 1)

3n—21 _n-— 3
4 47
which implies that n > 23. O

no(T)=n—2-—2n3(T) —3ng(T) =n—6—
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