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Abstract

Based on the parallelogram law and orthogonality, we define a new geometric constant and obtain some of its geometric
properties. This constant provides a useful tool for estimating the exact values of Jordan-von Neumann constants in Banach
spaces and for studying the orthogonality. In addition, we consider Pythagorean orthogonality and introduce another new
constant to investigate a connection between Pythagorean orthogonality and isosceles orthogonality.
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1. Introduction

The notion of orthogonality has a long history. Various extensions of orthogonality have been introduced over the last
decade. In addition to some common orthogonalities [3], some more special orthogonalities include fuzzy orthogonality [16],
Carlsson type orthogonality [14], and py-orthogonality [19]. In particular, proposing the notion of orthogonality in normed
linear spaces has been the object of extensive research by many mathematicians. Based on the concept of orthogonality,
many geometric constants have been introduced, including James constant J(X) (see [6]) and Wu constant D(X) [11].
These constants provide a new geometric perspective for characterizing Banach spaces.

We recall two orthogonality types introduced in normed linear spaces. In 1945, James [8] introduced the so-called
isosceles orthogonality as follows: = L; y if and only if ||z + y|| = || — y||. Taking into account the classical Pythagorean
theorem, one can define the orthogonal relation in a normed space (X, ||-||) as: # Lp y if and only if ||z — y||* = ||z|* + ||y||.
Some other known orthogonalities in normed linear spaces can be found in [3,4,9,10,17] and references cited therein.

In this paper, two new geometric constants in a normed linear space are introduced. Some properties of these geometric
constants are discussed.

2. Preliminaries

Let X be a normed linear space. Let Sx = {z € X : ||| = 1} and Bx = {z € X : ||z|| < 1} be the unit sphere and unit ball
of X, respectively. For convenience, we write © / p y to indicate that x and y do not satisfy the relation x 1 p y. Recall that
a Banach space X is said to be nonsquare [7] if for any z,y € Sx, one has

min{‘w x;yH}<1

2
The von Neumann-Jordan constant Cyn;(X) was defined in 1937 by Clarkson [5] as

i

lz + yll* + [l — yl”
2 ([l + [lyl1*)

Cng(X) = sup{ :z,y € X, not both zero} .
We recall some properties about the von Neumann-Jordan constant (see [12, 13]):

(1. 1 < Cny(X) <2; X is a Hilbert space if and only if Cyy(X) = 1.

(2). X is uniformly nonsquare if and only if Cy;(X) < 2.

(3). Cny(X) = Cng (X7).
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3. Main results

The constant P(X)

We introduce a new constant based on the parallelogram law and von Neumann-Jordan constant. In the rest of this paper,
we consider only Banach spaces of dimension at least 2. We begin by introducing the following key definition:

Definition 3.1. For a Banach space X, define P(X) as follow:

]2 + [ly ]2 = [l + yll?
rx,y € X, .
=+ [yl — [z —yl? Y try

P(X) =sup {
The following proposition establishes an alternative form of P(X):

Proposition 3.1. If X is a Banach space, then

2l* + llyll* — [l= + y|I? ,
P(X) = sup ta,y € Xomaxt|lz]], [lyl} = 1, mindlz]], lyll} <12 Lpy .
]1? + lyl1* = [l =yl

Proof. If 0 # ||z|| > ||ly||, then

€ Yy
lz £yl =zl |7 £ 7
lzll ~ |||
and hence , ,
Yy I | Yy
Jel? + ? e+ o2 2+ [l o+
lzl|2 + |lylI? = |z — y|I? ‘ y ’2 s ‘2’
L+ | Tall — Tl

which shows that the supremum in the definition of P(X) can be taken over x,y € X such that ||z|| = 1 and |y|| < 1. For
[lz]] < |ly|l # 0, the proof is similar to the one concerning the case 0 # ||z| > ||y]|. O

Proposition 3.2. If X is a Banach space, then P(X) > —1.

Proof. For a Banach space X, let z € X, ||z = 1, y = 3z, then z and y do not satisfy the relation « 1 p y. Thus,

O L R
= Nzl ] =z = ylP
_ llel+ e - $lal?

]2+ Sl — gl

=—1.

Proposition 3.3. A normed space X is a Hilbert space if and only if P(X) = —1.

Proof. If X is a Hilbert space, then we get 2||z||? + 2||y||* = ||z + y||* + ||z — y||>. Thus P(X) = —1. Conversely, assume that
P(X) = —1. Then, we have
) + lyll* = llz +ylI* _
2 2 7 <L
2] + [lyl* = llz —

Case 1. If ||z]|®> + ||ly||*> — ||z — y||*> > 0, then we have ||z + y|> + [|x — y||> > 2||=||* + 2]|y||>.

Case 2. If ||z[|* + [ly[|* — [l — y[|* < 0, then we have ||z + y||* + ||z — y[|* < 2[|=[]* + 2[[y*.

Combining Case 1 and Case 2, we get
2+l + llz = ylI* = 2[|=|* + 2/ly||*.

According to the properties of Hilbert space, i-orthogonality leads to p-orthogonality. This is equivalent to the proposition
that non-p-orthogonality implies non-i-orthogonality. However, if ||z + y|| = ||z — y||, then

Iz +yl* + llz = yl* # 2ll=[* + 2[ly]1%,
which is not possible. This completes the proof. O

Proposition 3.4. If X is a finite-dimensional Banach space and P(X) = 1, then there exist x,y € X such that x L; y.
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Proof. Since P(X) =1, we have ||u,|| = 1 and ||v,|| < 1 such that

laall” + loal* = lln + va

2 2 2
[un ™+ lloall™ = llun = val

By the compactness of the closed unit ball of X, there exist ug, vy € X such that u,, — uo and v,, — vo, and thereby

lluoll* + llvoll® = lluo + vol)* _

||uo|\2 + HUO”2 — [Juo — U0||2

Since [|uo||* + ||vol|® — ||uo — vl # 0, replacing uo by = and vy by —y gives x L; y. O
Proposition 3.5. If X is a finite-dimensional Banach space and if P(X) = 0, then there exist x,y € X such that x L p y.

Proof. Since P(X) = 0, we have ||u,|| = land ||v,|| < 1 such that

laall” + o l* = lln + va®

2 2 2
[un ™+ loall™ = llun — val

By the compactness of the closed unit ball of X, there exist ug, vy € X such that u,, — vy and v,, — vo, and so

||U0H2 + HUOH2 — [Jup + U0||2 _

||uo|\2 + HUO”2 — [Juo — U0||2

Since [|uo||* + [|vo|® — |[uo — vo||> # 0, replacing uo by = and vy by —y yields = Lp y. O
Theorem 3.1. Let X be a Banach space and P(X) < 1. If x,y € X such that x L; y, then x Lp y.
Proof. The inequality P(X) < 1 implies that

[ + llyll* — [l + y[I?
)1 + lyll? = [l =yl

<1

for z,y € X and x /p y. On the other hand, since x 1 y, we get

[ + 1lyll* = lz + ylI* _ =l + yl® = lle+yl*

12+ Nyl =Nl = yll* =l + Nyl = lle+yl*

Since it contradicts that P(X) < 1, which enforces that ||z + |ly||* — ||z + y||* = 0, and hence = Lp y. O

Observation 3.1. Let X = R2 and .
. = ma. Mooy —=|| - .
I x{| oo 5 I1}

Then )
P(X)> —— ~ —1.52439.
(X) = W
Proof. Take z = (v/2—1,1) and y = (1 — v/2,1). Then, ||z|| = |y = 1, ||z + y|| = 2, and ||z — y|| = 2v/2 — 2, which yield
p(x)>— 1+1-4 L~ 150430

“1+1-(2v2-22 5-4/2

Observation 3.2. Let X be the I, — I, space, i.e., R% with the norm

[ + [y], if 2y <0
(9l = ,
V0P +1yl?, if zy > 0.
Then P(X) > 1.
Proof. Take z = (%7 %) andy = (-1, 3). Then ||z| = [jy[| =1 and ||z £ y|| = /2, which yield
1+1-2
PX)> ——2 =
%) = 1+1-3

2
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Observation 3.3. Let X = R? and ||(x1,z2)|| = max {|z1|, |x2|}. Then, for z = (1,0),y = (0,1), we have ||z +y| = ||z —y| =1
and thus P(X) > 1.

Theorem 3.2. For any real Banach space X, there exists an equivalence norm ||| - |||, such that P((X,||-|])) > 1.

Proof. For f € X* with f # 0, we define M = {z € X : f(z) =0}. Then X = R M. Let

[l = [ (r, m)|| = max{|r|, [|ml[},
then ||| - ||| is an equivalence norm on X. Take z = (1,m) and y = (—1,m) for ||m| = 1,m € M. We have |||z||| = |||y]|| =1
and |||z +y||| = [l — yll| = 2. Thus, P((X, || - |[})) = 1. .

The following theorem is due to Maurey:

Theorem 3.3. [15] The separable Banach space X contains I, copy if and only if its second conjugate space contains a
non-zero element g, such that for all x € X,
lg + 2zl = llg — x|

By using Theorem 3.3, we get the following result for P(X) in the second conjugate space.
Theorem 3.4. Let X be a separable Banach space and contains Iy copy, then P (X) > 1.

Proof. We just need to show that there exists a point x € Sx such that ||g||? + 1 # ||g — z||*>. Arguing by contradiction, we
suppose that for any 2 € Sx, we have ||g||? + 1 = ||g — z||?, this means the distance between a fixed point and any point on
the unit sphere is constant, which is impossible. O

Theorem 3.5. Let X be a Banach space. If X is not nonsquare, then P(X) > 1.
Proof. If X is not nonsquare, then there exist z,y € S(X) such that ||z + y|| = ||z — y|| = 2. Thus,

e L e R i B B S
el = e =yl " T+1-4

The following theorem gives the relationship between P(X) and Cx ;(X).
Theorem 3.6. If X is a Banach space, then P(X) > 1 — Cn (X).
Proof. Since

l=)2 + [ly[I? = [l + yll? }
rx,y e X, o ,
=2+ gl = [z —glZ 7 Ary

P(X) = sup {

we have ) ) )
20 + llyll* = llz + vl

)1+ lyll? = [l — g2

P(X) >

[ + lyll* — [l + y[I?
[l ]1* + [ly[I*

~z+yl?
]|* + [yl
and ) ) )
Py 5 Il = vl =iz — ]
)2+ 1 = yl? = [l= + yl?

] + I = yll* — [l — yI?
- [l + 1 =yl

|z — yl?
)1 + llylI>

Thus,

2 o2
R SPSPNN e d '
z]|* + [l
and so

Pty > 1 JE ol e =y

>1-Cny(X).
2 S e ) 2 v
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Observation 3.4. Let X = R? and ||(z1,22)| = max {|z1|+ (V2 — 1) |22|, |z2| + (V2 = 1) |21]} . It is already known that
Cny(X)=4—2V2 (see [2]). Thus, P(X) > —3 +2v2.

Definition 3.2. For p > 1,1P(X) denotes the set of sequences space as follows:
P(X)=qz={x,}: 2, € X,n € N,such that||z||, = {Z ||:vn||p} < 00
n=1

It is well known and easy to prove that [?(X) and [°°(X) both are Banach spaces under the norms |/z||, and ||z||,
respectively. They play an important role in functional analysis.

Theorem 3.7. For any Banach space X, the inequality P (I°(X)) > 1 holds.

Proof. We take 1 € Sx. Set x = (21,0,0,...) and y = (0, —21,0,...). Then, z + y = (1, —21,0,...), x —y = (z1,21,0,...),
Izl = llyllp =1, lz+ ylp = llo = yl, = 27, and hence P (I*(X)) > 1. O

Theorem 3.8. For any Banach space X, P (I*(X)) > 1.

Proof. Take x; € Sx. Put z = (21,0,0,...) and y = (0,21,0,...). Then, 2 + y = (21,21,0,...), z —y = (z1,—21,0,...),
[2lloe = lllloc =1, l# + ylloo =[x — ylloo = 1, and hence P (I**(X)) > 1. O
The constant I(X)

Inspired by the isosceles orthogonality and the polarization identity for inner product spaces, we introduce a new constant
estimating the distance between two unit vectors = and y satisfying x 1 p y.

Definition 3.3.

z+yll2 = |z — |2
10— sup {n ylI2 = llz —y] :x’yeBX’Mpy}
o B

Proposition 3.6. If X is a Banach space, then 0 < I(X) < 2.

Proof. Since there exist 2,y € Sy such that ||z +y| = ||z — y|| = V2, we can find = and y satisfying 2 L p y and
lz +yll =z —yll = V2.

Therefore,
[z +ylI” — [lz — y||”

=0.
B

According to the following inequality:

Iz +ylI* = Nl —yl* _ (el +1lyD? =l = lly]*
eyl - /I

:27

we arrive at the desired result. O
In the next result, we note that the constant I(X) can be reformulated.

Proposition 3.7. If X is a Banach space, then I(X) =sup {|z + y|* — [z — y|? : |lz[l|lyl| =1,z Lp y}.

Proof. First, assume that ||z|| > ||y||. We note that

lz+yll* = llz—yl® _ flz+yl* _ Jz—y]?
llyll [yl IIl‘IIIIyH

_|| r+y

Vil

-Jal

2

@ y
Vil [yl

_ € )
B H N EIrINIEIr

Here,
¥y
[l [[{]y]

H NETE ‘ H Vil H' NEITE
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On the other, also meet the Pythagorean orthogonal conditions, that is

x Y
NV EIr

2
Y

2
T —y _ T
Vvl Villlyll Vvl

which shows that the supremum in the definition of 7(X) can be taken over z,y € X such that ||z||||y|| = 1. For ||z|| < |yl

)

2
+ ‘

the proof is similar to the one concerning the case when ||z| > ||yl O
Lemma 3.1. A normed linear space X is an inner product space if and only if
ryeX, zlpy=llz+yl®+llz—yl* ~ 2z + 2]yl
where “~” denotes either “<” or “>".
We call the relation “~”, used in Lemma 3.1, as “allowing diagonals” if for any z, y # 0, there exists « > 0 such that
(x4 ay) ~ (z — ay).
Lemma 3.2. A normed linear space X is an inner product space if and only if
zyeX, wmy= ety +Illz—yl® ~ 20+ 2]yl
where “~” denotes either “<” or “>".
Proposition 3.8. For a Banach space X, the equation I(X) = 0 holds if and only if X is a Hilbert space.

Proof. If I(X) = 0, then we have
= +y)* — [l — ylI?
[l [lly]
where z Lp y. That is, for z 1 p y, we have ||z + y||> < ||z — y[|* = ||z||* + ||y||*. It follows that

<0,

Iz +yl1* + llz =yl < 2[l2” + 2]lyll?,

where z | p y. From Lemma 3.1, we conclude that X is a Hilbert space.
If X is a Hilbert space, then the Pythagorean orthogonality and isosceles orthogonality are equivalent. Since = L p y,
we have z 1 y, and hence ||z + y||*> — ||z — y||* = 0. Therefore, I(X) = 0. O

Observation 3.5. Let X = (R?, | - || ). Then I(X) = 2.

Proof. Take z = (1, @) andy = (1, —g) Then z,y € Bx and = Lp y. Moreover, we have ||z|| = ||y|| = 1, ||z — y|| = V2,
and ||z + y|| = 2. Thus, we obtain
o+ yl? = e —y|> _4-2
[l (l[yl 1
and hence I(X) = 2. O

=2

Theorem 3.9. Let X be a Banach space. The upper bound 2 of 1(X) is attained by a pair of points x,y € Bx if and only if
the pair of points satisfies the equation ||z + y|| = ||z|| + ||y]|.

Proof. Assume that I(X) = 2. Then, there exist z,y € Bx such that
Iz +yl* — llz —l* _

=2,
[l Il
which yields
ll* + llyl* + 2llz | llyll = [l + ylI?
< (l=ll + lly)*
= lll* + [yl + 2ll= [yl
Consequently, we have ||z + y|| = ||z|| + ||ly||. Conversely, suppose ||z + y|| = ||z|| + ||y||. Then, we have

[z +yl® =l —yl* _ (=l +lyiD?* = l=l® — [yl
lz(llyl [y

_ 2yl
[yl

=2.
Thus, the upper bound 2 of I(X) is attained by = and y. O
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As a consequence of Theorem 3.9, we have the following result.
Corollary 3.1. Let X be a Banach space. If the upper bound 2 of 1(X) is attained, then X is not strictly convex.

Proof. Since the upper bound 2 of I(X) is attained, we have ||z + y|| = ||z|| + ||y||. If z = Ay, then = and y do not meet the
Pythagorean orthogonal condition, and hence = # Ay, which implies that X is not strictly convex. O

In the next proposition, we see that I(X) can be defined in another way.

Proposition 3.9. For a Banach space X, we have

1
I(X) = sup {t||x+y||2 e —yl? i x Loy, max{lellyl} =1, t= — ¢ [1,oo>}.
S LI
Proof. First, assume that 1 > ||z|| > ||y|| # 0. Then
X Yy
ool = ol | 25 = 12
el = Tl
Take t = % and observe that
2 x Y 2 2 2
o+ yl? — e — g2 ol | g + ]|~ Vel oy — )
B B
2 2
S A 2| (A 72
ol 1Tl ™ Tl ~ Tl Tl ™ Tl

which shows that the supremum in the definition of 7(X) can be taken over z,y € X such that ||z|| = 1 and ||y|| < 1. For
0 # ||z]| < ||ly|| < 1, the proof is similar to the one concerning the case when 1 > ||z|| > ||y|| # 0. a

Definition 3.4. [1] Let X be a Banach space. A function éx : [0,2] — [0,1] is said to be the modulus of convexity of X if

Tr+y

5x () inf{l

H el < Lyl < 1, fle -yl }

It is easy to see that 6x(0) = 0 and dx(t) > 0 forall t > 0.

Remark 3.1. If we restrict x and y to the unit sphere, then we can get a better estimate. Consider the constant

{ [z + ylI> = [z — ylI?
lz[[ly]l

I'(X) = sup

cx,y € Sx,x Lp y}
z,y#0

=sup {[lz+yl|>—2:2,y €S,z Lpy}
z,y70

and take K = 4(1 — 6(v/2))? — 2. For z,y € Sx , ||z — y|| = V2 and thus we have 5x(v/2) <1 — w Also,

2
lz +yl* —llz —yl* _ 4(1-0x(v2)" —2
Iyl B 1

—1(1-0x(vD) 2
:[(7

from which it follows that I'(X) < K.
On the other hand for any i > 0 there exist x,y € Sx such that ||z —y|| = V2 and 1 — Hz;ry” < 0x(V/2) + p. Hence

|z + yl* = |z — y|I?

A N T
L (2—20x(vD) —2)° —2
- 1

2
- (2 — 205 (vV2) — 2p) _o.
Since 1 is arbitrary, we obtain I'(X) > 4 (1 — 5X(\/§))2 — 2= K, which shows that I'(X) =4 (1 — 6X(\/§))2 _2=K.

The next theorem gives a characterization of the case when I(X) = 2 is attained at points of Sx.
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Theorem 3.10. Let X be a normed linear space and consider x,y € Sx. The following properties are equivalent:

) lz+yl?~lle—ylI* _
(). = Lpyand Ty =2

(ii). The segments [z,y] is contained in Sx and the point % is contained in Sx.
Proof. (i) = (ii). Take z,y € Sx such that x 1 p y and

lz +yll* — llz —yll* _,
/iyl

Since ||z +y|| < 2 and ||z — y||? = 2, we have that ||z +y| = 2 and ||z — y|| = V2. Therefore z,y, :(z +y) € Sx, which implies
that [z, y] C Sx and the point % is contained in Sx.

(ii) = (i). Take z,y € Sx such that [,y] C Sx and the point “ is contained in Sx. It is clear that ||z + y| = 2 and
lz -yl = V2. Hence, z Lp y and
o+ = llz =l _
[l 1yl

Remark 3.2. In [18], the constant R(X) defined below was considered
R(X) :=sup{||lz — y| : conv{z,y} C Sx}.

It is easily to see that if R(X) > V2, then I(X)=2
In fact, for any point ﬁ € S, there always exists a point w in Sx such that ﬁ 1L p w. Fix a nonzero x € X and t > 0,
and define a function f : S; — R, where S; := {z € X : ||z|| = t}, by the formula

o

z”—i{H —V2 forally € S,.

Then, f is continuous and

f<$t>=—\/§<0 andf<_|$;”>:2—\/§>0.

]|

So, there exists a yo € Sy such that f (yo) =0, i.e, 7% Lp Hy“ The claim is proved by taking w = HZ—BH

[ voll”

Finally, we establish a relation between I(X) and the modulus of convexity dx(¢), where
dx(g) ;= inf {1 - M :x,y € Bx, ||z —y|| > 5} for each ¢ € [0, 2].

Theorem 3.11. If X is a Banach space with 5x(v/2) < 22, then

2

1(1-0x(VD) ~2<1(X) <38 (1-ox(vD) ~4
Proof. For z,y € Bx, we have
(Nl = llyID? = Nl + lyll* = 20z llyll < 1,
which gives
20z llyll = ll=]* + fly)* - 1.
Since ||z — y|| > V2, we have ||z — y||> = [|z]|* + ||y||* > 2, and thus ||z|/||y|| > %. Hence,

2
lz +yl* —llz —yl* _ 4(1—0x(v2)" 2

[yl - [yl

On the other hand, for any i > 0 there exist 2,y € By such that ||z — y|| = v/2 and

1—w§5x(\/§)+ﬂ-
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Hence,
2l alI2
1) » Bt ol = el
[l Il
2
>(2fmxw®42@ -2
- 1
. . . . 2
Since 4 is arbitrary, we obtain I(X) >4 (1 —0x(v/2))” — 2. O

The constant 1) (X)

Motivated by the Pythagorean orthogonality, we define the generalized p-Pythagorean orthogonality as follows:

Definition 3.5. In a normed linear space X, a vector x is said to be p-Pythagorean orthogonal to a vector y if
[l = ylI” = [lz]I” + [ly[|”-

We write = L%, y to indicate that x is p-Pythagorean orthogonal to y.

Definition 3.6. For 1 < p < oo, define

|z +yl? = |z — yl|?
op—1_1

cx,y € Sx,x LY y}

Lemma 3.3. Let || - | be a norm. Then ||a + b||? < 2P~ (||a||? + ||b|P) for a,b € Rand p > 1.

Proof. For f(x) = zP, we have

! (Iall + bll) < S Ulall) + F(lIb1D

2 2 ’
which gives
lall + 161" _ llal” + [l6l”
2 = 2 '
Thus,
p P P p
atb|” _ (llall+ 161\ _ llall” + [lo] ’
2 - 2 - 2
which implies that ||a + b||? < 2P~ (||a||P + ||b]|P). O

Proposition 3.10. If X is a Banach space, then 0 < IP)(X) < 2.
Proof. Tt is clear that () (X) > 0. Since
&+ ylP = [l = ylI” < 2071 (|2]” + [ly[1”) = (] + [o]?) < 2(2°7F = 1),

we have
[(p)(X) <

For some special spaces, we observe that ") (X) is small.

Observation 3.6. Let X be the classical Lebesgue space L, with p > 2. Then

2P — 4
(p)
I'"(X) < T 1"

Proof. By using Clarkson’s inequalities, for ||z]|, < 1 and ||y||, < 1, we have

[z +yllp + llz =yl < 2.

Thus,
lz+yll? = llz —yl” _ lle+yll” + llz — ylI” — 2]z — y[|”
-1 1 -1 1
W — 4
< —.
= op-1_1
Certainly,
274 9 forp>2
1 _q =< orp==2
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Theorem 3.12. Let X be a Banach space. If the upper bound 2 of I'")(X) is attained by a pair of points of Sx, then X is
not a strictly convex space.

Proof. Since IP)(X) = 2, there exist x,y € Sx such that

lz+yll? = llz —yl” _

" 2.

Thus, ||z + y||” = 2P, which implies that ||z + y|| = 2. Therefore, X is not a strictly convex space. O
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