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Abstract

Let G be a graph. Denote by dx, E(G), and D(G) the degree of a vertex x in G, the set of edges of G, and the degree set
of G, respectively. This paper proposes to investigate (both from mathematical and applications points of view) the graph
invariants of the form

∑
uv∈E(G) ϕ(dv, dw) in which ϕ can be defined either by using well-known means of dv and dw (for

example: arithmetic, geometric, harmonic, quadratic, and cubic means) or by applying a basic arithmetic operation (addition,
subtraction, multiplication, and division) on any of two such means, provided that ϕ is a non-negative and symmetric
function defined on the Cartesian square of D(G). Many existing well-known graph invariants can be defined in this way;
however, there are many exceptions too. One of such uninvestigated graph invariants is the harmonic-arithmetic (HA) index,
which is obtained from the aforementioned setting by taking ϕ as the ratio of the harmonic and arithmetic means of dv and
dw. A molecular tree is a tree whose maximum degree does not exceed four. Given the class of all (molecular) trees with a
fixed order, graphs that have the largest or least value of the HA index are completely characterized in this paper.
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1. Introduction

We refer the readers to the books [2, 3, 7] for those graph-theory terms that we use in this article without defining them
here.

For a graph G, its sets of edges and vertices are represented by E(G) and V (G), respectively. For a vertex w ∈ V (G),
define NG(w) = {v ∈ V (G) : vw ∈ E(G)}. The degree dw of a vertex w ∈ V (G) is defined as dw = |NG(w)|. A vertex of
degree one is referred to as a pendent vertex. An edge incident to a pendent vertex is known as a pendent edge. The degree
set D(G) of G is the set of all different elements of the degree sequence of G.

A function defined on the class of all graphs is said to be a graph invariant if its output is the same for all isomorphic
graphs. Graph invariants may be numerical quantities, polynomials, sets of numbers, etc. Graph invariants that takes
only numerical quantities are usually referred to as topological indices in chemical graph theory [11,16].

The topological indices that may be defined via the following formula [5,8] are sometimes referred to as bond incident
degree (BID) indices [1,13]:

BIDφ(G) =
∑

vw∈E(G)

φ(dv, dw), (1)

where φ is a non-negative function defined on the Cartesian square of the degree set D(G) of G satisfying the equation
φ(dv, dw) = φ(dw, dv). Many already introduced topological indices can be deduced from Equation (1); for example,

• Equation (1) yields the geometric-arithmetic index [14] when

φ(dv, dw) =
2
√
dv dw

dv + dw
,

• from Equation (1), one gets the arithmetic-geometric index (for example, see [12]) by taking

φ(dv, dw) =
dv + dw

2
√
dv dw

,
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• the symmetric division deg (SDD) index [15] is deduced from Equation (1) when

φ(dv, dw) =
dv
dw

+
dw
dv
.

This paper proposes to investigate (both from mathematical and applications points of view) those graph invariants of
the form (1) in which ϕ can be defined either using well-known means of dv and dw (for example: arithmetic, geometric,
harmonic, quadratic, and cubic means) or by applying a basic arithmetic operation (addition, subtraction, multiplication,
and division) on any of two such means. Many existing well-known invariants can be defined in this way. For example:

• If one takes φ(dv, dw) as the arithmetic mean of dv and dw then (1) gives M1(G)/2, where M1 is the first Zagreb index
(for example, see [5]).

• If one takes φ(dv, dw) as the geometric mean of dv and dw then (1) gives R1/2(G), where R1/2 is the reciprocal Randić
index [6].

• If one takes φ(dv, dw) as the harmonic mean of dv and dw then (1) gives 2 · ISI(G), where ISI is the inverse sum indeg
index [15].

• If one takes φ(dv, dw) as the quadratic mean of dv and dw then (1) gives SO(G)/
√

2, where SO is the Sombor index
(for example, see [9]).

• If one takes φ(dv, dw) as the cubic mean of dv and dw then (1) gives SO3(G)/
√

2, where SO3 is a particular case of the
p-Sombor index [10].

• If one takes φ(dv, dw) as the ratio of the arithmetic and geometric means (or geometric and harmonic means) of dv
and dw then (1) gives AG(G).

• If one takes φ(dv, dw) as the ratio of the geometric and arithmetic means (or harmonic and geometric means) of dv
and dw then (1) gives GA(G).

Also, we remark here that the SDD index can be defined via the ratios of the arithmetic and harmonic means of end-vertex
degrees of edges of G, that is

SDD(G) = 4
∑

vw∈E(G)

(dv + dw)/2

2dv dw/(dv + dw)
− 2
∣∣E(G)

∣∣.
Motivated by the above-mentioned facts and from the recently introduced inverse symmetric division deg (ISDD) index [4],
we consider and study here the harmonic-arithmetic (HA) index, which is defined via the ratios of the harmonic and
arithmetic means of end-vertex degrees of edges of G, that is

HA(G) =
∑

vw∈E(G)

2dv dw/(dv + dw)

(dv + dw)/2
=

4dv dw
(dv + dw)2

.

A molecular tree is a tree whose maximum degree does not exceed four. Given the class of all
(i) trees,
(ii) molecular trees,
with a fixed order, graphs that have the largest or least value of the HA index are completely characterized in this paper.

2. Main results

We start this section with the following elementary lemma.

Lemma 2.1. The function Φ defined by
Φ(x) =

4x

(x+ 1)2
, where x ≥ 1,

is strictly decreasing.

First, we determine graphs that have the largest or least values of the HA index from the class of all trees with a given
order.
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Theorem 2.1. For every fixed integer n ≥ 4, among all trees with n vertices, the star graph Sn and the path graph Pn

uniquely possess the smallest and largest values, respectively, of the HA index, which are equal to

4

(
1− 1

n

)2

and n−
(

11

9

)
.

Proof. Let T be a tree with n vertices, where n ≥ 4. Consider an arbitrary edge vw ∈ E(T ) with the assumption that
dv ≥ dw. By Lemma 2.1, one has

1 ≥ 4dvdw
(dv + dw)2

=
4
(
dv
dw

)
(
dv
dw

+ 1
)2 ≥ 4(n− 1)

n2

where the equation
4dvdw

(dv + dw)2
=

4(n− 1)

n2

holds if and only if dv
dw

= n− 1; that is, if and only if (dv, dw) = (n− 1, 1), and the equation

4dvdw
(dv + dw)2

= 1

holds if and only if dv
dw

= 1; that is, if and only if dv = dw. Thus,

HA(T ) =
∑

vw∈E(T )

4dvdw
(dv + dw)2

≥
∑

vw∈E(T )

4(n− 1)

n2
= 4

(
1− 1

n

)2

.

where the equation

HA(T ) = 4

(
1− 1

n

)2

holds if and only if T = Sn. Also, if E′(T ) denotes the set of all pendent edges of T then

HA(T ) =
∑

vw∈E(T )\E′(T )

4dvdw
(dv + dw)2

+
∑

v′w′∈E′(T )

4dv′dw′

(dv′ + dw′)2

≤
∑

vw∈E(T )\E′(T )

(1) +
∑

v′w′∈E′(T )

(
8

9

)

= n−
(

1

9

) ∣∣E′(T )
∣∣− 1

≤ n−
(

11

9

)
,

where the equation
HA(T ) = n−

(
11

9

)
holds if and only if T = Pn.

From the proof of Theorem 2.1, the next result follows.

Corollary 2.1. For every fixed integer n ≥ 4, among all connected graphs with n vertices, only the regular graphs and the
star graph Sn attain the largest and least values of the HA index, respectively.

The next result also follows immediately from Theorem 2.1.

Corollary 2.2. The path graph Pn uniquely attains the maximum HA index in the class of all molecular trees with n vertices
for every n greater than 3.

Moreover, for n = 4, 5, the minimal version of Corollary 2.2 can be obtained from Theorem 2.1, where the star graph is
the extremal tree. In the rest of this paper, we focus our attention to the problem of determining graphs having the least
value of the HA index from the class of all molecular trees of fixed order n ≥ 6.
For a graph G, let

nt =
∣∣{u ∈ V (G) : du = t}

∣∣
and

ms,t = mt,s =
∣∣{uv ∈ E(G) : (du, dv) = (s, t)}

∣∣.
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If T is a non-trivial molecular tree of order n, then

HA(T ) =
∑

1≤ s≤ t≤ 4

4s t

(s+ t)2
ms,t , (2)

n1 + n2 + n3 + n4 = n , (3)

n1 + 2n2 + 3n3 + 4n4 = 2(n− 1) , (4)∑
1≤ s≤ 4
s 6= t

ms,t + 2mt,t = t · nt for t = 1, 2, 3, 4. (5)

By solving (3)–(5) for n1, n2, n3, n4,m1,4,m4,4, and then plugging the values of m1,4 and m4,4 into (2), one obtains

HA(T ) =
19n− 31

25
+

(
83

225

)
m1,2 +

(
3

20

)
m1,3 +

(
6

25

)
m2,2

+

(
3

25

)
m2,3 +

(
2

225

)
m2,4 +

(
2

25

)
m3,3 +

(
24

1225

)
m3,4 . (6)

We take

ΓHA(T ) =

(
83

225

)
m1,2 +

(
3

20

)
m1,3 +

(
6

25

)
m2,2 +

(
3

25

)
m2,3 +

(
2

225

)
m2,4 +

(
2

25

)
m3,3 +

(
24

1225

)
m3,4

≈ 0.369m1,2 + 0.150m1,3 + 0.240m2,2 + 0.120m2,3 + 0.009m2,4 + 0.080m3,3 + 0.020m3,4 . (7)

Then, (6) yields
HA(T ) =

19n− 31

25
+ ΓHA(T ) . (8)

Lemma 2.2. For a molecular tree T , if either

(i). max{m1,2,m1,3,m2,2,m3,3,m2,3} ≥ 1, or

(ii). n3 ≥ 1 and n2 ≥ 3,

then
ΓHA(T ) >

8

225
(≈ 0.036) .

Proof. We note that if any of the integers m1,2,m2,2,m1,3,m3,3,m2,3, is non-zero, then the desired conclusion holds by (7).
Assume that m1,2 = m1,3 = m2,2 = m2,3 = m3,3 = 0, n3 ≥ 1, and n2 ≥ 3. By using (5), one has m2,4 = 2n2 and m3,4 = 3n3.
Now, from (7) it follows that

ΓHA(T ) =

(
4

225

)
n2 +

(
72

1225

)
n3 >

8

225
,

as desired.

Theorem 2.2. For n ≥ 6, among all molecular trees of order n,

(i). the trees containing no vertex of degree 3 and containing exactly one vertex of degree 2, which is adjacent to two vertices
of degree 4, are the only trees with the minimum HA index and that minimum value is equal to

19n− 31

25
+

4

225
,

whenever n ≡ 0 (mod 3) with n 6= 6;

(ii). the trees containing no vertex of degree 3 and containing exactly two vertices of degree 2, each of which is adjacent to
two vertices of degree 4, are the only trees with the minimum HA index and that minimum value is

19n− 31

25
+

8

225
,

whenever n ≡ 1 (mod 3) with n 6∈ {7, 10};
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(a) (b) (c)

Figure 1: The trees with the minimum HA value among all molecular trees of order (a) n = 6, (b) n = 7, (c) n = 10.

(iii). the trees containing neither any vertex of degree 2 nor any vertex of degree 3 are the only trees with the minimum HA
index and that minimum value is

19n− 31

25
,

whenever n ≡ 2 (mod 3).

If n = 6, 7, 10, then the unique tree with the minimum HA index among all molecular trees of order n is depicted in Part (a),
Part (b), Part (c), respectively, of Figure 1.

Proof. First, we assume that n ≥ 8 and n 6= 10. Let T be a molecular tree of order n.

Case 1. Either max{m1,2,m1,3,m2,2,m3,3,m2,3} ≥ 1 or n2 ≥ 3 and n3 ≥ 1.
In this case, from Lemma 2.2 and Equation (8), it follows that

HA(T ) >
19n− 31

25
+

8

225

>
19n− 31

25
+

4

225

>
19n− 31

25
,

as desired.

Case 2. It holds that m1,2 = m2,2 = n3 = 0 and n2 ≤ 2.
By using (3) and (4), one has n2 ≡ n− 2 (mod 3), which yields

n2 =


1 when n ≡ 0 (mod 3),

2 when n ≡ 1 (mod 3),

0 when n ≡ 2 (mod 3).

Thus, from (5), one has

m2,4 =


2 when n ≡ 0 (mod 3),

4 when n ≡ 1 (mod 3),

0 when n ≡ 2 (mod 3).

The desired conclusion now follows (6).

Figure 2: All the molecular trees of order 6.

It remains to prove the result for n = 6, 7, 10. Note that, by Corollary 2.2, the inequality HA(T ) < HA(Pn) holds for
every molecular tree T , different from the path graph Pn, of order n ≥ 4.
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All the molecular trees of order 6 are depicted in Figure 2; among all of them, the tree shown in Figure 1(a) has the
minimum ΓHA value because for every other tree different from the path graph, the inequality m1,2 + m1,3 ≥ 3 holds and
thence from (6) and (7) the desired conclusion follows for n = 6.

Figure 3: All the molecular trees of order 7.

All the molecular trees of order 7 are depicted in Figure 3; among all of them, the tree shown in Figure 1(b) has the
minimum ΓHA value because for every other tree, at least one of the inequalities min{m1,2,m2,2} ≥ 1, m1,2 ≥ 2, m1,3 ≥ 3,
holds and thence from (6) and (7) the desired conclusion follows for n = 7.

Finally, in what follows, we assume that n = 10. We claim that for any tree T of order 10 different from the one depicted
in Figure 1(c), the following inequality

ΓHA(T ) >
927

4900
(≈ 0.189) (9)

holds. If any of the three inequalities max{m1,2,m2,2} ≥ 1, max{m2,3,m1,3} ≥ 2,m3,3 ≥ 3, holds then from (7), the inequality
(9) follows. Thus, in the following, assume that m1,2 = m2,2 = 0, max{m2,3,m1,3} ≤ 1, and m3,3 ≤ 2.

If m2,3 = 1. Let uv ∈ E(T ) be the edge satisfying (du, dv) = (2, 3). Then NT (u) = {v, w}, with w being a neighbor of
degree 4, because m1,2 = m2,2 = 0. Consequently, none of the neighbors of v has degree 4 because n = 10, and hence
(9) follows from (7). Thence, in what follows, assume that m1,2 = m2,2 = m2,3 = 0, m1,3 ≤ 1, and m3,3 ≤ 2. From
m1,2 = m2,2 = m2,3 = 0, it follows that if T contains any vertex of degree 2 then each of its neighbors has degree 4; but
n = 10, which implies that m2,4 = n2 = 0. In the remaining proof, it is assumed that n2 = 0, m1,3 ≤ 1, and m3,3 ≤ 2.

If m3,3 6= 0, let x ∈ V (T ) be a vertex of degree 3 having at least one neighbor of degree 3. Since n = 10, m3,3 ≤ 2, and
n2 = 0, the set NT (x) contains at least one vertex of degree 1. Then (9) holds by (7).

Finally, we assume that n2 = m3,3 = 0 and m1,3 ≤ 1. Since n = 10, it holds that n3 ≥ 1 and m1,3 = 1, which implies that
m3,4 = 2 and hence T is the tree depicted in Figure 1(c). Therefore, ΓHA(T ) = 927

4900 .
Now, the desired result for n = 10 follows from (8).

3. Concluding remarks

A new graph invariant, namely the harmonic-arithmetic (HA) index, has been proposed and studied in this paper. One of
the motivations for introducing the HA index came from the fact that many existing BID indices can be defined using well-
known means; for example, arithmetic, geometric, harmonic, quadratic, and cubic means. Given the class of all (molecular)
trees with a fixed order, graphs that have the largest or least value of the HA index have completely been characterized in
this paper.

In [4], the absolute values of the correlation coefficient between the ISSD index and (i) entropy, (ii) acentric factor, for
octane isomers were reported as (i) 0.87, (ii) 0.89, respectively. As one of the motivations behind proposing and studying
the HA index is the ISDD index, we compute the absolute values of the correlation coefficient between the HA index and (i)
entropy, (ii) acentric factor, for octane isomers as (i) 0.91, (ii) 0.92, respectively. This indicates that the HA index performs
slightly better than the ISDD index in predicting the aforementioned properties of octane isomers. The experimental
values for the mentioned properties of octane isomers are available at
https://web.archive.org/web/20180912171255if_/http://www.moleculardescriptors.eu/index.htm

If one takes φ(dv, dw) as the ratio between quadratic mean and geometric mean then (1) gives

∑
vw∈E(G)

√
1

2

(
dv
dw

+
dw
dv

)
,
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which is certainly another variant of the SDD index and hence can be referred to as the “modified symmetric division deg
index”. It seems to be interesting also to investigate the chemical applicability and mathematical aspects of the modified
symmetric division deg index.
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