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Abstract

The Gaussian Leonardo sequence is a new sequence defined in this study. Some identities for this new sequence are given.
Some relations among the Gaussian Fibonacci numbers, Gaussian Lucas numbers, and Gaussian Leonardo numbers are
also proven. Moreover, a matrix representation of the Gaussian Leonardo numbers is obtained.
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1. Introduction

Sequences of integers have an important role in various fields, including computer science, physics, cryptology, and coding
theory. The Fibonacci and Lucas sequences are among the most famous sequences of integers. A Gaussian integer is a
complex number whose both imaginary and real parts are integers. The Gaussian integers have been investigated by many
researchers. Gaussian integers were first considered by Gauss in [6]. Horadam introduced the complex Fibonacci numbers
in [7]. Jordan introduced Gaussian Fibonacci and Gaussian Lucas numbers in [8] and he extended some well-known rela-
tions about Fibonacci sequences to Gaussian Fibonacci numbers. Pethe and Horadam investigated generalized Gaussian
Fibonacci numbers in [9]. Berzsenyi extended the concept of Fibonacci numbers to the complex plane [2]. Furthermore,
Tagc1 studied in [10-13] complex Fibonacci p numbers, Gaussian Padovan and Gaussian Pell-Padovan sequences, Gaussian
Mersenne numbers, Gauss balancing numbers, and Gauss Lucas-balancing numbers.
Fibonacci and Lucas numbers are defined by recursively, for n > 1:

Fn+1:Fn+Fn71a

with the initial conditions Fy = 0, F} = 1 and
Ln+1 - Ln + Lnfla

with the initial conditions Ly = 2, L; = 1, respectively (see [1]). Gaussian Fibonacci numbers GF,, are also defined recur-
sively:
GF7L:GFn71+GFn72> TLZQ, (1)

with the initial values GFy, = i, GF| = 1. It is clear that these numbers are closely related to Fibonacci numbers:
GF, =F,+1iF,_1, (2)
where i = \/—1. Similarly, Gaussian Lucas numbers GL,, are defined recursively, for n > 2:
GL,, =GL,_1+GL,_2, 3)

with the initial conditions GLy = 2 + i, GL; = 1 + 2i. Leonardo numbers are studied by Catarino and Burgers in [3-5].
They defined these numbers by the second order inhomogeneous recurrence relation:

Le,=Le, 1+ Le, o+1, n>2, 4
with the initial conditions Ley = Le; = 1. Also, these numbers can be defined as:
Leniy =2Le, — Lep_9, n>2 5)

The purpose of the present study is to introduce Gaussian Leonardo numbers and investigate their properties.
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2. Gaussian Leonardo numbers

We begin with the definition of the Gaussian Leonardo numbers.

Definition 2.1. Gaussian Leonardo numbers G Le,, are defined as
GLe, =GLe,_1+GLep_o+ (1+14), n>2, (6)
with the initial conditions GLeqg = 1—1i, GLey, = 1+1i. Some Gaussian Leonardo numbers are 1 —i,1+14,3+14,5+3i,9+5¢,--- .
It is clear that Gaussian Leonardo numbers are closely related to Leonardo numbers:
GLe,, = Le,, +iLe,_1, (7)
where Le,, denotes the n-th Leonardo number.

Lemma 2.1. For n > 1, it holds that
GL6n+2 =2 GL€n+1 - GLen_l. (8)

Proof. Using Equations (5) and (7), we have

GLenio = Lepio+i Leyiq
=2Leyy1 — Lep—1 +i(2Le,, — Ley,—9)
=2 (Lept1 +iLey) — (Lep—1 +iLe,—o)
=2GLep1 — GLep_1.

O
The next result gives a relation between the Gaussian Leonardo and Gaussian Fibonacci numbers.
Theorem 2.1. For n > 0, the following identity holds
GLe, =2 GF,11 — (1+14), 9

where GF, 11 denotes the (n + 1)-th Gaussian Fibonacci number and GLe,, denotes the n-th Gaussian Leonardo number.
Proof. Consider Identities (2) and (7), together with

Le, =2 F,11 — 1,
where Le,, denotes the n-th Leonardo number and F;,; denotes the (n + 1)-th Fibonacci number. Then, we have

GLe, = Le, +1i Le,_1
=(2F 1 —1)+i2F, —1)
=2( Fp1 +1F,) — (1 +14)
=2GF, 1 — (1+9).

Lemma 2.2. For n > 0, it holds that GLe, 1 — GLe, = 2 GF,.

Proof. In view of Theorem 2.1, we write

GL€n+1 - GLen = [2 GFn+2 - (1 + Z)] - [2 GFn+1 - (1 + Z)]
= 2(GF'IL+2 - GFn,+1)
—2GF,.
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Lemma 2.3. For n > 1, the following identities hold:

GL, 1+ GL, 11

(@). GF, = 3 ,

(b). GL,, = GF,, + 2GF,,_1,

where GF,, denotes n-th Gaussian Fibonacci number and GL,, denotes n-th Gaussian Lucas number.

Proof. We prove Part (a) by the induction on n. Part (b) can be proved in a similar way. For n = 1, we have
_ GLy+ GLo _ 2—1+3+14
- 5 B 5

and the induction starts. Now, suppose that the desired identity holds for every k satisfying 1 < k£ < n. Using

GFy =1
GFn+1 = GFn + Ganl
and the induction hypothesis, we have

GFn+1 = GFn + Ganl

GLn—l + GL7L+1 GLn—Q + GLn
= +
5 5
1

= £ (GLn1 + GLy—2) + (GLny1 + GLy)]

1

Thus, the required identity holds for n + 1, as desired.

The next result gives relationships among Gaussian Leonardo, Gaussian Lucas and Gaussian Fibonacci numbers.

Theorem 2.2. For the n-th Gaussian Leonardo number G Le,, with n > 0, the following identities hold:

L L
(a). GLe, =2 (G"JFE)G"“) —(141),

(b). GLen = GLn+2 — GFn+2 — (1 + Z)
Proof. The required identities follow directly from Theorem 2.1 and Lemma 2.2.

Theorem 2.3. For 1 — 2z + 2% # 0, the generating function of the Gaussian Leonardo sequence is

iGLen o (1—i)+(—1+3i)x;—(1—i)x2.
o 1—-2z+zx

o0

Proof. Consider the Gaussian Leonardo sequence {GLe,}, , and let g(z) be its generating function, i.e.,

g(x) = ZGLen a”.
n=0
By using Lemma 2.1 and the initial conditions of the Gaussian Leonardo sequence, we have

glx) = ZGLen 2" = GLey + GLeyx + GLesx® + ZGLen "
n=0 n=3

o0
= GLeg+ GLeyx + GLeox? + Z(2GLen_1 —GLey_3) 2"

n=3

= GLey + GLeyx + GLeox? + QxZGLen_lx”*I — :CBZGLen_g:ﬂ“3

n=3 n=3

= GLey + GLeyx + GLeox® + 22 (ZGLenm” — GLeg — GLelx> -z <ZGLenx">

n=0 n=0

= GLey + GLeyx + GLesx? + ZxZGLenx" —2GLegr — 2GLey2? — x3ZGLenw”

n=0 n=0
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Therefore,
(1-2z+ x?’)ZGLenJ;” = GLey + (GLey — 2GLeg)x + (GLey — 2G Ley )2
n=0
and the result immediately follows. (We remark that GLeg =1 —14,GLe; =1+ 4, and GLey = 3 +1.) O
Theorem 2.4. Binet’s formula for the Gaussian Leonardo numbers is
n+1 _ gn+1 (o™ — A"
GLe, =2\ 2B LU 20 gy
a—p
with n > 0, where
a= L+ V5 and = 1_\/5.
2 2
Proof. We know that the Binet formula for the Fibonacci numbers is
a™ — ﬂn
F, = .
a—p
It is easily seen that
GF, = F, +iF,_,
n __ an n—1 _ gn-—1
_an—p =g
a—pf a—pf
Now, using
GLe, = 2GFpy1 — (1+1),
we have n+1 n+1 S(on n
GLe, =W =) i@ =5 Ly
a—p
O
Theorem 2.5. Cassini’s Identity for the Gaussian Leonardo sequence is
GLen1GLe, 1 — (GLep)? = (—1)" (8 — 4i) + 2(1 +4)(2GFy1 1 — GFhyo — GF,).
Proof. Considering Theorem 2.1 and using
GF,1GFE, 1 — GF2 = (—1)"(2 — 1),
we have
GLep1GLey 1 — (GLep)? = [2GFy0 — (1 +14)] [2GF, — (1+14)] — [2GFop1 — (1 +4)]?
= 4GF,2GF, —2(1 +9)GFyy0 — 2(1 +9)GE, + (1 41)?
—4(GFyy1)? +4(1 +)GFoyq — (1 +14)?
=4[GF,42GF, — (GFp11)*] 4+ 2(1 + i) (2GF, 11 — GFoy2 — GF)
= (—=1)""(8 — 4i) + 2(1 + i) (2GFp41 — GFoyo — GF,)
and the result follows. O

The next result gives the sum formulae for the Gaussian Leonardo numbers.

Theorem 2.6. For n > 0, it holds that

> GLej = GLenyz — (n+2)(1+1).
j=0
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Proof. If we consider
> GF; =GFpyn—1

§=0
and Theorem 2.1, then we have

n

f:GLej =Y (26F - (1+1)
j=0

j=0
=2) GFi— (n+1)(1+1)
§=0

=2 (nfapj - GFO) — (n+1)(1+1)

Jj=0

= 2(GFuys—1—1i) — (n+1)(1+1)

=92GF,5— (14i)— (1+14)— (n+1)(1+1)

=2GF, 35— (1414) — (n+2)(1+1)

= 2GLensa — (n+2)(1+1).

Theorem 2.7. For n > 0, it holds that
iGLegj = GLegpy1 —n— (n+2)i.
§=0
Proof. Using
zn:GFj =GFi0—1

=0
and considering Theorem 2.1, we have

n

ZGLGQJ' = Z(ZGF2j+1 - ( 1 + ’L))
j=0

Jj=0

= QZGF2j+1 —(n+1)(1+419)
=0
n+1

=2> GFy 1~ (n+1)(1+1)
j=1

=2(GFopt2 — i) — (n+ 1)(1+14)
=2GFant1)41 — 20— (n+1)(1+4)

= GLeypr1 —n— (n+2) 4.

Theorem 2.8. For n > 0, it holds that

ZGLe2j+1 = GL€2n+2 — (n + 2) —n 1.
=0
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Proof. Using the relations between the Gaussian Leonardo and Gaussian Fibonacci numbers, we have
ZGL€2j+1 = Z(2GF2j+2 - (1 + Z))
Jj=0 J=0
=2 GFyjp— (n+1)(1+1)
§=0
n+1
=2| Y GFy—i| —(n+1)(1+1i)
j=0
n+1
=2> GFy; —2i— (n+1)(1+1)
j=0
=2(GFopys —1+14) —2i— (n+1)(1 +4)
=GLleypio—(n+2)—ni
and the proof is completed. 0
Theorem 2.9. For n > 0, the following identities hold:
(@). > (GLej + GF;) = GLeyya + GFopp — (n+3) — (n+ 2)i,
j=0
(b). Y (GLej + GLj) = GLenia + GLepya — (n+3) — (n+ 4)i.
§=0
Proof. (a). Considering Theorem 2.6 and the identity
> GFj=GFpi—1,
j=0
the required identity is obtained.
(b). Using Theorem 2.6 and
> GLj=GFLpiy— (1+2i),
j=0
we get the desired result. O
Theorem 2.10. For n > 1, the following identity holds:
GLe_p, = (—1)"Yi(GLeyp 1 +1—1i) — (1+1).
Proof. Using Theorem 2.1 and
GF_, = (—1)" i GF,,1,
we write
GLe_n = QGF_n+1 — (1 + Z)
=2(-1)""1i GF, — (1 +1)
= (=1)""ti2GF, — (1 +1)
= (-1)""'i (GLep_1 +1+1i) — (1 +14).
O

Next, we give a matrix representation of the Gaussian Leonardo numbers.
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Theorem 2.11. Let n be a positive integer and let G Le,, be the n-th Gaussian Leonardo number. If
2 1 0 GL€3 GL(—ZQ GL61 GL6n+3 GL€n+2 GLBTH_l
Q= 0 0 1|, K=| GLes GLe;y GLeg , and D, = | GLeypys GLe,r1 Gle, ,
-1 0 0 GLey GLey GLe_q GLe,r1 GLe, GLey_1
then
KQ" = D,. (10)

Proof. We prove the result by the induction on n. For n = 1, we have

[ GL€3 GL€2 GL61 2
KQ = GL@Q GL61 GLGO 0
L GL€1 GLG() GL€,1 —

—_
OO =
(=)

2GL€3 - GL€1 GLeg GL62
= 2GL€2 - GLG() GL€2 GL61
| 2GLe; —GLe_1 GLer GlLeg

[ GL€4 GL€3 GL€2
= GL€3 GL@Q GL61
L GL€2 GL€1 GLeo

= D;.

Thus, Equation (10) holds holds for n = 1. Now, suppose that Equation (10) holds for every & satisfying 1 < k£ < n. We

prove that Equation (10) remains valid when & = n + 1. Note that

KQn+1:KQnQ
[ GL€n+3 GL€n+2 GL€n+1 2 1 0
= | GLenys GLenin GlLe, 0 0 1
GLeni1 GLe, GLey_ -1 0 0

2GL€n+3 - GL€n+1 GL€n+3 GL67L+2
= 2GLenyo — GLe,, GLepys GLeyiq
2GLeny1 — GLey—1 GLeny1  Gley,

GL€n+4 GL€n+3 GL€n+2
= GL€n+3 GL€n+2 GL€n+1
GLenyo GLeny1 GlLe,

= D’I’H

and thus the result is verified.
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