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Abstract

For a nontrivial graph G, a subset labeling of G is a labeling of the vertices of G with nonempty subsets of the set
[r] = {1,2,...,r} for a positive integer r such that two vertices of G have disjoint labels if and only if the vertices are
adjacent. The subset index of G is the minimum positive integer r for which G has such a subset labeling from the set [r].
Structures of graphs with prescribed subset index are investigated. It is shown that for every two integers a and b with
2 < a < b, there exists a connected graph with chromatic number a and subset index b.
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1. Introduction

While studying an article on quadratic forms, the German mathematician Martin Kneser became interested in the behavior
of partitions of the family of k-element subsets of an n-element set (see [4]). For positive integers k and n with n > 2k,
there exists a partition of the k-element subsets of the n-element set [n] = {1,2,...,n} into n — 2k + 2 classes such that no
pair of disjoint k-element subsets belong to the same class. Kneser asked the following question:

For positive integers k and n with n > 2k, does there exist a partition of the k-element subsets of [n] into n — 2k +1
classes such that no pair of disjoint k-element subsets belong to the same class?

Kneser [4] conjectured that such a partition was impossible. In 1978 Lovasz [5] verified Kneser’s Conjecture using graph
theory which led to a class of graphs called Kneser graphs.

For positive integers k and n with n > 2k, the Kneser graph K G,, , is that graph whose vertices are the k-element subsets
of [n] and where two vertices (k-element subsets) A and B are adjacent if and only if A and B are disjoint. Consequently,
the Kneser graph K G, ; is the complete graph K,,, and the Kneser graph K G5, is isomorphic to the Petersen graph. In
terms of graph theory, Kneser’s Conjecture became:

Kneser’s Conjecture. There exists no (n — 2k + 1)-coloring of the Kneser graph KG,, j.

Lovasz [5] verified the conjecture by determining the chromatic number x (K G,, ;) of the Kneser graph KG,, ;, for positive
integers k and n with n > 2k.

Theorem 1.1. For every two positive integers k and n with n > 2k,
X(KGpp) =n—2k+ 2.

In 1961, Paul Erdés, Chao Ko, and Richard Rado [3] determined the independence number o(KG,, ;) of the Kneser
graph KG, ; when n > 2k. This result is often referred to as the Erdés-Ko-Rado Theorem.

Theorem 1.2. For every two positive integers k and n with n > 2k,

a(KGy i) = (Z_ D

*Corresponding author (ping.zhang@wmich.edu).

& Shahin


www.shahindp.com/locate/cm
www.creativecommons.org/licenses/by/4.0/
mailto:ping.zhang@wmich.edu

G. Chartrand, E. Salehi, and P. Zhang / Contrib. Math. 7 (2023) 15-23 16

In other words, if G is an unlabeled graph isomorphic to the Kneser graph KG,, ;, then it is possible to label the vertices
of G with distinct k-element subsets of the set [n] = {1,2,...,n} in such a way that two vertices of G have disjoint labels if
and only if the vertices are adjacent. This brings up the question of considering other familiar graphs G and determining
the existence of sets [r] for positive integers r such that the vertices of G can be labeled with nonempty subsets of [r], not
necessarily of the same cardinality, so that the labels of two vertices are disjoint if and only if these two vertices of G are
adjacent. Such a labeling of a graph G is called a subset labeling of G, a concept introduced in [1]. For a positive integer r,
the power set of [r], namely the set of all subsets of [r], is denoted by P([r]), while P*(]r]) denotes the set of all nonempty
subsets of [r]. Thus, |P*([r])] = 2" — 1. That every graph has a subset labeling was established in [1]. It is useful to include
an independent proof of this fact here.

Theorem 1.3. Every graph has a subset labeling.

Proof. We proceed by induction on the order n of a graph. The result is immediate for small values of n, say n € {2,3,4}.
Assume that the statement is true for all graphs of order n for an integer n > 4 and let G be a graph of order n + 1.
Let v be a vertex of G where deg,v = p with 0 < p < n and let G’ = G — v. Since G’ is a graph of order n, it follows
by the induction hypothesis that G’ has a subset labeling f’, say f' : V(G) — P*([k]) for some positive integer k. Let
V(G') = {v1,v2,...,v,}, where either v is an isolated vertex or Ng(v) = {v1,v2,...,v,} with 1 < p < n. Define a vertex
labeling f : V(G) — P*([n+ k + 1]) of G by

flz) = .
{k+p+1Lk+p+2,....,k+n+1} ifz=no.

{f’(vi)u{kz+i} ifr=v;forl1 <i<n
Since for vertices z,y € V(G), we have f(z)N f(y) = @ if and only if zy € F(G), it follows that f is a subset labeling of G. O

The minimum positive integer r for which a graph G has such a subset labeling from the set [r] is called the subset index
of G, denoted by p(G). We refer to the book [2] for graph theory notation and terminology not described in this paper. The
subset index has been studied in [1, 6], where it has been determined for paths and cycles of small order.

Theorem 1.4. For 3 <n < 24,

n 3<n<6 | 7|18<<n<S11 |12<n<22 23,24

o(Pp) n—1 5 6 7 8

In particular, the smallest positive integer n for which p(P,,) = 9 is not known. The fact that p(P,) < p(P,+1) for every
integer n > 2 is a consequence of the following fact [1]; while Theorem 1.5 shows that this is not the case for cycles.

Proposition 1.1. If H is an induced subgraph of a graph G, then p(H) < p(G).

Theorem 1.5. For 3 <n <18,

n | 3[4]56]7[8[9]1011]12,13[14]15<n<18
pC) 325 [7]6|7][6 8] 7 |3 7

2. On graphs with a given subset index

For a given nontrivial connected graph G, there is a class of graphs associated with G that was constructed in [1] (by the
means of the composition of graphs), all of which have the same subset index as G. More precisely, let V(G) = {vy,va,...,v,}
and let H be the graph obtained from G by replacing each vertex v; (1 < i < n) of G with the empty graph K ,, of order g;.
Hence, the vertex set of H is U,V (K,,) and two vertices v and w of H are adjacent in H if u € V(K,,) and w € V(K,,)

where v;v; € E(G). The graph H is referred to as the composition graph of G and K,,, K, ..., K,, and is often denoted
by G[K 4, Ky, .-, Kg,]- The following result was established in [1].

Theorem 2.1. For a nontrivial connected graph G with vertex set {v1, v, ..., v, }, let H be the composition graph of G and
K,,Kg,...,K,,. Then



G. Chartrand, E. Salehi, and P. Zhang / Contrib. Math. 7 (2023) 15-23 17

By Theorem 2.1, a composition graph can be constructed from P,, K3, or the corona cor(K3) of K3 (obtained from K3
by adding a pendant edge at each vertex of K3), all of which have subset index 3, by replacing each vertex v; by an empty
graph, resulting in another graph having subset index 3. For example, for F' = cor(K3) where V(F) = {v1,v2,...,v6}, let H
be the set of all composition graphs F[K,,, K, ..., K], where q1,q2, . .., gs are positive integers. Then p(H) = 3 for every
graph H € H.

For a positive integer n, let F,, be the graph of order 2" — 1 whose vertices are labeled with nonempty subsets of [n] such
that two vertices of F;, have disjoint labels if and only if the vertices are adjacent. Thus, the vertex labeled [n] is an isolated
vertex of F;,. The graphs F3 and F, are shown in Figure 1. (For simplicity, we write the set {a} as a, {a,b} as ab, {a,b,c} as
abe, and so on.) For n > 2, F,, = G,, + K1, where GG, is a connected graph of order 2" — 2. For example, G35 = cor(K3).

[

©D

Figure 1: The graphs F3 and F).

Let 71 = {K;} and for n > 2, let F,, denote the set of all graphs that are isomorphic to an induced subgraph of F,, but not
to aninduced subgraph of F;,_;. In particular, G,,, F,, € F,,. Thus, Fo = {Ks, K1+ K>}. If welet A = {cor(K3), K3, H1, Ha, P, },
where H; and H, are the graphs shown in Figure 2, and B = {G + K, : G € A}, then F; = AU B.

Figure 2: The graphs H; and Hs.

A graph H is called a magnified copy of a graph G (or simply a magnified G) where V(G) = {v1,vq,...,v,} if H is
isomorphic to a graph obtained from G by replacing each vertex v; of G by K, for some positive integer ¢; in a composition
of G. If H is a magnified G, then p(H) = p(G). If H = G, then H is a trivially magnified G. If the only graph of which G is
a magnified graph is G itself, then G is called a basis graph. The set F;; consists of all graphs that are magnified graphs of
the graphs in F,,. This set F is therefore the set of all graphs F with p(F) = n. In the definition of F,,, the term induced
subgraph cannot be replaced by subgraph. For example, P; is a subgraph of F3 but not an induced subgraph of F3. We
have seen that p(Ps) # 3; in fact, p(Ps) = 4. We can now describe all those graphs having subset index 2 or 3 (see [1]).

Proposition 2.1. A connected graph G has subset index 2 if and only if G is a complete bipartite graph.

Proof. Since F» = K5 + K1, the only induced subgraph of F, without isolated vertices is K>. Therefore, the only nontrivial
component of G is a complete bipartite graph. O

Corollary 2.1. A graph G has subset index 2 if and only if the only nontrivial component of G is a complete bipartite graph.

Proposition 2.2. A connected graph G has subset index 3 if and only if G is a magnified cor(K3), a magnified Ks, a
magnified Py, a magnified H,, or a magnified H,, where H, and H> are shown in Figure 2. Consequently, every complete 3-
partite graph has subset index 3.

Proof. Since F5 = cor(K3)+ K1, the only induced subgraphs of F3 without isolated vertices (that are not induced subgraphs
of Fy) are cor(K3), K3, Hy, or Hy, Py, which gives the desired result. Since a magnified K3 is a complete 3-partite graph,
every complete 3-partite graph has subset index 3. By Theorem 2.1, a magnified P, has subset index 3. O
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Corollary 2.2. A graph G has subset index 3 if and only if the only nontrivial component of G is a magnified cor(K3), a
magnified K3, a magnified P,, a magnified H,, or a magnified H, where H, and Hs are shown in Figure 2.

We now describe some properties of the graph F,, for a given positive integer n.
Theorem 2.2. For each positive integer n, w(F,) = n.

Proof. Let f : V(F,) — P*([n]) be a subset labeling of F, and let S = {uy,us, ..., u,} be the set of those vertices u;, 1 <i <mn,
for which f(u;) = {i¢}. Since f(u;) N f(u;) = 0 for each pair 7, j of integers with 1 < i < j < n, it follows that F,[S] = K,,
and so w(F),) > n. It remains to show that w(F,,) < n. Let A = {v1,v9,...,v,41} be an arbitrary set of n + 1 vertices of F,.
Suppose that f(v;) = S; € P*([n]) for 1 <i < n+1. Let a; be the minimum element of [n] belonging to S; where 1 <i < n-+1.
We may assume that a; < a;,1 for 1 <i < n. Thus,

1<a;<as <+~ <apgr <n.

Hence, there is an integer j with 1 < j < n such that a; = a;41. Since a; € S; N S;41, it follows that S; and S, are not
disjoint and so v;v;11 ¢ E(F,). Hence, F,[A] is not a clique of F},. Therefore, w(F),) < n and so w(F,) = n. O

Since the subgraph of F,, induced by S is K,, and w(F,,_1) = n — 1 by Theorem 2.2, it follows that K, is not an induced
subgraph of F;,_;. Therefore, p(K,) = n.

Proposition 2.3. For each integer n > 2, every complete n-partite graph has subset index n.

Proof. We have seen that w(F,,) = n by Theorem 2.2. Thus, the complete graph K, is an induced subgraph of F,, but not
an induced subgraph of F,,_;. Since a magnified K, is a complete n-partite graph, it follows that every complete n-partite
graph has subset index n. 0

Theorem 2.3. For each positive integer n, x(F,) = n.

Proof. The statement is immediate for n = 1,2,3. Thus, we may assume that n > 4. Since w(F,,) = n by Theorem 2.2, it
follows that x(F,) > n. It remains to show that x(F,,) < n. Let V(F,,) = {v1,v2,...,v9n_1} and let f : V(F,) — P*([n]) be
a subset labeling of F,, where f(v;) = A; for 1 <4 < 2™ — 1. Next, let a; be the minimum element of [n] belonging to A;
where 1 < i <2"—1. For j =1,2,...,n,let V; = {v; : a; = j}. Thus, |V,| = 1. If v, and v, are distinct vertices of V;
where 1 < j < n, then j € f(v.) N f(vs) = Ar N A and so v,vs ¢ E(F,). Hence, V; is a set of independent vertices of F,, for
1 < j < n. Assigning the color j to all vertices in V; (1 < j < n) produces a proper n-coloring of F,,. Therefore, x(F,,) < n
and so x(Fy,) = n. O

If G is a graph with x(G) = k, then G is not a magnified graph of any subgraph of F,, where n < k. Thus, p(G) > k. For
example, x(P;) = 2 but p(P;) = 3. Each of the graphs G; and G» in Figure 3 belongs to 74 but not to F3. Thus, p(G;) = 4
for i = 1,2, while x(G;) =3 fori=1,2.

Figure 3: The graphs G and Gs.

Since p(C1g) = 7, it follows that Cig € F7 but C15 ¢ Fg. Since p(C,,) > 7 for n > 19, the induced cycle of greatest length
in f7 is Clg.
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3. Chromatic number and subset index

In this section, we investigate the relationship between the chromatic number x(G) and the subset index p(G) of a connected
graph G. The following result was obtained in [1]. We include a proof here for completion.

Theorem 3.1. If G is a nontrivial connected graph, then x(G) < p(G).
Proof. Let p(G) =k >2andlet f: V(G) — P*([k]) be a subset labeling of G. Define the vertex coloring ¢ : V(G) — [k] by
c(z) =min{i € k] : i € f(x)}.

Let u and v be two adjacent vertices of G. Since f(u) N f(v) = 0, it follows that ¢(u) # ¢(v). Thus, c is a proper coloring of G
using at most k colors. Therefore, x(G) < k = p(G). O

By Proposition 2.3, for each integer n > 2, every complete n-partite graph has subset index n. Since x(G) = n for each
such graph G, it follows that x(G) = p(G). Furthermore, x(F,) = p(F},) for each integer n > 2 by Theorem 2.3. Therefore,
there are infinite classes of connected graphs G for which x(G) = p(G). Hence, we have the following observation.

Observation 3.1. For each integer n > 2, there is a connected graph G such that

X(G) = p(G) =n.
In particular, x(K,) = p(K,) = n.

On the other hand, the value of p(G) — x(G) can be arbitrarily large for a connected graph G. The following result was
established in [1].

Theorem 3.2. Ifn > 3, then p(P,) < p(Pn11) < p(P,) + 1. Furthermore, lim p(P,) = co.
n—oo

By Theorem 3.2, for each integer p > 2 there exists an integer n,, such that p(P,,) = p. For an integer a > 2, let G be the
graph obtained from the complete graph K, of order a and the path P, by joining a vertex of K, and an end-vertex of P, .
Then x(G) = a. Since P,, is an induced subgraph of G, it follows by Observation 1.1 that p(G) > p. Since nh_}rrolo p(P,) = oo,
it follows that the value of p(G) — x(G) can be arbitrarily large for this graph G. In fact, more can be said about the subset
indices of this class of graphs. First, we introduce some additional definitions and notation. For integersa > 3and ¢ > 1, let
F(a,?) be the graph obtained from the complete graph K, and the path P, by identifying a vertex of K, with an end-vertex
of P;. Thus, F(a,1) = K, and F'(a, 2) is the graph obtained by adding a pendant edge at a vertex of K. For ¢ > 3, the graph
F(a,?) is obtained by subdividing the pendant edge of F'(a,2) exactly £ — 2 times. Then p(F(a,1) = p(F(a,2) = p(K,) = a.
Next, we show that p(F'(a,3)) = 2a — 1.

Proposition 3.1. For an integer a > 3, p(F(a,3)) = 2a — 1.

Proof. Let G = F(a,3),let V(K,) = {v1,vs,...,v.}, and let P; = (v, u, w), where G is obtained from K, and the path P; by
identifying the end-vertex w of P; and the vertex v; of K,,, denoting the identified vertex by v; in G. The subset labeling
g: V(G) = P*([2a — 1]) is defined by

glvi) = {1}

gvi)) = {,a+(@i—1D}for2<i<a
glv) = ld

g((u) = Ja+1,2a—-1].

Thus, p(G) < 2a — 1. Next, we show that p(G) > 2a — 1. Assume, to the contrary, that there is a subset labeling f : V(G) —
P*([2a — 2]) of G. Then f(v;) N f(vj) = O for 1 < i < j < a. Since f(v) N f(v;) # 0 for 1 < i < a, we may assume that
i€ flv)yn f(v;) for 1 <i < a. Thus, [a] C f(v). Since f(u) N f(v;) # 0 for 2 < i < a, there is ¢; € [2a — 2] — [a] such that
t; € f(u)N f(v;) for 2 <i < a. Thus, ta,t3,...,t, are a — 1 distinct elements in [a+ 1, 2a — 2], which is impossible. Therefore,
p(G) > 2a — 1 and so p(G) = 2a — 1. O

For ¢ > 4, we have the following.
Theorem 3.3. For integers a,f with a > 3 and ¢ > 4,

p(F(a,l)) < p(F(a,l+1)) < p(F(a,0)) + 1.
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Proof. Since F(a,?) is an induced subgraph of F(a, (¢ + 1), it follows that p(F(a,?)) < p(F(a,? + 1)). Thus, it remains to
show that p(F(a,l + 1)) < p(F(a,f)) + 1. Let G = F(a,f) and G = F(a,¢ + 1). Suppose that p(G’) = k. Hence, there
exists a subset labeling ¢ : V(G’) — P*([k]) of G’. Let v be the end-vertex of G and let (v, u,w, z) be a subpath of P,. The
labeling f : V(G) — P*([k]) of G is defined by

f) = [k+1]—g(u)
f(z) = g(z)u{k+1}
flx) = g(@)ifzeV(G)—{v,z}.
We show that f is a subset labeling of G. Let z and y be two distinct vertices of G. If z,y € V(G’), then f(z) N f(y) =

g(z)Ng(y). Since z is the only vertex of G’ that contains k + 1, it follows that f(z) N f(y) = 0 if and only if zy € F(T"). Thus,
we may assume that z = v.

* If y = u, then uv € E(G) and f(v) N f(u) = () by the definition of f.
* If y = w, then f(w) = g(w) C [k] — g(u) C [k +1] — g(u) = f(v) and so f(v) N f(w) # 0.
* Ify==z2k+1¢€ f(v)N f(z) and so f(v) N f(z) # 0.

* Ify € V(G') — {u,w, 2}, then y is not adjacent to w. This implies that f(y) N f(w) = g(y) Ng(w) # 0. Since f(w) C f(v),
it follows that f(y) N f(w) C f(y) N f(v). Therefore, f(y) N f(v) # 0.

Hence, f is a subset labeling of G and so p(G) < k+ 1= p(G’) + 1. O
With the aid of Proposition 3.1 and Theorem 3.3, we have the following realization result.

Theorem 3.4. For each pair a,b of integers with a > 4 and b > 2a — 1, there exists a connected graph G with x(G) = a and
p(G) =b.

Proof. Since F(a,3) is an induced subgraph of F(a,¢), it follows that p(F(a,¢)) > 2a — 1 by Proposition 3.1. Since
lim p(Pp) = o0
£—00

and P, is an induced subgraph of F(a,/), it follows that limy_,., p(F(a,f)) = oco. Thus, there is an integer ¢, such that
p(F(a,ly)) = N > b. It then follows by Theorem 3.3 that there is an integer ¢ such that p(F(a,¥)) = b. Since x(F(a,!)) = a,
the graph F(a,?) has the desired property. O

By Theorem 3.1, if G is a connected graph with p(G) = 3, then x(G) = 2 or x(G) = 3. Therefore, there are graphs G
with p(G) = 3 for which x(G) = k where k = 2 or k = 3. Similarly, if G is a connected graph with p(G) = 4, then for each
integer k € {2, 3,4}, there exists a connected graph G with p(G) = 4 and x(G) = k. Furthermore, by Theorem 3.4, for each
pair a,b of integers with a > 4 and b > 2a — 1, there exists a connected graph G with x(G) = a and p(G) = b. We now
establish a more general result.

First, we present some definitions and notation. For two vertex-disjoint graphs G and H, the join GV H has V(GV H) =
V(G)UV(H)and E(GVH) = E(G)UE(H)U{zy : x € V(G),y € V(H)}.Forintegersa > 3andt > 1,let Go = K,_1 VK be the
join of the complete graph K, ; and the empty graph K, where V (K, 1) = {v1,v2,...,v4_1} and V(K;) = {uy,u2, ..., us}.
Since Gy is a magnified K,, it follows that x(Go) = p(Gy) = a. Let G; be the graph obtained by adding the pendant edge
uywi at the vertex u; of Gy. For each integer ¢ with 2 < i < t, let G; be the graph obtained by adding the pendant edge u;w;
at the vertex u; of G;_;. The graph G, is shown in Figure 4. Equivalently, G;_ = G; — w; for 1 < i < t. Since G;_1 is an
induced subgraph of G; for 1 < i < t, it follows that

a=p(Go) < p(G1) < p(Ga) < -+ < p(Gy). (1)
Next, we show that p(G;) exceeds p(G;_1) by at most 1 for 1 <i <¢.
Theorem 3.5. Let a and t be integers with a > 3 and t > 1. For 1 <i <t,

p(Gi—1) < p(Gi) < p(Gim1) + 1.
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w1 w2 w3 Wt
o o o
Gt : Uy (%) us U
T 1
K, 1: o o o °o o o o
U1 V2 U3 Vg—1

Figure 4: The graph G,.

Proof. Suppose that p(G;_1) = k for some integer k¥ > a where 1 < ¢ < ¢t. Then there is a subset labeling g : V(G;-1) —
P*([k]) of G;—1. The graph G, is obtained by adding the pendant edge u;w; at the vertex u; of G;,_;. The graph G5 where
3 < t is shown in Figure 5. We now extend the subset labeling g of G;_; to a labeling f : V(G;) — P*([k + 1]) of G; by
defining

flwi) = [k+1] = g(us)
flu;) = gluj)u{k+1tfor1 <j<tandj#i
fle) = gl@)ifz#u;forl <j<tandj#iandaz # w.

We show that f is a subset labeling of GG;. To simplify notation, we let
U = {ur,ua,...,ut} — {u;}.
Let 2 and y be two distinct vertices of G;. If x,y € V(G;_1), then

g(x) Ng(y) ifr¢gUory¢U
F@) £y = |
(9(@)Ng(y) U{k+1} ifzyel.
Thus, f(x) N f(y) = 0 if and only if xy € E(G,_1). Thus, we may assume that z = w;.
* If y = u;, then w;w; € E(G;) and f(u;) N f(w;) = 0 by the definition of f.

* If y = wj, where then 1 < j <i—1andi > 2, say y = wq, then wyw; ¢ E(G;). Since w v ¢ E(G,_1), it follows that
g(wy) Ng(v1) # 0. Because g(wy) Ng(v1) C [k] — g(u;) C [k + 1] — g(w;) = f(wy), it follows that f(w1) N f(w;) # 0.

* IfyeU,thenk+1 € f(w;)N f(y) and so f(w;) N f(y) # 0.

* If y € V(K,-1), then y is adjacent to u; and so f(y) = g(y) C [k] — g(u;) C [k + 1] — g(u;) = f(w;). Therefore,
FQy) 0 f(wi) #0.

Hence, f is a subset labeling of G; and so p(G;) < k+ 1= p(G;—1) + 1. O
w1 w2 w3
°
Gs: Ul %uz \gus “§4 0 0 o 4\%‘,
T 1
Ko 0 0 o ° o o o
U1 V2 v3 Va—1

Figure 5: The graph G3.
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For integers @ > 3 and ¢t > 1, let Gy and G, be defined as above. That is, Gy = K,_; V K, is the join of the complete
graph K, ; and the empty graph K;, where V (K, 1) = {v1,v2,...,v,_1} and V(K;) = {uy,ua, ..., u;}. The graph G is the
graph obtained by adding the pendant edge u;w; at the vertex u; of K,_; vV K, for 1 <i < t.

Proposition 3.2. tlim p(Gy) = oo
—00

Proof. Let N > 2 be an arbitrary integer. We show that p(G;) > N for all integers ¢ > 2V. Suppose that p(G;) = k and let
f:V(Gy) — P*([k]) be a subset labeling of G;. Since f(v;) N f(v;) =0 for 1 <i < j < a — 1, we may assume that i € f(v;)
for 1 < i < a—1. Thus, f(u;) is a subset of [k] — [a — 1] for 1 < i < t. Since N(u;) # N(u;) for 1 < i < j <t, it follows that
f(uy, f(uz), ..., f(us) are distinct subsets of [k] — [@ — 1]. This implies that t < 2*=2! < 2¥ and so log, t < k. Thus, if t > 2%,
then log, ¢ > N and so p(G;) = k > log,t > N. Therefore, nh_)rr;o p(Gy) = o0. O

We are now prepared to prove that every two integers a and b with 2 < a < b are realizable as the chromatic number
and subset index, respectively, of some connected graph.

Theorem 3.6. For every pair a,b of integers with 2 < a < b, there is a connected graph G such that x(G) = a and p(G) = b.

Proof. If a = b > 2, then let G = K,. Then x(G) = p(G) = a by Observation 3.1. If a = 2 and b > 3, then there exists an
integer ny;, such that p(P,,) = b by Theorem 3.2. Since x(P,,) = 2, the graph G = P,, has the desired properties. Thus, we
may assume that 3 < a < b. For integers a > 3 and ¢ > 1, again let G, be defined as above, namely Gy = K,_; V K, is the
join of the complete graph K,_; and the empty graph K, where

V(Ka_l) = {’Ul, V2,..., Ua—l} and V(Ft) = {Ul,UQ, e ,Ut}.

Since Gy is a magnified K|, it follows that x(Gy) = p(Go) = a. Let G; be the graph obtained by adding the pendant edge
uyw; at the vertex u; of Gy. For each integer ¢ with 2 < i < t, let G; be the graph obtained by adding the pendant edge u;w;
at the vertex u; of G;_;. By Proposition 3.2, tlirglo p(G¢) = co. Thus, there is an integer ty such that p(G;,) = N > b. It then
follows by Theorem 3.5 that there is an integer i with 1 < i < ¢q such that p(G;) = b. Since x(G;) = a, the graph G; has the
desired property. O

As an illustration of Theorem 3.6 and its proof, we determine the subset indices of the graphs G, G1, G2, G3, and G4
for a = 5. Thus, Gy = K, V K, and the graph G, is shown in Figure 6. Hence, G;_| = G; —w; for 1 <i <4 and x(G;) =5
for 1 <i < 4. We saw that x(Gy) = p(Gp) = 5.

) ) ) ®
Uq C U2 C U3 Uy
U1 ) Vg
V2 U3

Figure 6: The graph G4 for a = 5.

Example 3.1. p(G1) =6, p(G2) = p(G3) =7, and p(G4) = 8.

Proof. First, we make some observations. For 1 < i < 4, let f; be a subset labeling of G;. Then f;(z) # fi(y) for every two
distinct vertices « and y of G;. Furthermore, if 2 <14 < 4, then |f;(u;)| > 2 and | f;(w;)| > 2 for all integers j with 2 < j <.
A subset labeling f; : V(Go) — P*([5]) of G is defined by

f()(’l)j) = {_j} fOI‘ 1 S] S 4
{6} for 1 < j < 4.

=
S

.
I

For 1 < i < 4, define a subset labeling f; of G; recursively as follows.

* The subset labeling f; : V(G1) — P*([6]) of G; is defined in terms of f; by

filvy) = folvy) ={j}for1<j<4
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filw)) = fo(w) = {5}
fi(u;) = folu)) U{6} ={5,6}for2< ;<4
filwr) = [4]uU{6}.

Thus, p(G1) < 6. We show that p(G;) # 5. Assume, to the contrary, that there is a subset labeling ¢, : V(G1) — P*([5])
of G;1. We may assume that j € g;(v;) for 1 < j < 4. This forces g1 (v;) = {;j} and ¢1(u;) = {5} for 1 < j < 4. However

then, g1 (w;) = [4] and so ¢; (w1) N g1(uz) = 0, a contradiction. Therefore, p(G1) = 6.

* The subset labeling f> : V(G2) — P*([7]) of G, is defined in terms of f; by

folvy) = fi(v;) ={j} for1<j<4

four) = fi(uw)U{7}={57}

fa(uz) = fi(uz) = {5,6}

fa(u;) = fi(u;) U{7} = {5,6,7} for j = 3,4
folw;) = [AU{5+j}forj=1,2.

Thus, p(G2) < 7. We show that p(G2) # 6. Assume, to the contrary, that there is a subset labeling g : V(G2) — P*([6])

of G,. We may assume that j € g2(v;) for 1 < j < 4. Since [g2(u;)| > 2 for 1 < j < 4, this forces g»(v;)
g2(u;) = {5,6}. However then, g»(w;) = [4] and so g2(w1) N g2(u2) = 0, a contradiction. Therefore, p(G>) =

* The subset labeling f; : V(G3) — P*([7]) of G5 is defined in terms of f; by f3(ws) = [4] U {6,7} and f3(x)

— {j} and
7.

f2(2)

for z € V(G3). Thus, p(G3) < 7. Since 7 < p(G2) < p(Gs), it follows that p(G3) = 7.

* The subset labeling f4 : V(G4) — P*([8]) of G4 is defined in terms of f3 by

fa(ws) = [4U{8}
faluj) = fa(u)) U{8Ffor1 <j <3
f4($) = f3(l‘) if.%‘¢ {U17U2,U3,’w4}.

Thus, p(G4) < 8. We show that p(G4) # 7. Assume, to the contrary, that there is a subset labeling g4 : V(G4) — P*([7])
of G4. We may assume that j € g4(v;) for 1 < j < 4. Since 2 < |g4(u;)| < 3 for 1 < j < 4, this forces g4(v;) = {j} and so
g4(uj) € {5,6,7}. Since there are only three 2-element subsets of {5, 6,7}, it follows that |fi(u;)| = 3 for exactly one
integer j with 1 < j < 4. We may assume that g4(u;) = {5, 6, 7}. This forces fi(w;) = [4] and so fy(w1) Ngs(uz) =0, a

contradiction. Therefore, p(G4) = 8.
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