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Abstract
The main motivation for obtaining the results reported in the present paper comes from the following existing identity:
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We obtain the asymptotic expansion of the remainder R,, as given below:
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We also give a recursive relation for determining the coefficients involved in the obtained expansion. Moreover, we establish
an upper bound and a lower bound on the remainder R,,. As an application of the obtained bounds, we give an approximate
value of 7.
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1. Introduction

Throughout this paper, N represents the set of positive integers and Ny := NU{0}. There exist many formulas in literature
for the representation of 7 and a collection of such formulas can be found in [8,9]. Ramanujan [6] provided seventeen series
for 1/7. The following formula (known as Leibniz series)
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is due to Gottfried Wilhelm Leibniz. Recently, Alzer [2] presented a series representation for = which relates = to the
partial sums of the Leibniz series,
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More precisely, Alzer [2] obtained the following result:
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For additional information on the topic under consideration, see [1,3-5].
Consider the following identity (see [7, 10])
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be the partial sums of the series (1). We now consider the remainder R, defined as
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At the start of Section 2, using the Maple software, we derive the asymptotic expansion of the remainder R,, as given below:
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In Theorem 2.1, we give a recursive relation for determining the coefficients involved in the obtained expansion. We
establish an upper bound and a lower bound on the remainder R, in Theorem 2.2. In Remark 2.1, as an application of the
obtained bounds, we give an approximate value of .

We end this section with the remark that all the numerical calculations presented in this study are performed by using
the Maple software for symbolic computations.

2. Results
Using the Maple software, we here give a derivation of (4). We find, as n — oo,
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and so on. In view of (5) to (9), we find the sums of the following series:
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Summing the expansions (5) to (9) side by side, we obtain the asymptotic expansion (4).
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Theorem 2.1. The remainder R,, defined by (3), has the following asymptotic expansion:
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as n — oo, where the coefficients ri, (with k € Ny) are given by the following recursive relation:
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where r;, (with & € Ng) are the real numbers to be determined. In view of (4), we can let R,, ~ T}, and
AR, :=Ryi1 — Ry ~Tphy1 — T, = AT,, n— .
Direct computation yields
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which can be written as
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We obtain from (13), as n — oo,
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Equating coefficients of the term n =" (with k& € Ny) on the right-hand sides of (12) and (14), we obtain
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For k = 0, from (15) it follows that (noting ag = i bo = 10)
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which yields the required formula (11).
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Next, by utilizing (11), we demonstrate how straightforwardly one can find r;, given in (10). We give the values of r;, for
k=0,1,2,3, as follows:
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Theorem 2.2. For all n € N, the following inequality holds:
L, <R, <U,, (16)

where .
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Proof. Forn € N, let
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Then, we have

lim ¢, =0, lim n, =0.
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To prove (16), it is sufficient to prove that the sequence {¢,} is strictly decreasing and the sequence {7, } is strictly increas-
ing. By elementary calculations, we have
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Thus, for n € N, we have &, > £,11 and 1, < 711.
O

Remark 2.1. We now apply (16) to give an approximate value of 7. Write (16) as

ap <7< By, (17)
where s s

21 216
an = {76@” + sn)] and B, — [7(Un + Sn)] .
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For n = 10, we have

a0 = 3.14159265358 - - -
Bro = 3.14159265359 - - - .

From (17), we get an approximate value of T,
7~ 3.1415926535.

The choice n = 1000 in (17) gives

T~ 3.14159265358979323846264338327950288419716939937510582097494459230781.
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