Contributions to Mathematics Contrib. Math. 6 (2022) 39-44
www .shahindp.com/locate/cm DOI: 10.47443/cm.2022.045

Research Article
General Zagreb adjacency matrix

Zhen Lin!2:*

LSchool of Mathematics and Statistics, The State Key Laboratory of Tibetan Intelligent Information Processing and Application, Qinghai Normal
University, Xining, Qinghai, China
2Academy of Plateau Science and Sustainability, People’s Government of Qinghai Province and Beijing Normal University, China

(Received: 27 August 2022. Received in revised form: 10 September 2022. Accepted: 10 September 2022. Published online: 13 September 2022.)

(© 2022 the author. This is an open access article under the CC BY (International 4.0) license (www.creativecommons.org/licenses/by/4.0/).

Abstract

Let A(G) and D(G) be the adjacency matrix and the degree diagonal matrix of a graph G, respectively. For any real number
«, the general Zagreb adjacency matrix of G is defined as Z, (G) = D*(G)+A(G). In this paper, the positive semidefiniteness,
spectral moment, coefficients of characteristic polynomials, and energy of the general Zagreb adjacency matrix are studied.
The obtained results extend the corresponding results concerning the signless Laplacian matrix, the vertex Zagreb adjacency
matrix, and the forgotten adjacency matrix.
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1. Introduction

Let G be a simple graph with the vertex set V(G) and edge set E(G). For v; € V(G), d; or d(v;) denotes the degree of
the vertex v; in G. Recently, in order to extend the spectral theory of classical graph matrices such as adjacency matrix,
signless Laplacian matrix and distance matrix, many scholars have devoted themselves to the study of the generalization
of graph matrices, and proposed many new graph matrices including the generalised adjacency matrix [4], the universal
adjacency matrix [6], A,-matrix [10], and the generalized distance matrix [2]. Inspired by these studies, we propose the
general Zagreb adjacency matrix of a graph G as follows:

Zo(G) = DY(G) + A(G), «a€R,

where A(G) and D(G) are the adjacency matrix and the degree diagonal matrix of G, respectively. The general Zagreb
adjacency matrix gives several existing matrices as special cases:

1. Zy(G) = D°(G) + A(G) = I + A(G), where I is identity matrix;

2. Z1(G) = D(G) 4+ A(G) is the signless Laplacian matrix [3];

3. Z3(G) = D*(G) + A(G) is the vertex Zagreb adjacency matrix [7];
4. 7Z3(Q) = D3(G) + A(G) is the forgotten adjacency matrix [7];

5. Z,(G) = r*I + A(G) when G is r-regular.

Let 21, 22,. .., 2z, be the eigenvalues of the general Zagreb adjacency matrix of a graph G with n vertices. The general
Zagreb adjacency energy of G is defined as

Mo

zi——1, a€R,

where Mo =3_, cy () di is called the first general Zagreb index [8].

In this paper, some spectral properties of the general Zagreb adjacency matrix are reported. The obtained results
extend the corresponding results concerning the signless Laplacian matrix, the vertex Zagreb adjacency matrix, and the
forgotten adjacency matrix.
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2. Preliminaries

For an integer k, the k-th spectral moment of a graph is defined as the sum over the k-th powers of all eigenvalues of the
adjacency matrix. Let \; and ¢r(A) be the ith eigenvalue and trace of the adjacency matrix A, respectively. Denote by P,
and C,, the path and the cycle, respectively, on n vertices. For a graph G with n vertices and m edges, it holds that

Zv = tr(A%) = ZAS r(A%) = 6|C4), Zx* = tr(A*) = 8|Cy| + 4| P3| + 2m,

1=1

where |C3| and |Cy
the general Randié index as:

. In 1998, Bollobas and Erddés [1] defined

where « is an arbitrary real number.
Lemma 2.1 (see [11]). Let M = (m;;) be a matrix with the characteristic polynomial
O(M) =det(xl — M) =2" + Zaﬂ:"*i.
i=1
Let 55, = tr(MF). Then the coefficients of ®(M) satisfy the following equations:
ay = —$1, kap = —Sp —a15p—1 — a2Sk—2 — -+ — ap—151, (k=2,3,...,n).

Lemma 2.2 (see [5]). Let a = (a1,as,...,ay,), b = (b1,ba,...,b,) be sequences of real numbers and s = (s1,82,...,8n),
t = (t1,ta,...,t,) be nonnegative. If 3,7y > 0 and n € R such that n? < B, then

n n n n n n
i=1 =1 i=1 i=1 i=1 i=1

3. The positive semidefiniteness of the general Zagreb adjacency matrix
Theorem 3.1. Let G be a connected graph with n vertices. If a > (3, then

2k(Za) > 2k(Zp)
fork=1,2,...,n

Proof. By Weyl’s inequality, we have
26(Za) — 21.(Z3) > 2min(D™ — DP) > 0.

This completes the proof. O

Corollary 3.1. If « = 1, and G is a graph, then Z.(G) is positive semidefinite. If « > 1, and G is a graph with no isolated
vertices, then Z,(G) is positive definite.

Proof. 1t is well known that the signless Laplacian matrix Z; (G) is positive semidefinite. If « > 1, and G is a graph with
no isolated vertices, then by Theorem 3.1 one has

Zmin(Za(G)) > Zmin(Zl(G)) > 0.
Thus Z,(G) is positive definite for oo > 1. O

Theorem 3.2. Let G be a connected bipartite graph. Then Z,(G) is positive semidefinite if and only if o > 1.

Proof. Since a connected graph G is bipartite if and only if 2.,;, (Z1(G)) = 0, by Theorem 3.1, we have that Z,(G) is positive
semidefinite if and only if o > 1. O

Theorem 3.3. Let G be a graph with n vertices, m edges and chromatic number x. Then

(x — )M, —2m

Zmin(Za(G)) S 'n(X — 1)
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Proof. Let V1,Va,...,V, be the color classes of G. For an integer k, 1 < k < yx, define a vector X = (x1, zo, ...

x— 1, if v; € Vis
Ty =
-1, otherwise.

By the Rayleigh-Ritz theorem, one has

Zmin(Za Q)X S XZ,(G)XT = > dfai+2 > wa
v, €EV(Q) v;v; EE(QG)

On the one hand, for || X||? it holds that

X112 = Oc = D?IVil + (n = [Va]) = x(x = 2)| Vil +n.

,Tp) by

But,
Z d®a? +2 Z rix; = Z do‘—|—z —2(x—1) Zd+2<m—2d>
v; €V (G) viv; EE(G) v; €V(G)\ Vi v; €V v; €EVi v; €V
= Mo+ > x(x— 2da+2<m XZd)
v, €V v; €V
Therefore,

Zmin(Za (@) [X(x = 2)[Vi| + 1] < Mo+ D x(x —2)df* +2 (m—x > di)-

v; €V v; €V
Adding the above inequalities for all & € {1,2,..., x}, one arrives at

X X
me a Z _2|sz‘+n Z M+Z —2d“+2<m XZCZ)]
k=1 k=1 v; €V v; €V,
which gives,
nxX(X — 1)2min(Za(G)) < XxMa + X (X — 2)Mq + 2mx — dmy,
that is,

(x — )M, —2m
n(x—1)

Zmin(Zoz(G)) S

This completes the proof.

Remark 3.1. Lima et al. [9] showed that if G is a graph with n vertices, m edges and chromatic number Y, then

2m(x —2)
n(x—1)

Theorem 3.3 asserts that this bound can be extended to all matrices Z,,.

Zmin(Zl (G)) <

Corollary 3.2. If M, < 7, and G is a graph, then Z,(G) is not positive semidefinite.
Question 3.1. Given a graph G, find the smallest o for which Z,(QG) is positive semidefinite.

4. The spectral moment of the general Zagreb adjacency matrix
Theorem 4.1. Let G be a graph with n vertices and m edges. Then

zi = tr(Zs) = M,,

H'M:
I,

3

22 = tr(Z%) = May + 2m,
i=1
22 = #r(Z3) = Maa + 3Mayy + 6|Cs),
i=1
sz = tr(Z3) = Myq +4Maqy 1 + 8ZtG(Ui)d? + 4R + 8[Ca| + 4[5 + 2m,

i=1

where tg(v;) is the number of triangles containing the vertex v; of G.
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Proof. By definition, the diagonal elements of Z, are equal to d?. Thus, the trace of Z,, is M,,. Next, we calculate the trace
of Z2. Since tr(BC) = tr(CB) and tr(D*A) = 0, one has

tr(Z%) = tr(D*) +tr(D*A) + tr(AD*) + tr(A?)
= tr(D**) + 2tr(D“A) + tr(A?)
= My, + 2m.
Since tr(BC) = tr(CB) and tr(D?**A) = 0, it holds that
tr(Z3) = tr(D?*) 4 tr(D**A) + tr(D*AD®) + tr(D*A?) + tr(AD*®) + tr(AD“ A) + tr(A2D) + tr(A®)
= tr(D3*) + 3tr(D**A) 4 3tr(D*A?) + tr(A3)
= Mz, +3Myiq +6|C3).

Since tr(BC) = tr(CB) and tr(D3*A) = 0, one has

tr(Z2) = tr(D*) 4+ tr(D3*A) + tr(D?**AD®) + tr(D?**A?) + tr(D*AD*®) + tr(D* AD*A) + tr(D® A2D*) + tr(D*>A3)
+tr(AD3®) + tr(AD** A) 4 tr(AD“AD®) 4 tr(AD“A?) + tr(A?2D?*®) + tr(A2D® A) + tr(A3D*) + tr(A%)
= tr(D') + 4tr(D3* A) + 4tr(D?** A%) + 4tr(D® A%) + 2tr(D* AD* A) + tr(A%)
= Myq +4Mooq1 +38 Z t(vi)di + 4Ro + 8|Cy| + 4| P3| + 2m.
i=1
This completes the proof. O

Corollary 4.1. Let G be a graph with n vertices and m edges. Then the first four coefficients a1, as, a3, ay of characteristic
polynomials of the general Zagreb adjacency matrix are given as follows:

aq = —Ma,
Mi—Mga
a2 = )
2
My,  M? 1
= M, —Za — —Msy — Maiq —2|C5,
as ( 5 6 +m> 343 +1 |Cs]
M3, Mso M2 m My, ~ m
= M, | =22+ M, 5| — M, — ey B ~ Maay1 — 2 ta(vi)de — Ra —2|C4| — |Ps| — &
a4 M, [ 3 + Mot +2|Cs| — M, ( 3 4 1 1 2041 2 a(v;)d; |Cy| — | Ps| 5
M? — My m
— (M. 2 o e 7).
(Mza + m)< 8 4)
Proof. From Lemma 2.1 and Theorem 4.1, the results follow. O

Corollary 4.2. Let G be a graph with n vertices and m edges. Then

n M 2 2
Iy = ZZZ—TQ = Mo — —= +2m,
=1
n 4
M,
Iy = z;zi_ n(x
1=

- 4M,
= Muo+4Maar1 +8_ t6(0,)d] + 4R +8|Cs| + 4| Py| + 2m — — (Mga 3Mogr + 6|03|)
=1

6M2

3MA
+ 2“ (Mga + 2m> — “
n

n3

Proof. The result follows from Theorem 4.1. O
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5. Bounds on the general Zagreb adjacency energy of a graph
Theorem 5.1. Let G be a graph with n vertices and m edges. Then
2 2
2 (30 2m = 28 < 5@ <o (1 2m - 2.
n n
Proof. By the Cauchy-Schwarz inequality, we have
- M, M?2
= < = E— .
E.(G) ; 2 - ‘ < v/nl'y \/n (Mga +2m - )
From the definition of the general Zagreb adjacency energy, it follows that
n M 2
Ei(G) = (Z Zi — 2 >
i=1
n Ma 2 Ma Ma
=1 1<J
M, M,
> T L Ta Lo
= 2—5-22(2'1 n)(zj n)
1<
2
= Ty+2 Z(Zizj_ (zi +2z5) + 2>
i<j
2 M?2 nn-1
= F2+2a2——a(n—1)+n—;‘- (2 )‘
_ 2
= FQ + 2 ag — (Tl 1)Ma
2n
2 — 1) M?
— Mza—a+2m+2‘ e} M2(¥_ _(n )Ma
n 2 2n
2
- 2 <M2a+2m—a>
Thus,
2
E.(G) > \/2 <M2a +2m — ")
This completes the proof. O

Theorem 5.2. Let G be a graph with n vertices. If 3,y > 0 and 1 € R such that n? < 3, then

2 4
Proof. Taking a; = |z; — M=|? b; = |z — a3

,p =3 and ¢ = 3 in the Holder inequality

M=
S
Sa
A
(\
HM:
I,

Q
<T
N———

S =
Q/\
HM:
I,

o
SoQ
N———

<}

gives
5 1 2
n Ma 2 n Ma H Ma 4\ 3 n Ma 3 n Ma 4
J L Te L e < _ e L T®
Z'Zl n Zzl n (ZZ n ) o Zzl n’ Zzl n
=1 =1 =1 =1
that is,
3
n 2
M(!
; ’ZZ n F3
E.(G) > - - =22
Iy

Wl
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o

Setting s; =t; =1, a; = |2 — Af—ﬂ and b; = |z — ? in Lemma 2.2, yields

4 n n

- M, |? - M, M, M,
P i——| =22 P i >
that is,
n F4
E.(G) < — — .
(@) < o <6+7F2)

Combining the above arguments completes the proof. O
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