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Abstract

Three determinants for symmetric and skew-symmetric matrices are explicitly evaluated, in closed form, as circular
products. One of them gives a solution to a problem proposed by Dzhumadil’daev [Amer. Math. Monthly 129 (2022) 486].

Keywords: determinant; Laplace expansion; symmetric matrix; skew-symmetric matrix; circular product.

2020 Mathematics Subject Classification: 15A15, 15B57.

1. Introduction and the main results

Evaluating determinants is one of the important topics in mathematics and physics. There are two classical results (cf. [2]
and [3, §4.3]) about a skew-symmetric matrix =. When the order of = is odd, then det = = 0. When the order of = is even,
the determinant det = results in a square of a polynomial in the entries of =. In this paper, we explicitly evaluate three
determinants, in closed form, as circular products. The main results are announced in advance as follows, whose proofs
are given in the next section. The first one is about the symmetric matrix

T — x5, 1< J;
U, =

[Wis)icijan W= s g
Ti— X, 1> 7.
7 i

Theorem 1.1 (Determinant identity for symmetric matrices).
det U, = 272 H(ﬂckﬂ —x), where x,1:=x.
k=1
The next two results are concerned with the following skew-symmetric matrices

Ap = [aixj]lgi,jgn C Gy = )

Qn = [wiJLgi,jgn Co Wi

where )\ and {zy}1<x<, are real numbers.

Theorem 1.2 (Determinant identity for skew-symmetric matrices).

2n
det Ay, = g1 H(.’Ek — Jik+1)2, where To,11 = 1.
k=1

It is remarked here that Theorem 1.2 resolves a monthly problem proposed recently by Dzhumadil’daev [1].

Theorem 1.3 (Determinant identity for skew-symmetric matrices).

n

n—1
det Qq,, = xf’\ H(Cvzk - 332/%1)2 H (xék - $§k+1)2~
k=1 k=1
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2. Proofs of Theorems 1.1, 1.2, 1.3

This section is divided into three subsections, dedicating to proofs of the three corresponding theorems anticipated in the
previous section.

2.1. Proof of Theorem 1.1

By examining the difference between the ith row and the (i + 1)th row, we see that the resulting entry v; ; in the (i, j)
position equals
T — Tit1, ©<J;
U j = Ui = Uiyl =
Tit1 — i, 2>
Iterating this operation downwards from the first row to the penultimate row, and then extracting the common row factors,
we get the following equality

n—1
det Un = H(Il — Ii+1) x det Vn,
=1
where the matrix V,, is given by
1, 1< J;
Vo= [oi ] 0 vig =4 -1, i > J;

Tj—Tp, =N
Next, for the matrix V,,, we make the same row operations. Considering the difference between the ith row and the (i+1)th

row, where 1 < i < n — 2, we can check without difficulty that the resulting entry v; ; in the (4, j) position becomes

, 0, j#i+1;
Vij = Vij = Vitl,j =

2, j=i+1.
Repeating this operation for i from 1 to n — 2, we derive another equality
det V,, = det W,

where the matrix W, is given by

2, i=j—1;

0, iFj-L
Wn:[wi’j]: wij =4 —1, i=n—1&j <mn;

1, i=n—-1&j=mn;

Tj—Tp, T=n

Write this matrix explicitly

r 0 2 0 0 0 07

0 0 2 0 0 0

0 0 0 2 0 0

Wn: . . . . . . .
0 0 0 0 2 0

-1 -1 -1 -1 .- -1 1

L1 — Xy T2 — Ty, T3 — Ty *** Tyy_2 — Ty Tpp1 — Ty 0]

Expanding the determinant of W,, with respect to the first and the last columns, we find that
det W, = (=1)"(z,, — 21)2" 2

which confirms the circular product formula stated in Theorem 1.1

n
detU,, =272 H(Z‘k.}rl — ), where x,11:=x. O
k=1
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2.2. Proof of Theorem 1.2

Firstly, we reduce the matrix As, by row and column operations. If we subtract the (i + 1)th row from the ith row, then the
resulting entry a; ; in the (4, j) position becomes

(in - xi+1)($i + X1 — 21‘]‘), 1< j—1;

_ _ 2 . . .
Qi j = ij = Giy1; =\ (@i — Tip1), i=5j&i=7—1;

(xj 7177;_5_1)(2.%]' —X; 7131;_;'_1), 1 >]
Repeating this operation downwards for all the rows except for the last one and then pulling out the common factors from

the first row to the (2n — 1)th row, we get the equality

2n—1
det Agn = H ((El — xiJrl) x det Bgn,
i=1

where the square matrix B,, is given by
xi+$i+1—2.’£j, 1§i<j—1;
T — Tiy1, i=j&i=j-1;
Bop = [biy] + bij=
2xj—$i—l'i+1, 7 <1< 2n;

— (o — xj)z, 1= 2n.

Analogously, for the matrix Bs,,, we make the corresponding column operations. By subtracting the (j + 1)th column from
the jth column, the resulting entry b; ; in the (i, j) position becomes

2(zj41 — x5), i < j;
, 0, i= i
ig = big = bij1 = o
2(xzj — zj41), i>

(@jt1 — ) () + i1 — 2225), @ =2n.
Iterating this operation rightwards for all the columns except for the last one and then extracting the common column

factors from the first column to the (2n — 1)th column, we derive another equality

2n—1
det Bgn = H (I’j — l‘j+1) x det 027,,7
j=1

where the matrix Cy,, returns to skew-symmetric one:

-2, 1< 7 < 2n;
0, i =J;
Con [Cm} cij =< 2, J <1< 2n;

2T0p — Tj — Tjy1, 1= 2n;

Ti + Tip1 — 2T, J = 2n.

Finally, for each k with 1 < k < 2n, performing simultaneously the operations on the matrix C5,, by subtracting the (k+1)th
row and column from the kth row and column, respectively, we find the following reduced expression

det Cy,, = det Do,
where D, is the double bordered skew-symmetric matrix
2%—2j,  |i—jl=1&i,j<2n;
0, li—j| £ 1&i,j < 2n;
Tjyo — x4, t=2n& j<2n—1,
Tjt1— x5, t=2n&j=2n-1,

Ti— Xipo, j=2n&i<2n-1,

Ty — Ti4+1, j:2n&i:2n—1.



S. Gao and W. Chu / Contrib. Math. 6 (2022) 15-20 18

Now, we write the matrix D,,, in blocks

Byt =4 +2, i—j ==+l
Dop= | oovee v onn , where Es,_1 = [ei’j] e =
0, i—j#=+1;

and
Yk = Tpt2 — Tk, 1<k<2n—-1;

g: (yhy?;"' 7y2n71) :
Yon—1 = T2n — TL2n—1; k=2n—1.

By means of the Laplace formula, expanding the determinant of D,,, along the last row and then the last column, we have
the double sum expression
det Dop = > (=1)"yiy; B 1(i, ),
1<i,j<2n
where Es, (i, j) stands for the minor of E,,,_; after the ith row and the jth column having been removed. In general, we
have the following remarkable formula

0, ix7=0 (mod 2);

Eon_1(i,j) =2°"7% x

1, ixj=1 (mod 2).

According to this formula, we can rewrite, under the replacements i —+ 2: — 1 and j — 27 — 1, the former double sum for
det Do,, as

dethnz4"71 Z Y2.—-1Y2y—1
1<2,5<n

n n
n—1
=4 E Y2u—1 § Y25—1
=1 1=1

= 4" (2 — w2,)?,

where the last step is justified by applying twice the telescoping method. Summing up, we have proved that
2n
det Agn = 4n—1 H({L‘k — {Ek+1)27 where Top+1 ‘= T1. O
k=1

Induction principle | Now, we return to present an inductive proof for . It is routine to verify that the formula is
true for F5. Suppose that the same formula is valid for F,,_;. Then we have to validate it for E5, 1. In order to facilitate

the intuitive reasoning below, we write explicitly the corresponding matrix

0 -1 0 0 0 0 O O0 O

1 0 -1 0 0 0 O 0 O

0 1 0 -1 0 0 0 0 O

m=d]: £ |0 0o 1 0 -1 0 0 0 O
T2t 0O 0 0 1 0 -1 0 0 O

0 0 0 0 1 0 -1 0 O

0 0 0 0 0 1 0 -1 0

0o 0 0 0 0 0 1 0 -1

00 0 0 0 0 0 1 O |

Now, we can prove the formula in for F5,1+1 case by case as follows:
° Expanding the determinant along the last row and then the last column, we see that Es,, 11 (4, j) = Ean—1(1, j).

. When j # 2n + 1, we have directly E2,1(2n,j) = 0 since all the entries in the last column result in zero.
Instead, for j = 2n + 1, we have Fs,,11(2n,2n + 1) = 0 because we can reduce the related matrix, by simple row and
column operations, to a lower triangular matrix containing zero diagonal entries.

. When j = 1, we have immediately Es,1(2n + 1,1) = 1 since the matrix is lower triangular with all
the diagonal entries equal to —1. When j = 2, the minor Fs,,11(2n + 1,2) = 0 since all the entries in the first row
vanish. Finally for j > 2, by expanding the determinant along the first row and then the first column, we find that
the invariant relation Fy,11(2n 4+ 1,5) = E2,—1(2n — 1,5 — 2).

In conclusion, we have verified that is true for all the Fy, 1 with n > 1. O
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2.3. Proof of Theorem 1.3

For the matrix Q,,, by examining the difference of the ith row minus (i —1)th row and then iterating this operation upwards
for all the rows except for the first one, we get the resulting matrix

xi\(xlfmj)a 1=1;
O, = [wiy] 0 wijmwig—wiiny = e @ — ) — 2} (wio —ay), i< s
l’?(!L‘Z — $i,1), 1> .

Similarly, by making the column operations leftwards, we transform the matrix 2}, into another one

o (zjo1 — x5), i=1;
oy (z; — wi-1), j=1
Q5 = [wi;]: wij=wi;—wi;_1=10, i =7;

(2} — 2} ) (@5 —wi1), @<

>

((E,» — ])‘\_1)(:172' — $i,1), 1> 7.

<

Now, extracting the common factor 7 from both the first row and the first column, and then z;, — x;,_; from the kth row
and the kth column for k£ from 2 to 2n, we find the following determinant equality

2n

det Qg,, = det ), = det Q= 22* H(mk —xp_1)* det Po, (Y2, Y3, -+ > Yon—1)-
k=2

The above skew-symmetric matrix ®,,, can be expressed in blocks as

1, =1
0 -1-1---—1 ‘
1 17 J= 1a
Bop (Y2, Yz, s Yon1) = |di ] = | | . =10, | = j;
on (Y2, U3 Yon—1) = [¢i] : \IJ%_l bij i=3j
1 Yi, ©<J;
Yijs 1> J;
where the submatrix U5, ; is defined by
0, i=J;
2N A
\Iln—m: i . : 3. — —Y; ] R th :M
2 [w 7-7]m<z,j§2n w »J Yi, 1<7J; Wl Yk Tr — Tp1
Yj, 1> .77

Now, by subtracting y, times the first row and the first column, respectively, from the second row and the second column,
we can further reduce the matrix ®,,, to the following skew-symmetric matrix:

0, 1<i=75<2n;
(01 -1 -1 —17 -1, i=1&j>1;
10 0 0--- 0 1, j=1&i>1;
10
‘I>’2n:[¢,:»7j}: 1 0 \:[j : ¢'Ii,j: 0, 1=2&j5>2;
. 2n—2 . .
: 0, j=2&i>2;
10 .
) . —Yi, 2<1<j<2m
Y 2 <j <1< 2n;

where Uy, 5 is the skew-symmetric matrix explicitly given by

‘;[1271,—2 = [wz,]]2<ld§2n : w?,] = _yi+27 Z < .7;

Yj+2, 1> 7.
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Expanding the determinant of @/, along the second row and then the second column, we find the determinant equality
det @Qn (yg, Y3, ,ygnfl) = det (I)/Zn = det \I/Qn,Q.

By pulling out the common factor y3 from the first row and the first column of ¥y, 5, we derive the recurrence relation
below

det Doy (ya, Y3, -+, Yan—1) = 3 X det Pop_2(Ya, Ys, -+, Yan—1)-
Iterating this equation (n — 1) times, we find the closed formula

n—1

det oy (Y2, Y3, -+ Y2n—1) = det Do H Y1
k=1

Since det 5 = 1, we find finally that

det Qs,, = det Qéz = ml”\ H Tp — The 1) det oy (Y2, Y3, -+, Y2—1)
k=2

n—1
2X 2
=T H Tk — Th—1) Hy2k+1
k=1

2n .’E x )2
2\ 2k 2k+1
= a7 ||(33k_$k1 ||
k=2

$2k - $2k+1)2

n n—1
=23 [[(@ar — w2n—1)® [ (@ — 22441)* O
k=1 k=1
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