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Abstract

The purpose of this paper is to investigate the existence and uniqueness of weak solutions for a class of nonlinear degenerate
elliptic problems of the form:

—div [v1a(y, V) + 12 b(y, ¢, V)] + 13 9(y, ©) = ¢(y),
where v1, 12, and v3 are A,-weight functions and the operators a, b and g are Caratéodory functions that satisfy some certain

conditions, and ¢ € L” ' Q7P I). The approach used for attaining the mentioned purpose is based on the Browder-Minty
theorem and the theory of weighted Sobolev spaces.
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1. Introduction

The goal of this paper is to show that there is a unique weak solution in Wol’p (©2,1) (p is not necessarily equal to 2) for the
Dirichlet problem associated with the nonlinear degenerate elliptic equation of the form:

—div|via(y, Vo) + by, ¢, Vo) | +v39(y, @) = ¢(y) inQ,
ply) =0 on 9,

)

where () is a bounded open set in RY; 11, 15, and v3 are A,-weight functions, and the functions b : @ x R x RY — R¥,
a:QxRY — RN and g : @ x R — R are Caratéodory functions that satisfy some assumptions with ¢ € L¥' (Q, v, * /).

The problems of the type (1) have already been studied for the case 14, = v, = v3 = 1; the existence results have been
reported in [4] (see also [7]) when a(y, V) = 0. Also, the degenerate case with different conditions have been investigated
in many papers; for example, see [1-3,9,14-23]. Moreover, Cavalheiro established the existence of solution for (1) in [5]
when a(y, Vi) = 0 and in [6] when ¢(y, ¢) = 0.

The remaining part of this paper consists of five sections. Definitions and some preliminary results are presented in
the next section. The assumptions on a, b, and g, as well as the notion of weak solutions for (1) are outlined in Section 3.
Section 4 is concerned with the main result and its proof. An example is presented in Section 5.

2. Preliminaries

In this section, we recall some definitions and basic properties of weighted Lebesgue and Sobolev spaces. Detailed expositions
on these concepts can be found in [10,24].

Let v be a weight function on R" such that v is measurable and strictly positive a.e. in R". The space L”(2, v) is defined
as

LP(Q,v) = {f : Q0 — R such that ||f||Lr(.) = </Q f(y)|p1/(y)dy>p < oo}.

We now establish conditions on v that ensure LP(Q,v) C L}, ().

loc
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Proposition 2.1 (see [12,13]). Let 1 < p < co and B C Q be a ball. If vieT € L} (Q) for p > 1 and

loc

1
ess sup — < +oo forp=1,
yeB V(y)

then LP(Q,v) C L} .(Q).

loc

The class of A,-weight is a particularly well-understood class of weights. In harmonic analysis, these classes have a
variety of applications (see [24]).

Definition 2.1. For 1 < p < oo, one has v € A,-weight, if there exists 0 = 0(p, v) so that

(ulg / u(y)@) (ulg' | wn dy)pl <0 forp> 1, and (; / v(y)dy) eas sup —s <0 forp = 1.

The A, constant of v is the infimum over all such constants 6. The set of all A,-weights is denoted by A4,. Additional
information on A,-weights can be found in [12, 25].

Example 2.1. In this example, we have two parts.
L veA,sa<v(z)<b forae zeRYN with a,b> 0.
2. For z € RN, we have v(z) :=|Z|* € A, & —N <A< N(p—1).

Definition 2.2. Let Q C R" and v € A,. The space W'?(Q,v) is defined as
WhP(Q,v) = {u € LP(Q,v)and Dyu € LP(Qv),i=1,... ,N}.

The norm of u in WP(Q,w) is given by

. :
el = < | remrema+y- [ |Digo<y>|pu<y>dy> .

In addition, we define W, (Q,v) as the closure of C5°(2) in W'2(Q, v).

Proposition 2.2 (see [12,13]). The spaces (WP (Q,v),||-|lw1.r(q.)) and (WP (€, v), I|-[lw1.r(0,)) are separable and reflexive
Banach spaces. The dual of WO1 P(Q,v) is given by

N
WO_I’p/(Q,Vl_pI) = {uo - ZDiui : % € LPI(Q7 v), 1=0,.. .,n}.
i=1

Theorem 2.1 (see [11]). Let v € A,and Q C RY. Ifv; — vin LP(Q,v), then there exists a subsequence (v;,) and ¢ € LP(Q,v)
such that

1) w;,(2) — v(z), iy — oo,
) oy, ()] < ()
Theorem 2.2 (see [8]). If v € A, and Q C RY, then there exist Bq, €, k > Qwith 1 < k < % + ¢ such that
[[vllLrr(@.0) < BallVollrr@,)-
The Browder-Minty theorem is stated as follows

Theorem 2.3 (Browder-Minty theorem, see [26]). Let L : W — W* where W is a reflexive, real, and separable Banach
space. The following assertions hold:

1. If L is coercive, hemicontinuous and monotone operator on W, the problem Lv =T, T € W* admits a solution in W.

2. If L is coercive, hemicontinuous and strictly monotone on W, the problem Lv =T, T € W* admits a unique solution
in W.
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3. Hypotheses and the concept of weak solution

Hypotheses

We now present some hypotheses on the problem (1). Suppose that Q@ ¢ RY(N > 2), vy, v» and v3 are A,-weights,
m @ QXxRY — R, b, : QxR xRY — R (m = 1,...,N), with a(y,d) = (al(y,5),...,aN(y,5)) and b(y, u,d) =
(b1(y, 1, 6), ..., bn(y, 11,0)) and g : @ x R — R such that

(H1) a,,, b,, and g are Caratéodory functions;
(H2) there are hy, hy, hst, hy € L=(Q) and f, € L' (Q, 1) (With % + pi = 1), f2 € LY (Q,1,) and f3 € L¥' (Q, v3) such that
la(y, 0)] < fily) + ha(y)ls]P~,

6(y, 1,0)| < faly) + ha(y)|p|™" + ha(y)[8]7,
lg(y, )| < fs(y) + ha(y)|pl~",
where (p,d) € R x R™;

(H3) there exits A > 0 such that
(aly,8) — aly,8'),6 =8 ) > Xo — &',

(b(y.12,0) = bly. ', 6),0 - 8') >0,

(g(y, w) — gy, u/)) (u - u') >0,

where i, € Rand 6,6 € R" with n % and § #6;

(H4) there exist x4, k2, k3 > 0 such that (a(y, ), ) > k1|dP, (b(y,p,0),0) = K2|0|? + K3|u|?, g(y, w)p = 0.

The concept of weak solution

The definition of a weak solution of (1) is stated as follows.

Definition 3.1. A function ¢ € Wol’p (Q,11) is a weak solution of (1) if for any v € Wol’p (Q,11) it holds that

/<a(y7V<p),Vv>V1dy+/<b(y7<p,V<p)7W>V2dy+/g(y,w)vl/:sdy:/¢vdy-
Q Q Q Q

Remark 3.1. For all vy, vs, v3 € A, the following statements hold.

. 1Z . % 1

() Ifl<g<p<ooand ;> € L* (Q, 1) where ki = o200 then ||l La(,) < UpgllellLe(o,u,) with Uy q = ||U—j||L/,fi Q)
.s v . va1l/s

(i) If1<s<p<ooand 3> € LF2(Q, 1) where ko = pfs, then ||¢l|Ls(,us) < Up,sll@llLru) with 9, = ||V—i’||L/k2 Q)

4. Main general result

The next theorem presents the paper’s main result.
Theorem 4.1. If the conditions (H1)—(H4) hold, then the problem (1) admits a unique solution in Wol’p(Q, v1).

Proof. We reduce the problem (1) to a new one, governed by the operator problem ¥y = T, and we apply Theorem 2.3. We
define
B WyP(Q, 1) x Wy (Q,0) — R

and
T:W,P(Q,v) — R,

where ® and T are specified in the following paragraphs.
Hence
@ € WSP(Q, 1) is a weak solution of (1) &  ®(p,v) = Y(v) for all v € W P(, ).

The theorem is proved in four steps.
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Step 1.
We utilize some tools and the condition (H2) to show the existence of the operator ¥ and that the problem (1) is identical
to the operator equation ¥¢ = Y. By employing the Holder’s inequality and Theorem 2.2, we get

0]
el < | 91 o1 dy
Q V1
< N6/l wnllellzocn
<

CQ‘|¢/V1||LP’(Q,V1)HQDHWOLP(Q,W)‘

Since ¢ € L” (Q, 1)), then T € W, ' (Q, v} 7).
The operator ® can be written as
P(p,v) = P1(p,v) + P2(p,v) + P3(0, v),

where
LW P(Q, ) x WP (1) — R

Bi(p.0) = [ (aly. Vo), To)ad
Q
o W P(Q, 1) x WP (Q,11) — R
Dy(p,v) = /Q<b(y,so,Vso),Vv>dey7
By Wy P (1) x WP (1) — R
By(p,0) = /Q 9y @)vvsdy.

Then, we have
(g, v)] < [@1(p,v)] + [R2(p, V)| + [R3(0, V). 2)

Also, by utilizing Hoélder inequality, Remark 3.1(i), (H2) and Theorem 2.2, we have

Bl < [ o TP Toldy
= /g (fl + hllW\p_1> [Volvrdy
< N Allee o IVl Lo + 11l 2 @IVl V0l Lo @)
< (||f1||LP’(Q,u1)+||h1HL°°(Q)||50Hp 1p(m1))\|v||wg=ﬁ(n7y1>’

and

Bs(,0)] < /Q by, 0, V)| Volvady

= /(f2+h2|wlq’1+h3IWIq*1)\Vv|dey

Q
< el @ IVl Lacn) + 1h2llzee @)1l () V0l La(@e) + 11Bsl @)1V T (0 V0| Lo 010
< [Oal ol @ + 9 (CE el ooy + IMhslloeon )l g ol #c0iny

Similarly, by using Holder inequality, Theorem 2.2, (H2) and Remark 3.1, we get

B3(p,0)| < /Q|g<y,ga>\|v|u3dy
< [Catpallfollzo @umy + T5aCallballim@llellighe g ] 1ol o oy

Therefore, we have

D, < [Ufillr o + IPall=@ el g, + Catpollfsll e @ + Opall ol um)

s 1
+ 05 Callhall =@l gy + 980 (C8 lihalle @) + [lhal ) oIl o g [I0lwe 2
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Thus, ®(p,.) is linear and continuous for every ¢ € W,”(Q,;). As a result, there is a linear and continuous operator on
WP (€2, 1) labeled by ¥ that provides (Zy,v) = ®(p, v) for all p,v € W, *(Q, v1). We also have

1l < fillor @) + Il @ llells g, + Cat sl sl @) + nall foll o 0,m)

03, Callhal e 115 )+ 980 (CE el + sl o)) Il it
where

gl = sup{|<svso,v>| = [9(p,0)| v € WP (@), ol n) = 1}
is the norm in W, Ly Qv P /). Therefore, we get the operator

W WP (1) — Wy P (0,
© — LDQO.

Therefore, the problem (1) is equivalent to the operator equation
To="T, @cWyP(Q ).

Step 2.
In this step, we demonstrate that ¥ is strictly monotonic. For all 1, ps € Wol’p (Q, 1) with o1 # @9, we have

(Tp1 =W, 01 —pa) = P(p1,01 — @2) — (w2, 01 — @2)

[ @(w.¥01), V61 = calidy ~ [ (aly. Vioa). Vi1 = o2)hndy

Q Q

+/Q<b(ya9017V801)vv(801 — p2))vady — /Q<b(y,soz,Vs02)7V(w1 — p2))vady

+ /Qg(ywm)(wl — p2)v3dy — /Qg(y,w)(wl — p2)v3dy

= /Q<a(y7 V1) —a(y, Va), V(e1 — p2))vidy + /Q (g(y, 1) — 9y, saz)) (cm - s02>u3dy

+/Q<b(y,<p1,Vs01) —b(y, 2, V2), V(1 — @2))rady.

By usung (H3), we obtain

Wor—Feroi—pn) > [ AV @Pndy > AV = el

and by Theorem 2.2, we conclude that

A
<W¢1_u73027901_902> Z (Cp )”301 SOZH 1]7(9,/)7
which implies that ¥ is strictly monotone.

Step 3.
This step establishes the coerciveness of the operator ¥. For all ¢ € Wol’p (Q,11), we get

Tp,p) = @(p,9)

/Q<a(y, V), Vo)ridy + /Q<b(y7 ©, V), Vo)rady + /Q 9(y, p)u vady.
From Theorem 2.2 and (H4), it follows that

(T, )

\Y]

m/ |V<,0\pu1dy+/-cz/ |Vgp\qu2dy+f-c3/ lp|Tvady
Q Q Q

\Y]

1 [ VP ondy + min(ss, ) [ [ veltay+ [ |¢|qu2dy}
Q Q Q

= RVl ) + min(ea, ) 6l 0

\Y

81(IVellir )

\Y

LH i
(€2 +1) Plwir @)
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Hence, we obtain

(P, )
Cp 1 ||<)0||W1 P(Qy)
lellwir @y — ( Q+ )

Therefore, as p > 1, we conclude that

(T, )

Y L isoas , — +o0,
H(PHWOLP(Q,VI) |‘¢||W[)l P(Q,11)

which means that ¥ is coercive.

Step 4.
In this step, we show that ¥ is continuous. To do this, consider ¢, — ¢ in W, "*(Q, 1) as k — oco. Then ¢ —
in LP(Q,11), Vi, — Ve in (LP(Q,11))". Therefore, according to Theorem 2.1, there exist (¢y,), 1 € LP(Q,11) and
9 € LP(€), 1) in such a way that

e (Y) — (), in ©

o, (W)] < 1 (y), in Q

Vi, (y) — Vo(y), inQ

3

IVor, (y)| < va2(y),  in Q.

We are going to establish that ¥, — Yy in W};l’p/ (Q, ullfpl). It is proved in three steps.

Step 4.1.
Let us define the operator B, : W, " (2, v1) — L (Q,11) by (Bje)(y) = a;(y, Ve(y)). We now show that B;p;, — Bjyp in
Lp/ (Q, 1/1).

(i) For all p € W,?(Q,v,), by Theorem 2.2 and (H2), we have

B30y = [ By = [ las(0. TP iy

< / (fr + ha Vol vy
Q

< G [ (8 + W 19e) may
Q
< G (1A gy + 11 IV 00
< Gy (1A gy + 11yl ) -
(ii) By (H2) and (3), we obtain
1Bjor: = Biell o,y = /QlBjsOki(y)—ij(y)\pmdy
p/
Q
< G [ (s T +las (0. V) ) mady
< Cp/ [(f1+h1|wki\f’—1)” +(f1+h1|ww—1)”]y1dy
Q
\P AP
< Cp/ {(fﬁhm’; N+ (A v ]uldy
Q
< 26,0, [ (i + 1 t) may
Q
< 26,8} (11 ey + 11 ey 120 ]
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As k — oo, by using (H1), we get
Bjr,(y) = a;(y, Veor,(y)) — a;(y, Ve(y)) = Bje(y), for almost all z € Q.
Consequently, by Lebesgue’s theorem, we have
|Bjor, = Bielli @) — 0 & Bigr, — Bjp in LV (2m).
Finally, considering the principle of convergence in Banach spaces, we conclude
Bjpr, — Bjp in L (Q,1). 4

Step 4.2.
Define G, : Wy (2, 11) — L7 (2, 12) by (G;9)(y) = b;(y, (), Ve(y)). We have

Gipr — G in LY (Q ). (5)

(i) For all p € Wol’p(Q, v1), by Remark 3.1(i), (H2) and Theorem 2.2, we get

Gy = [ 5000 T v
< [ (bl + hal Vel vy
< Oy [ [+ nglelr+ 1 1Vt
< Cy |12 gy + 12y 101 ) + I3l e ) IV )
<

Co [ g + ol (BN oy + Wl )
(ii) By using Remark 3.1(i), (H2), and the similar reasoning as employed in Step 4.1(ii), we get
Gjpor — Gjp in Lq/(Q,ug). (6)

Step 4.3.
We define the operator H : W, (Q,v1) — L¥ (Q,13) by (He)(y) = g(y, ¢(y)). In this step, we show that Hy,, — Hy in
L5 (2, vs).

(i) For all p Wol’p (Q, 1), by using Remark 3.1(ii) and (H2), we get

1oy = [ o) vady
< [ (e halel ™) vy
< o [ (5 1ol vy
< O (sl gy + Wall o 95 )]
< G {Hf3| SLISI(Q%) +Cp sl h4||i,°0(52)”SOHSLP(Q,M)}
< Cu [l gy + o Call bl 1)
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(ii) From Remark 3.1(3ii) and (H2), it follows that
1Hon = Hell gy = [ 1Hen o) = Holw)l vady
< [ (lotw o)l + o 0]) iy
Q
< Cs/ (Ig(y,%)\sl + Ig(y,w)lsl)l/:ady
Q
< Cs/ fo+halon )+ (o + halel ™) uady
L+ palot ) (bl )
< Cs/ f‘+h¢s_1s+ f‘f’hl/fg*lsl/‘dy
Q{(s denl )+ (e havi™) v
< 2C,CL1fs 5 gy + Il ) 1915 10
< 20, CL sl ) + Ol e gy 11 00|
As k — oo, by using (H1), we obtain
Hop, (y) = 9(y, 0x:(y) — 9y, uly)) = He(y), ae. x el
Consequently, by means of Lebesgue’s theorem, we have
1Hew, — Holl v () — 0,
that is,
Hep, — He in L°(Q,v3).
Finally, considering the principle of convergence in Banach spaces, we conclude that
Hy, — Hp in L% (Q,v3). (7N

At last, by considering v € Wol’p (Q, 1) and with the help of Theorem 2.2, Holder inequality, and Remark 3.1, we arrive at

|1 (pk,v) — P1(p,v)|

IN

IN

IN

/Q (aly, Vor) — aly, Vo), Vo)mdy

3 / la; (4, Vor) — a; (y, V)| Dyvlndy
=1

>° [ 1By = BiglIDjulrdy
j=17¢

> 1Bier = Bl o (@ 1D50l Lo ()

j=1

(

n

> IBjer = Bioll o (.m)
Jj=1

) ”UHWL}#’(QM)a
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Balr,0) — Balpy0)| = \ [ 00001900 = 0 .V, Ty

< Z/ﬂij(y,wk,vwk)—bj(y,so,VsO)HDijVzdy
j=1

-y / IGjon — Gyl Dyulvady
j=1"%

< | D IGiek = Giollo @y | IV Lo(@0)
j=1

< Opg | D NGi0k — Gill Lo ) | 1Vl Lo(@)

j=1
<

Up,q Z 1Gjr — GjSOHLq’(Q,Vz) ”vHWOLP(QM)»
j=1
B30, v) — By(ip,0)| < /Q 190w, k) — 9y @) lolvsdy

- / Heon — Hellolvsdy
Q

IN

| Hpr — Hepl

L5 (Q,v3) [0l e (2,0s)

IN

Up,s|[Heor — H@”LS’(Q,%) ”UHLP(Q,W)

IA

Vp.sCall[Hpr — Hepl

L' (Q,v3) HUHW&’Z’(Q»W)'

Hence, for all v € Wol’p(ﬂ, v1), we have

[@(k,v) = (p,0)| < [@1(pr, v) — Pa(ep, 0)| + [D2(ipr, v) — Palp, v)| + [P3(pr, v) — P3(ep, v)]|

n

< [ 32 (IBier = Bitll o @un) + FallGion = Gitll Lt .y ) + VpsCall Hor — Hepl

j=1

Ls’ (Q,l/:;) ||’UHWOLP(Q,IJ1)’

and consequently, we get

n

W — Tl < > (||Bj<Pk: = Biol 1o () + IpallGior — Gj‘pHLq/(Q,VQ)) + Up,sCalHow — Hol
j=1

L (Qus)

Combining (4), (6) and (7), we deduce that
¥k — ol — 0as m — oo,

that is, W5, — W in W, P / Q7 /), which implies that ¥ is continuous.

We have now proved that ¥ is strictly monotone, coercive and hemicontinuous, and T € W, L7 (Q, Vll P '). Thus, we have
verified all the conditions of Theorem 2.3. As a result, from Theorem 2.3, it follows that the operator equation ¥ = T
admits the unique weak solution ¢ € I/VO1 P(Q,v1) and it also follows that u is the unique weak solution for (1). This
completes the proof of Theorem 4.1. O

5. Example
Set O = {(y,z) e R? : 2?2 + 3> < 1}, and let 1 (y,z) = (32 +22)_1/2, va(y, 2) = (y* + 22)_1/3 and v3(y, z) = (y* + zz)_l (note
that vy, vs,v3 € Ay,p=4,g=3and s =2),and we define b: Q x Rx R? — R?,a: QO xR — R?and g: @ x R — R by

a((9:2),0) = ha(y, 2)|0] sgn(9),
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b((y,Z),uﬁ) = [0|*sgn(6),

g((y, z), u) = ha(y, 2)|plsgn(p),

with hy(y, 2) = 2e@*+%") and hy(y, ) = 2 — cos?(yz). Let us look at the problem

Ap(y, z) = cos(y + 2) in Q, ®
o(y,z) =0 on 09,

where

Ap(y, ) = —div [mra((y. 2). Vey, 2)) +vab( (v, 2). 0y, 2), Viply: 2) ) | + a9 (. 2), 09, 2)).

From Theorem 4.1, it follows that the problem (8) admits the unique weak solution in W, (€, ;).
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