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Abstract

In this paper, several erroneous results appeared in the papers [T.-Y. Zhang, A.-P. Ji, F. Qi, Abstr. Appl. Anal. 2012 (2012)
#560586] and [T.-Y. Zhang, M. Tung, A.-P. Ji, B.-Y. Xi, Abstr. Appl. Anal. 2014 (2014) #294739] are corrected.’
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1. Preliminaries

In [2, Definition 1.9], the concept of s-geometrically convex functions was introduced as follows.

Definition 1.1 (see [2, Definition 1.9]). For some s € (0,1], a function f : I C Ry = (0,00) — R, is said to be an
s-geometrically convex function if the inequality

Pty =) < @ )t
holds for all x,y € I and X € [0, 1].
The following two integral identities were established in the papers [2, 3].

Lemma 1.1 (see [2, Lemma 2.1] and [3, Lemma 2.1]). Let f : ] C R = (—o0,00) — R be differentiable on I° and a,b € T
with a < b. If f' € L([a,b]), then

f(a;_b)_bla/abf(x)dx: b;“/ol {tf’((l—t)a—i—tGQH)) —l—(t—l)f’((l—t)a;—b—i—tb)} dt

f)+10) bla/abf@d“": b;a/ol[(ﬁ_l)f((l_t)aﬂﬁb) —s—tf’((l—t)a;—b—s—tb)]dt.

In this paper, we need also the following lemmas.

and

Lemma 1.2. Let s € (0,1) be a constant. If f : I C Ry — R, is an s-geometrically convex function, then f(x) > 1 for all
x €l

Proof. For x € I and A € (0,1), using the geometric convexity of f on I, we obtain
f@) = f@a' ) S PN @)Y = [
Therefore, the inequality f(z) > 1 holds for all « € I.

Lemma 1.3 (see[1,p.4]). Is0< u<1<nand 0 < s,t <1, then
,U/ts S ,U/St and nts S nst-&—l—s.

The aim of this paper is to correct several errors appeared in the papers [2, 3].
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2. Corrections

In this section, we state and prove corrected versions of some erroneous results appeared in [2, 3].

Theorem 2.1 (Corrected version of [2, Theorem 3.1] and [3, pp. 1-3]). Let f : I C Ry — R be a differentiable function on
I° such that f' € L([a,b]) for 0 < a < b < cc. If |f'(x)|? is s-geometrically convex and monotonically decreasing on [a,b] for
g > 1land s € (0,1], then

a+b 1 b b—a 1\ 1 1-s 1/q TN pr o [1—s/2 1/q
() -k [ @] <20 (5) 1@ @ @O )@
and
a b _a 1-1/q
‘f( EF O / f(x)dx‘gb (;) (1 @I O g2 ()] + 1@ f O (@], (@)
where
1 a=1;
A0TSR F ’
“= f'(a) » (@)= alna—a+1 ot 1
In? o ’
and
E —1
=12 o
g2l\ev) =
a_lﬁii_l’ a7l

Proof. Since |f’|?is s-geometrically convex and monotonically decreasing on [a, b], using Lemma 1.1 and Hélder’s inequality,
we have

S R B N G =y M (R A Y
< b;a{ (/Oltdt>1_l/q |:/01t|f/(a)q((Q_t)/Q)S|f’(b)|q<t/2)s dt] 1a

1 1-1/qp r1 1/q
s|[a-oa] | [a-or@peoipepeonal @

b—a/l 1-1/q 1 1/q
<220(5) | ar@eeeripapesal

1 1/
_ / a((1=)/2)%) £ (py|a((1+2)/2)° !
; (1 =t)[f(a)| |f/(b)] di :

By Lemmas 1.2 and 1.3, we obtain

1 1
/ t|f’(a)|q“2‘t)/2)5If’(b)|q“/2)sdt§/ tf' (a) | 1ECOEHS| )| A2 A e = | ()L (0)] g1 (@) (4)
0 0

and

1 1
| a0l @R o ar < [ ol @i/ e gy
0 0 (5)

= |f'(a) ' (0)| /P gs(c).
Combining the inequalities (3), (4), and (5) leads to the inequality (1).
Since |f’|? is s-geometrically convex and monotonically decreasing on [a,b], by Lemma 1.1 and Hélder’s inequality, we
acquire

‘f(“) _a/f ydx <7/ [1—t (1—t) +ta;rl7>’+tf’((1—t)“;b )Hdt

b—a/1\1 /4 1 . . 1/q 1 i . 1/q
<220(5) | a-or@eeomripemesrad | [ap@pe-onr e L@
0 0




C.-Y. He and F. Qi / Contrib. Math. 5 (2022) 32-35 34

Using Lemmas 1.2 and 1.3, we arrive at

1
/ (L= 0)f (@)1 =27 )27 d e < [f(a)|2]f(0)| " g2 () (M
0
and )
/ ! (@)1= (o)1 dt < | (a) £ (B)[ PG (). 8
0
From the inequalities (6), (7), and (8), the inequality (2) follows readily. Theorem 2.1 is thus proved. O

Corollary 2.1 (Corrected version of [2, Corollary 3.2] and [3, p. 3]). Under conditions of Theorem 2.1, we have the following
conclusions:

1. When q = 1, the inequalities

b
(55 - it [ @] < P 1@ OF ) + 17 @ OF (e
and
OO L [ fayaa] < P 1 @I O st + 7@ 0P~ s ()]
hold.
2. When s = 1, the inequalities
a+b 1 b b—a /1 1-1/a / 1/q ! 1 1/2 1/q
() -5 [ rwad <220 (5) IR @ln @+ 1@ @ )
and f@+fo) 1 f° b—a (1)1
HO IO [ r@ad <220 (5) 17 @l 417 @ 0 (@)
hold.

Theorem 2.2 (Corrected version of [2, Theorem 3.3] and [3, pp. 3—41). Let f : I C R, — R be a differentiable function on
I° such that f' € L([a,b]) for 0 < a < b < oo. If |f'(x)|? is s-geometrically convex and monotonically decreasing on [a,b] for
q > 1land s € (0,1], then

lf(““’)-

’f )+ f(b —a/f dz

where « is the same as in Theorem 2.1 and

—a _ 1-1/q o
<5 (2qq 11) [F @ILF @) + 1 (@) )] [g3(e)] ©)

and

—a 1-1/q .
< <2 1) (£ @I @)1= + 1 (@) f O] [ga(e)] ", (10)

(s}
|
[t

1, a=1;

gs(@) = a—1

, a# 1.

In o

Proof. Since |f'|? is s-geometrically convex and monotonically decreasing on [a, b], by Lemma 1.1 and Hélder’s inequality,

we get
b -1 1-1/q 1 s R 1/q
() -k [ wan] <t (L) [ @0 e al
(11)
1 1/q
N {/ |f/(a)|q((1—t>/2>sf/(b)|q<<1+t>/2>5dt} }
0
e fl@+fe) 1 b—a( q= 1N VT[N et a2 4]
H 0L [rwad <220 (20) | @ popes aid
12)

1 1/q
+ | [ @m0y ag) T
0
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Furthermore, we have

1
/ /(@)X CO27 )27 dt < | (@) £ (0)] M g3(a) (13)
0

and
F O[9I At < | f(a) f' (b)) g3 (). (14)

1
/ £ (a)|9((=0/2)"
0

By substituting (13) and (14) into (11) and (12), respectively, we obtain the inequalities (9) and (10), respectively.
O

Corollary 2.2 (Corrected version of [2, Corollary 3.4] and [3, p. 41). Under conditions of Theorem 2.2, when s = 1, we have

(55t o

. . 1-1/q 1/q
gb4(q 1) (1@ +1£(a) £ )72 [gs ()]

2qg —1
i fla) + f(b) I b—a(q—1\""1 Lo /g
‘ 2 _b—a/a fl@)dz) < — <2q_1> [1£/(@)| + £/ (@) £ (0)[*/?] [ga(a)] 7.
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