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Abstract

Let A(G) and D(G) be the adjacency matrix and the degree diagonal matrix of a graph G, respectively. For any real number
a € [0,1], the A,-matrix of G is defined as A.(G) = aD(G) + (1 — a)A(G). In this paper, new lower bounds on the
A,-spectral radius and A,-spread are obtained in terms of the maximum degree, general Randié¢ index, first general Zagreb
index, eccentric connectivity index, and general Randi¢ eccentricity index. The obtained bounds provide new lower bounds
on the A-spectral radius, Q-spectral radius, A-spread, and Q-spread.
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1. Introduction

Let G be a simple undirected graph with the vertex set V(G) = {v1,vs,...,v,} and edge set E(G). For v; € V(G), d; = dg(v;)
denotes the degree of v; and N (v;) denotes the set of all neighbors of the vertex v; in G. The minimum and maximum degrees
of G are denoted by 6(G) and A(G), or simply by § and A, respectively. For the vertices v;,v; € V(G), the distance d(v;, v;)
is defined as the length of a shortest path between v; and v; in G. The eccentricity ¢; = ¢¢(v;) of a vertex v; is the maximum
distance from v; to any other vertex. The radius of G, p = p(G), is the minimum eccentricity while the diameter, ¢ = ¢(G),
is the maximum eccentricity. Let K,, and K ,_1 be the complete graph and star with n vertices, respectively.

The study of topological indices of various graphs has been of interest to chemists, mathematicians, and scientists from
related fields due to the fact that the topological indices play a significant role in mathematical chemistry especially in
the QSPR/QSAR (quantitative structure-property/activity relationships) modeling. The general Randi¢ index of a graph
G, introduced by Bollobas and Erdés [1] in 1998, is defined as

R = 3" (did)), teR
v;v; €EE(G)

Clearly, R(9) is the number of edges, R(-2) is the Randié¢ index R [22], R(2) is the reciprocal Randi¢ index [7], R(!) is the
second Zagreb index M- [8], etc. The first general Zagreb index of a graph G, introduced by Li and Zheng [12] in 2005, is
defined as
ZW= Y d, teR
v, €V (Q)

It is easy to see that Z(?) is the number of vertices, Z(1) is twice the number of edges, Z(? is the first Zagreb index M; [8],
Z®) is the forgotten topological index F [5], etc.

The total eccentricity of a connected graph G, introduced by Smith et al. [25], is the sum of the eccentricities of its

&= Z i

v, €V(G)

vertices, that is,

The eccentric connectivity index of a connected graph G, introduced by Sharma et al. [24], is defined as

gc = Z dl{:'l

UriEV(G)
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Similar to the general Randi¢ index, the general Randié eccentricity index of a connected graph G is defined as

C(t) = Z (EiEj)t, teR.

v;v; €EE(G)

It is not difficult to see that ¢(?) is the number of edges and ¢V is the second Zagreb eccentricity index &, [27].
For any real number « € [0, 1], Nikiforov [17] defined the A,-matrix of a graph G as

Au(G) = aD(G) + (1 — a) A(G),
where D(G) is the diagonal matrix of vertex degrees of G and A(G) is the adjacency matrix. Let
M (Aa(G)) 2 X2(Aa(G)) 2 -+ 2 An(4a(G))

be A,-eigenvalues of a graph G with n vertices. Then A\ (4,(G)) and S,(G) = Sa_ (G) = M(Aa(GQ)) — M (An(G)) are
called A,-spectral radius and A,-spread of the graph G, respectively. Since Ao(G) = A(G) and 24, 5(G) = Q(G), we have
M (Ao(G)) = M(A(G)), 2A1(A12(G)) = M(Q(G)), So(G) = Sa(G) and 25, 5(G) = Sq(G), where Q(G) = D(G) + A(G) is
called the signless Laplacian matrix of G. Therefore, the A,-eigenvalues can be regard as a common generalization of the
A-eigenvalues and Q-eigenvalues. The investigation of A,-eigenvalues is a popular topic in the theory of graph spectra at
present.

In this paper, some lower bounds on the A,-spectral radius and A,-spread are given. The relations between
A,-eigenvalues and topological indices of graphs are also established. Due to the fact that most of the popular topological
indices of graphs have a large number of results on the estimation of bounds, the newly established relations give a
lot of lower bounds on the A,-spectral radius and A,-spread. Moreover, lower bounds on the A,-spectral radius in
terms of the maximum degree and minimum degree are also obtained. Detail about the A,-spectral radius can be found
in [3,4,6,9,10,13,18,19, 21, 23, 26, 28, 29, 31, 32, 34]. For detail about the A,-spread, one may refer to [14, 15]. Detail
concerning the topological indices considered in this paper can be found in [2,11,20,33] and in the references therein.

2. Lower bounds on the A,-spectral radius

Let X = (x1,22,...,7,)" be a real vector. The quadratic form X7 A,(G)X can be represented in the following form:
XTAL(G)X =a Z dix? +2(1 - a) Z T
v; €V (Q) v;v; EE(G)

If X is an eigenvector of A, (G) with respect to A1 (A, (G)), then by the Perron-Frobenius theorem, X is positive and unique
if G is connected. The eigenequations for the matrix A,(G) can be written as

A1 (AQ(G))ZL = ad;x; + (1 - Oé) Z ;.

v; EN (v;)

Theorem 2.1. Let G be a connected graph with n vertices. If 0 < « < 1, then

1
A(4a(6) = 55 [az<t+1> +2(1— )R ] (1
with equality if and only if
r (df) T (df) _ a
dj — dz l—«
for 1 <i < j<n, where
%:( )dj
Vi€ v;
D(d;) = 2S5
() = 2=

t ot N\ T
Proof. Let \{(A(G)) = A and X = Zlm (df,d; yer ,d%) . By the Rayleigh-Ritz theorem, we have
AMo> XTAL(G)X

= « Z diz? +2(1 — «) Z ;%

v, €V (G) v;v; EE(G)

1
Z(t)

[aZ(t“) +2(1— a)R(%)} .
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The equality holds in (1) if and only if X is an eigenvector corresponding to the eigenvalue \;. Then, we have

MdE = adPa(l-a) Y 4z,
v; EN (v1)
MNdi = adytta(l-a) Y 2
v; €N (v2)
Mdi o= ady P4 (1-a) Y di
v; EN (vy)
Thus,
r (df) T (df) N
d; —d; T 1-a
for 1 <i < j <n, where
JZV:( )dj
IS V4
I'(d;) 4
Remark 2.1. In particular, one has
2R(3) 1 I
M(A(G) = o and M(Q(G)) = 7z L oR(3) } .

By taking t = 0,1, 2, in Theorem 2.1, one obtains the following corollaries.

Corollary 2.1. Let G be a connected graph with n vertices and m edges. If 0 < a < 1, then

M (4a(G)) > 22

n
Corollary 2.2. Let G be a connected graph with n vertices and m edges. If 0 < a < 1, then
M(4a(G) 2 5 oMy +2(1 — )R 1)
Corollary 2.3. Let G be a connected graph with n vertices. If 0 < a < 1, then
M (AL (@) > Mil[aF +2(1 — ) Ms].

Theorem 2.2. Let G be a connected graph with n vertices. If 0 < « < 1, then

M(4a(G)) = 7 [ag”+2(1 - a)¢P].

™| =

with equality if and only if
U(/E) - U(/E) o

dj—di l—«
for 1 <i< j<n, where
()6j
v; EN (v,
U(e; _ gy
(€)= 2=

Proof. Let A\ (A,(G)) =\ and X = %(\/ET, VE2,-..,1/2n)T. By the Rayleigh-Ritz theorem, we have

Mo> XTAL(G)X

= « diz? +2(1 — « LT
Z 19 ( ) Z et}

’UiEV(G) ’UinEE(G)

- é [agc +o(1— oz)((%)} .

The equality holds in (2) if and only if X is an eigenvector corresponding to the eigenvalue \;. Thus, we have

)\1\/5‘71 = Oédl\/>—|— 1—0/ Z \/T,

v;EN(v1)

(2)
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MvE

OédQ\/i‘i‘ 1—0{ Z \/7)

v;EN (v3)

AMVEn = adpyEn+(1—a) > .

v; €N (vy)
Therefore,
U(E) - U/ a

dj — dz l1—«a

for 1 < < j <n, where
12\’:( )5]
vieN(vg
U(ey) =
(e) = 2
O
Remark 2.2. In particular, we have
2¢(%) 1 N
MA@) > 2 and M(Q(G) > 5 [ +20D)].
Question 2.1. Characterize all graphs for which equality holds in (1) and (2).
Theorem 2.3. Let G be a connected graph with n vertices and m edges. If 0 < o < 1 and y > 0, then
1

The equality in (3) holds if and only if the following two cases are respectively satisfied:
(i) A=n—1. Then dy = --- = d,, and y is the root of

(1—a)z? + (da+2a —an—1z — (1 —a)(n—1)=0.

(i) A<n—1 Thends =---=day1, daro = ... =d, and
(17Q)A dnfdg
= = 1.
dy—ah ~ 1-a
PT‘OOf: Let Al(Aa(G)) = /\1, d1 = A and N(’Ul) = {’UQ, . ,UA+1}. We take
Xe o1 )T,
y?4+n—1

where y > 0. By the Rayleigh-Ritz theorem, we have
AMo> XTALG)X

= « Z diz? +2(1 — «) Z T

v €V(G) viv; EE(Q)
1
= Prn—1 [@Ay® + a(2m — A) +2(1 — a)(Ay +m — A)] .

The equality holds in (3) if and only if X is an eigenvector corresponding to an eigenvalue A\;. Then we have

My = aAy+ (1 —a)A,
M o= ade+(1—a)(y+ds—1),
A= adayi +(1—a)(y+day — 1),
A1 = adayo+ (1 — ()z)dA+2,

A = ady,+ (1 —a)d,.
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IfA=n-1,thend, =---=d,, and y is the root of
(1—a)z? + (dy + 20 —an— 1)z — (1 —a)(n—1) = 0.

IfA<n—1,thendy, = - =daq1,dare =... =d, and

o (1—a)A_dn—d2
vy= d, —aA  1-—a«

+ 1.

This completes the proof. O

Remark 2.3. If o = 0 and there exist chromatic number x such that A?> — (n —1)(x — 1)+ 2(x — 1)(m — A) > 0, then the
lower bound in (3) is better than the lower bound A1 (A(G)) > x — 1 obtained in [30]. In particular, if G is a bipartite graph,
then the lower bound in (3) is better than that the one established in [30].

It is remarked here that the bound given in Theorem 2.3 is better than the known results of similar kind when y takes
different values. By taking y as the A,-spectral radius \;(A,(G)), the maximum degree A and the average degree 2 in

n

Theorem 2.3, respectively, one gets the following corollaries.
Corollary 2.4. Let G be a connected graph with n vertices and m edges. If 0 < o < 1, then
AM(Aa(G)) = Ao, 4)
where )\ is the largest root of x® — aAx? + [n —1—2(1 — a)Al]z — 2m + (2 — a)A = 0.
Remark 2.4. If a = 0, then the equality in (4) holds if and only if G = K ,,_1.
Remark 2.5. Let f(z) = 2° — aAz® + [n—1-2(1 —a)Alz —2m+ (2 - a)A. If 0< a < Land m > % +n+ L, then
flaA +1) = (3a% — 2a)A% + (an + 2a)A — 2m +n < 0.

This implies that

M(AL(G)) >aA+1 5)

for 0 < a < % and m > %2 +n+ % It is clear that the lower bound in (5) is better than the one given in Corollary 13 of [17]

1 n? 1
for0<a<jzandm> " +n+s.

Corollary 2.5. Let G be a connected graph with n vertices and m edges. If 0 < a < 1, then

M (Aa(Q)) 1 [@A® +2(1 —a)A% — (2 — a)A +2m). (6)

> b
T A?4n-—

Remark 2.6. If 0 < o < % and m > ’1’—2 + 5, then the lower bound in (6) is better than the bound given in Corollary 13
of [17]. If% <a< % and m > % + %, then the lower bound in (6) is better than that in Corollary 13 in [17].

Corollary 2.6. Let G be a connected graph with n vertices and m edges. If 0 < o < 1, then

S 4aAm? + 4(1 — a)Amn + 2mn? — (2 — a) An?
- 4m? + n3 — n? '

A1 (Aa(G))

2

Remark 2.7. If 0 < o < 1and A > 2%~ + ™, then the lower bound in (7) is better than the lower bound X\i(A.(G)) > 22
given in Corollary 19 of [17].

The following theorem is a generalization of Theorem 2.3.
Theorem 2.4. Let 0 < a < 1 and G be a connected graph with n vertices and m edges.
@) Ifyi,y; >0and viv; ¢ E(G) fori# jand i,j=1,2,...,n, then

a(diy? + djy7) +2(1 — a)(diyi + djy;) +2m — (2 — a)(di + d;)

AM(AL(G)) >
L(Aa (@) s

(1) Ify;,y; > 0and viv; € E(G) fori # jandi,j=1,2,...,n, then

a(diy; +d;y?) +2(1 = a)lyiy; + (di = Dy + (dj — Dy ] + T
MAL(@) > Y5 ' [ z ( Jyi + (d; i
y; +y; +n—2

)

where T =2m — (2 — a)(d; + d;) + 2(1 — ).
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Proof. Let X = 1 , )T, where y;,y; > 0. If v;v; ¢ E(G), then by the Rayleigh-Ritz theorem we have

P

1 .
/y?—&-y;‘.’—f—ni—Q (yu Yjs
AMo> XTA(G)X

= Z duxi + 2(1 — O() Z Ty Ly

ueV(G) wweE(G)

oz(dlyf + djy?-) +2(1 — a)(d;y; + djyj) +2m—(2—a)(d; + d])
y; +yi+n—2

If v;v; € E(G), then again by the Rayleigh-Ritz theorem we have
Ao> XTALG)X

= « Z duz® +2(1 — ) Z Ty

ueV(QG) uwweE(G)

a(diy; + djy3) +2(1 = ) lyiy; + (di = Vi + (dj = Vy;] + T
yP +yi+n—2

where T = 2m — (2 — «)(d; + d;) + 2(1 — «). This completes the proof. O

3. Lower bounds on the A,-spread
Lemma 3.1 (see [16]). If M is an n x n real symmetric matrix, then
S = max{ IXTMX —YTMY|: || X|| = ||Vl = 1}.

Theorem 3.1. Let G be a connected graph with n vertices. If 0 < a < 1, then

1 . dvdly + adadt — 2(1 — a)d?d2
T[OéZ(tJrl)_~_2(1_OK)R(§)]_ Qdydy + Qo tl t( a)df 2w € B(Q),
5.(C) > VAQ) di +dj
AR i, adidh + adsd
— JqztD) 491 — o R(3) - 2212 T AT E(G).
Z(t)[ + ( Oé) 2 ] dg +dé ) V102 ¢ ( )
_ 1 (5 £\ _ 1 £t 4
Proof. Let X = 1 (d},dj.....di) andY = —-L— (d3,~d{,0,0,...,0) . By Lemma 3.1, we have

Sa(G) = M(4a(G)) = An(4a(G))
= max { [XT4.(G)X — YT AL(G)Y | || X]| = |Iv]| = 1}
> XTALGX -YTAL(G)Y

= « Z dll'? + 2(1 — a) Z Tilj — Z dlyz2 — 2(1 — Ol) Z YilYj

v, EV(G) v v; EE(G) v, €V (G) v;v; EE(G)

adidb + adodt — 2(1 — a)d? d2

1 ¢

_ (t+1) _ (3 =

7® [aZ +2(1 —a)R'?/) 7 dL ,  viv2 € B(G),
1 ¢ dyd? dad}

—[aZ®V) 4 2(1 — a)RP)] - Qd1dy + adady vivs ¢ B(Q).

z® di+dy

Corollary 3.1. Let G be a connected k-regular graph with n vertices. If 0 < o < 1, then
Sa(G) = (1 —a)(k+1).

The equality holds for G = K,,.

By taking d; = A and d> = ¢ in Theorem 3.1, one gets the next result.
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Corollary 3.2. Let G be a connected graph with n vertices. If 0 < a < 1, then

a8t + adA? —2(1 — a)Az52

1 . :
G0 %[aZ(H ) +2(1 — )R] — AT 5 , vve € B(G),
A o, aAS + adAt
%[aZ(tH) +2(1—a)RB)] - A5 v1ve € E(G).
In particular, by taking ¢ = 0, 1,2 in Corollary 3.2, one obtain the following corollaries.
Corollary 3.3. Let G be a connected graph with n vertices and m edges. If 0 < a < 1, then
Q—mfw+l—a, vivg € E(G),
n
Sa(G) =
2 A+6
o _ol8x9), vivs ¢ E(G).
Corollary 3.4. Let G be a connected graph with n vertices and m edges. If 0 < a < 1, then
200 — 2(1 — a)VAS
i[oz]\Jl +2(1—a)R_q1] — a (1—a) . vve € B(G),
5.(G) > 2m A+9§
|1 20A§
E[O&Ml + 2(1 - CY)Rfl] — m, V1V2 ¢ E(G)
Corollary 3.5. Let G be a connected graph with n vertices. If 0 < o < 1, then
1 Ad(aA + ad + 200 — 2)
. E[aF +2(1 — a)Ms] — A2 157 . wvve € B(G),
B IS aAS(A + 0)
M[O{F + 2(1 - OL)MQ] - W, V1V2 ¢ E(G)
Theorem 3.2. Let G be a connected graph with n vertices. If 0 < « < 1, then
1 d daer — 2(1 —
Lage 4 2(1 -yt - ChErata AU ANVES g,
g (G) S & €1+ ¢€2
“ B 1 1 ad152 -+ O[d261
_ c 2(1 — () i=2 T 7meel E .
zlag +2(1 - a)¢?] S vive ¢ E(G)

Proof. Let X = %(\/a, VEz,o/En)T and Y = \/ESTQ(\/@,—\/Q,QO,--- ,0)T. By Lemma 3.1, we have
S5a(G) = M(4a(G)) — An(4a(G))
= max { |XTAL(G)X ~ YT Au(G)Y ]+ | X[ = V]| =1}
> XTAL(G)X -YTAL(GQ)Y

v, €V (G) viv; EE(G) v, €V (G) v;v; EE(G)
1 1 d dogy — 2(1 — a)y/
glag® +2(1 - a)gy) - L2 T Hi WAL e B(@),
- 1 1 dieg + adae
glots 21 —a)] - S vivs ¢ B(G).
If one takes ¢; = ¢(G) and €3 = p(G), then the following corollary is obtained.
Corollary 3.6. Let G be a connected graph with n vertices. If 0 < o < 1, then
1 1 adip+ adsp —2(1 — )/
E[a£c+2(1—a)g(2)]— 1P 22+p( ) ¢p7 v1ve € E(G),
Sa(G) 2
1 1 adip + ad
gloge +2(1 - a)((h) - SALLEORE, vz ¢ B(G).
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