Contributions to Mathematics Contrib. Math. 4 (2021) 6-11
www .shahindp.com/locate/cm DOI: 10.47443/cm.2021.0027

Research Article
Some new integral inequalities via general forms of proportional fractional
integral operators

Saad Thsan Butt!, Ahmet Ocak Akdemir?*, Sinan Aslan®, Imdat Iscan?, Praveen Agarwal®¢

LCOMSATS University Islamabad, Lahore Campus, Pakistan

2Department of Mathematics, Faculty of Arts and Sciences, Agr1 Ibrahim Cegen University, Agri, Turkey
3Institute of Graduate Studies, Agri Ibrahim Cecen University, Agri, Turkey

4Department of Mathematics, Faculty of Science and Arts, Giresun University, Giresun, Turkey
S5International Center for Basic and Applied Sciences, Jaipur, India

SDepartment of Mathematics, Anand International College of Engineering, Jaipur, India

(Received: 7 May 2021. Received in revised form: 3 July 2021. Accepted: 5 July 2021. Published online: 10 July 2021.)

(© 2021 the authors. This is an open access article under the CC BY (International 4.0) license (www.creativecommons.org/licenses/by/4.0/).

Abstract

In this paper, some new integral inequalities for integrable geometrically convex mappings via the general forms of propor-
tional fractional integral operators are proved. Basic definitions, various classical inequalities and generalized proportional
fractional integral operators are used to prove the main findings.
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1. Introduction and preliminaries

Fractional analysis has brought a new dimension to many fields in mathematics and has become one of the most popular
topics in recent years with its applications in several disciplines such as engineering, physics, modeling and control theory.
Researchers have started to work intensively on fractional integral and derivative operators, and many new concepts and
new applications have been included in the literature. The new features added by each new operator tries to prove their
effectiveness in the real world problems solutions and the adventure continues in the search for the most effective operators.
Many studies were conducted with the help of these operators to explain physical phenomena and demonstrate wide usage
area in inequality theory (see the papers [3,7,12,19,20,24,27,30,34-36]). Now, we take a look at fractional integrals from
a historical perspective by recalling these operators.

Definition 1.1. Let f € Li[a,b]. The Riemann-Liouville integrals J3, f and Ji* f of order a: > 0 with a > 0 are defined by

Jo fle) = ﬁ /:(e — k) (k)dE, e>a
and ,
Je f(e) = ﬁ/ (k= f(r)dr, e<b

respectively. Here I'(¢) is the Gamma function and its definition is

T'(e) = / e " Ldr.
0
It is to be noted that J{ f(e) = J)_f(e) = f(e) in the case of oo = 1, the fractional integral reduces to the classical integral.

Riemann-Liouville integral operators are presented as a generalization of classical integrals. Then a more general
version of this useful operator is given as follows.

Definition 1.2. [22] Let (a,b) with —o0o < a < b < oo be a finite or infinite interval of the real line R and « a complex
number with Re(a) > 0. Also let h be a strictly increasing function on (a,b), having a continuous derivative h’ on (a,b). The
generalized left and right sided Riemann-Liouville fractional integrals of a function [ with respect to another function h on

[a, b] defined as
o _ 1 ‘ oa— /
L) = gy [ 00 = ) e (. > a
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and ,
hoI%f(e) = ﬁ /6 (h(k) — h())* L f(k)N (K)dr,  €<b.
In [15], Jarad et al. investigated the generalized proportional fractional integrals with a different kernel structure that

satify several important properties as follows:

Definition 1.3. The left and right generalized proportional fractional integral operators are respectively defined by

a, . 1 ‘ g(e—ﬁ) _ a—
T80 =z [ AT =0 s, >
and ,
T = gy | AT 0 ke

where ¢ € (0,1] and a € C and R(a) > 0.

We will continue with the Hadamard integral operators and the Katugampola integral operators, which are a general
variant of the Riemann-Liouville integral operators as follows:

Definition 1.4. [21] Let a, b be two non-negative real numbers satisfying the inequality a < b, and «, p be two positive real
numbers and f : [a,b] — R be an integrable function. The left and right Katugampola fractional integrals defined as

T f () = 1)/GE(EPHP)Q1W, e>a

NG P kl=p
and , )
1 P — e\ f()d
b If(e) = o) / </‘5 ; € ) %’ € < b.

The associated integral operator based on the Hadamard derivative operator is given as follows.

Definition 1.5. [22,29] Let a,b be two reals with 0 < a < band f(k) : [a,b] — R be an integrable function. The left and
right Hadamard fractional integrals of order oo > 0 are defined as

apn_ L [ f(K)
at5" f(e) = I‘(a)/a H(lni)l_adK” €>a

and

NN T A (),
b f(e)_I‘(a)/e H(lng)l‘”‘dﬂ’ € <b.

Within the scope of fractional analysis studies, the search for the operator with the most effective and general kernels
led the researchers to define the operator named generalized proportional Hadamard fractional integrals. This operator,
which has a different structure, is given as follows.

Definition 1.6. [26] The left and right generalized proportional Hadamard fractional integrals of order o > 0 and pro-
portionality index ¢ € (0,1] is defined by

o1 <l TR (k)
at F O fe) = C“F(a)/a (lni)l_a - dr, €>a

and (21 n)]
SV S AR A )
b FO  fle) = CQF(OZ)/Q (lnf)lfo‘ —dr,  e<b.

On all of these, the generalized proportional fractional (GPF) integral operator in the sense of another function » has

been defined as follows.

Definition 1.7. [18,28] Let f € X/ (0,00), there is an increasing, positive monotone function h defined on [0, c0) having
continuous derivative h' on with h(0) = 0. Then the left-sided and right-sided GPF-integral operator of a function f in the
sense of another function h of order o > 0 are stated as:

L0 = oy | LSO () — ()" f(R (R, € > a
and ,
L3 f(e) = CX%@ / ST W=D (k) — h(€)) L f (k)N (k)dK, €< b

where ¢ € (0,1] and a € C and R(a) > 0.
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If we set the parameters with different choices in Definition 1.7, one can obtain Riemann-Liouville integrals, generalized
Riemann-Liouville fractional integrals, generalized proportional fractional integrals, Katugampola fractional integrals,
Hadamard fractional integrals and generalized proportional Hadamard fractional integrals.

In [25], Pecari¢ et al. mentioned about some different classes of convex functions as followings:

A function f : I — [0,00) is said to be log —convex or multiplicatively convex (AG—convex) if log f is convex, or, equiva-

lently, for all z,y € I and ¢ € [0, 1] one has the inequality:

flte + (1 =t)y) < f(x)' Fly)™"
A function f : I — [0, 00) is said to be GA—convex if for all z,y € I and ¢ € [0, 1], one has the inequality:

fla'y'™) < tf(z) + (1 - 1) f(y).
Example 1.1. The function f(z) = 1, x € (0,1) is log—convex on (0,1).

The researchers have performed numerous research articles on various integral inequalities by using different kinds
of fractional integral operators with applications, see [1,2,4-6,8-11,13,14,16-18,23,28,31-33].

The main aim of this paper is to establish some new integral inequalities for product of two geometrically convex
functions via the general forms of proportional fractional integral operators.

2. Main results

Theorem 2.1. Assume that f,g: (0,00) — R be differentiable function and i be a positive monotone increasing function
that defined on [0,00). Let ¢/ () be continuous and ¢ (0) = 0, p,q > 1, ,+ 7 =1,[¢/ ()| < M. Then, if f and g are
AG—convex functions, we have the following inequality;

Vs Fgb) = fg(a) M5 [TPem é( n
O E"Nn)( < I

ety (o)

for £ €(0,1),n€C, Re(n) > 0,7 >0.

Proof. By using the definition of AG-convex functions, we can write

folta+ (1—1)b) < [fg(a)'[fg ()] "

By changing of the variable such that z = ta + (1 — t)b, we have

x—

fo(@) < [fg (@)= [fg ()]
By applying the General Cauchy inequality to above inequality, we get

b—ux a

fo < (=2 ) sa@+ (5=2) fa o).

fg(b) = fg(a)
b—a

Namely

fo(x) < (—0b)+ fg(b).
If we denote A = w and B = fg(b), we get
fg(z) < A(x—b)+ B.

By multiplying both sides of the resulting inequality with

1 T efg;l(w("')*w(z)) )
577].—‘ (77) A ('(/) (T) _ w (x))l—nw ($) d.]?,

we get

S— - A [T STEO—vE) o B e o
(1) < e ) pr—va Y O a0
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By applying the well known Holder inequality, we get

(a0 @ < ([

BT SR —ue)
TeTm / @) - @)

By making use of some necessary operation and by taking into account ] ’ (a:)| < M, we obtain

v 1) (7 f9(®) = fg(a@) M7 (5T 1 ;( T
( 781,ng>( ) < b—a el (1) < %p /0

o (1;;(:))” (ro-r(nitvem)).

The proof is completed. O

Q=

¢ EE-v@) ()

'

' (z) du.

(00 = 0 @) (o =)

Q=

(0 ()= 0 (@) (o) a

Theorem 2.2. Assume that f,g: (0,00) — R be differentiable function and 1 be a positive monoton increasing function that
defined on [0,00). Let ¢’ (1) be continuous and ¢ (0) =0, p,q > 1, % + % =1,|¢' (1)| < M. Then, if f and g are AG—convex
functions, we have the following inequality;

=

— a Bt p(n—1)+1 (- _
(‘P%T,ifg) (r) < fg (bz)) - i:g( ) g}fr a (I;pw (T);m(n—)lm <r (p(n—1)+1)-T (p (n—1)+1, 1—££p¢ (7)>)

BT T ey e (n) ¢
x( q+1 ) +§"?(77) (%dJ(T))n (F(U)—F<77,¢(T))>

for £ € (0,1),n € C, Re(n) > 0,Re(p(n—1)) > 0,7 > 0.
Proof. By using the definition of AG—convexity, we can write
folta+ (1 —1)b) < [fg(a)]'[fg (0))'".

By changing of the variable, we get
fo(x) < [fg(a)]™== [fg(b)]"==.

By applying General Cauchy inequality and by making some operations, we have

fg(b) — fg(a)
fg(x) < I

(x—b)+ fg(b).
If we denote A = W, B = fg(b), then
fg(z) <A(x—b)+ B.

By multiplying both sides of the above inequality

1 T efgl(w(‘r)—w(z)) )
577].—‘ (77) A ('(/) (T) _ w (x))l—nw (.CC) d.]?,

we obtain

N . A T S W)=y (@) . o B . e
( m,ng)() < gn{‘(n)/o (7/}(7')—2/1(96))17’7( b)Y (x)d +§"F(n)/0 o

By applying Holder inequality to the resulting inequality, we get

(T ) () < g ( |

o

S W) —9(@))
(W (1) — 9 (2))" "

¥ (x)

”dx)’l’( [ le-biw)
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B 7SRO
"(x)dzx.
Ter <n)/o R

By using the boundedness of | ¢’ (z)| < M and some further calculation, we have

1
P

_ % p(n—1)+1
v ) ) < 20 =fola el u]
( 0 ) b—a &T () (%plﬁ(ﬂ) (

BT BT g ) () ¢
><< g+1 ) +5”?(77) (1%5¢(T))n (F(U)—F<U7£T/)(T))>.

This is the desired result. O

Es] (T(p(n—l)Jrl)—l“(p(n—lHL?mﬂf)))

Theorem 2.3. Assume that f,g : (0,00) — R be differentiable function and 1) be a positive monoton increasing function
that defined on [0,00). Let ¢’ (1) be continuous and ¢ (0) = 0, p,q > 1 ve % + % =1, @' (7)| < M. Then, if f and g are
G A—convex functions, we have the following inequality;

(" s0) (1) < g (MP Y (o)

&t (n) D (15;51711) (T))p(n—l)ﬂ

1-¢ 1 (7
(F(p(”—l)H)—F(p(n—l)JrL ¢ W(T)))Jrq/o

+ E"f(n) (1;/;;(:0” (F (m—T (m 12%(7)))

for £ € (0,1), n € C, Re(n) > 0,Re(p(n—1)) >0,7 > 0.

q
log% % ‘ dx)

Proof. By using the definition of GA—convexity, we can write

fg(a'b' ") <tfg(a)+ (L—1t) fg(b).

By making use of some arrangements, we have

T

fg(@) < logy 3 fg (@) + (1 log

a
b

)fg(b)-

SRS

Namely,
T
fg (@) <loge o (fg(a) = fg (b)) + fg (b).
By denoting A = fg(a) — fg(b) , B = fg (b), we get
fg(z) < Alog%% + B.
By multiplying the both sides of the above inequality by

1 T e%@ﬁ("’)*w(z)) )
577].—‘ (77) A ('(/) (T) _ w (x))l—nw (.CC) d.]?,

it yields,

S A T ot (W) —(x) ) T, p B T e (=Y (@) o) d
(Ts) O < i ), o Y O arm o O

By applying the Young inequality, we obtain
A 1 /7

\1/7'77,5 T < /

("T10) ) < ary <p 0

o T (W(m)—(2))
(¥ (1) — ¢ (2))' "

¥ ()

P
1 T
dm+7/
q.Jo

q
log%% ‘ d:r)

B T LS (@)
! dx.
Ter <n>/o G o@D
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By making use of necessary operation and changing of the vairables, we get

P

A M5 PP+ (1)
& (n) p (1-5101/} (T))p(n—l)ﬂ

("7 t9) (1) <

3

(Pe@-n4n-1 (-1 FEmwm))+ 2 [

T |49
¢ log%g ‘ dz

T ( gﬁ ((TT)>)" (rm-r (s s2m)),

which completes the proof. O
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