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Abstract

The reduced second Zagreb index RM>(G) of a graph G is defined as RM2(G) = X, ,c g (da(v) — 1)(da(v) — 1), where

dc(u) and dg (v) are the degrees of vertices u and v, respectively. The exponential reduced second Zagreb index ¢"2(G) of G
is defined as e (G) = 3, c ) €97V~ 1In this paper, we determine the minimum and maximum exponential
reduced second Zagreb index of (chemical) trees, and characterize the corresponding extremal graphs.
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1. Introduction

Chemical graph theory is a branch of mathematical chemistry. In chemical graph theory, graphs are used to represent
compounds, in which vertices represent atoms and edges represent covalent bonds between atoms. In order to describe
the structural properties of various molecules, mathematical chemists have introduced a variety of molecular descriptors
(or topological indices). Topological indices are the numerical invariants that describe the structural characteristics of
molecules. They are often used for the development of QSAR (Quantitative Structure-Activity Relationships) and QSPR
(Quantitative Structure-Property Relationships). In recent years, topological indices have been widely used in the research
of complex networks, such as biological networks, communication networks and social networks.

Let G = (V(G), E(GQ)) be a simple connected graph with its vertex set V(G) and edge set E(G). For a vertex u € V(G),
the degree of u, denoted by dg(u) (or simply d(u)), is the number of vertices adjacent to u. Let r-vertex be a vertex of
degree r. A tree having maximum vertex degree at most 4 is called a molecular tree or chemical tree. Denote by 7,
(respectively, C,,) the set of trees (respectively, chemical trees) with n vertices. Throughout this paper, undefined notations
and terminologies can be found in [4].

The first Zagreb index (M) and the second Zagreb index (M5) are among the most famous topological indices, and they
are defined [16] as

M@= Y (do(w)?,

veV(G)
My(G)= > da(u)da(v).
weE(G)

For details about M; and Ms, see [1-3,12,14,15,19,22,24].
The reduced second Zagreb index RM;(G) of graph G is defined [17] as

RMy(G) = Y (dg(u)—1)(da(v) —1).

weE(G)

For details about RM>, see [5,18,20,21,26].
Recently, Rada [23] introduced the concept of exponential topological indices. Naturally, the exponential reduced second
Zagreb index of graph G can be defined as

M2 (@) = Z elda(w)=1)(dg(v)=1)
weEE(Q)
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Recently, the study of exponential topological indices caught some scholars’ eyes. Cruz et al. [8,11] obtained extremal values
of some exponential topological indices over trees and chemical trees. The same authors [9] determined the maximum ABC
index and minimum exponential GA index of chemical trees. They [10] also obtained maximum exponential Randi¢ index
of trees. Zeng et al. [27] solved an open problem proposed by Cruz and Rada [11]; they showed that exponential second
Zagreb index attains its maximum value for the balanced double star among trees. Some other recent investigations on
this topic can be found in [6, 7].

Motivated by the papers [6,13,27], we determine the minimum and maximum exponential reduced second Zagreb index
of (chemical) trees, and characterize the extremal (chemical) trees.

In Section 2, we investigate (chemical) trees with the minimum exponential reduced second Zagreb index. Chemical
trees with the maximum exponential reduced second Zagreb index are investigated in Section 3. In Section 4, we investigate
trees with the maximum exponential reduced second Zagreb index and in Section 5 we conclude this paper.

2. (Chemical) Trees with the minimum exponential reduced second Zagreb index

In the following, we consider (chemical) trees with the minimum exponential reduced second Zagreb index. Note that
e tMz2 (T) = Z eldr (w)=1)(dr (v)=1) > Z el = 2(n — 1),
weE(T) wveE(T)

with equality if and only if 7' = S,,. Therefore, the star tree S,, has the minimum exponential reduced second Zagreb index
among 7,,. Next, we only consider trees T' % S,,.
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Figure 1: Transformations used in the proof of Theorem 2.1.

Theorem 2.1. Let T € 7, such that T % S,. Then, e®M2(T) > eBM2(P,) with equality if and only if T = P,.

Proof. Suppose that T € T, \ {S,} is the minimal tree with respect to the exponential reduced second Zagreb index and
let voviva, - -+ ,v—1v; (I > 3) be one of the longest paths in 7. If T = P,, then the conclusion holds. If T' 2 P,, then there is a

vertex of the longest path with neighbors not in the path. Without loss of generality, let i be the smallest index such that
v; has a neighbor not in the longest path. Let d; = d(v;) for convenience.

Case 1: 1 > 2.
Suppose that NT(’Ui) = {’Ui,h Vit1yUjqyVig ** " ’Uidi—Q}' Let
T =T = {viviy, VivVig, V0, 5+ {Vic 10y, Vic10ip, 0, Vim1Viy, L, )

see Figure 1(a). Note that d; o <d; 1 =2,d;;1 > 2,d; > 3. Then
eltM:2 (T*) — eftM2 (T) = {e(dz‘*l)(dz‘q*l) 4 eldi—1)(di—2—1) 4 e(dz‘—lfl)(diﬂfl)}
_ {e(d,;—l)(di,,l—l) 1 eldi=D)(dix1—1) _~_e(di,2—1)(di,1—1)}

— {ediﬁ»l*l _ edifgfl} _ {e(dbfl)(db‘#l*l) _ e(difl)(difgfl)}
< 0.



H. Liu, H. Chen, J. B. Liu, and Z. Tang / Conirib. Math. 3 (2021) 43-52 45

Case 2: 1 = 1.
Suppose that Ny (vi) = {vo, v2,v1,,v1, - aU1d1,2}~ Let T** = T — {vivy,, v1v1,, - ,Ulvldl,z} + {vovt,, voviy, - 7”01}1(1172}’
see Figure 1(b). Note that d;_» < d;_; = 2, d;11 > 2, and d; > 3. Then,

eRMz () _ oRM: () — {(d1 —2)e® 4 ei=2 4 edg—l} _ {(d1 1)+ e(d1—1)(d2—1)}

—_ ed172 + €d271 _ e(dlfl)(dgfl) —1.

Subcase 2.1: d; = 2.

eRMg (T**) _ eRM2 (T) — edl—Q + ed2—1 _ e(dl—l)(dg—l) _ 1

d—2 _ di—1

< 2e e

< 0.

Subcase 2.2: d, > 3.
Suppose that d; > d,. Since d; > 3 and d; > 3, it holds that

eRMQ (T**) _ 6RM2 (T) _ ed172 + edgfl _ e(dlfl)(dgfl) ~1
< edi—1 +€d2—1 _ e(dl—l)(dg—l)
< 9ehi—1 _ e(dlfl)(dzfl)
< 9edi—1 _ 62(d1—1)

< 0.

For T € T, \ {S»}, by using the transformations (a) and (b) of Figure 1 over and over again, we can finally obtain P,.
Thus, ef?M2(T) > efMz(P,) with equality if and only if T = P,.
O

By Theorem 2.1, we derive the following conclusion.

Corollary 2.1. Let T € C,, (n > 6). Then ef*2(T) > e*M2(P,) with equality if and only if T = P,.

3. Chemical trees with the maximum exponential reduced second Zagreb index

In this section, we find the maximal chemical trees with respect to the exponential reduced second Zagreb index. These
structures have some particular properties: (i) The number of 2-vertices is at most 1; (ii) The number of 3-vertices is at
most 1; (iii) There do not exist both the 2-vertex and 3-vertex simultaneously. Denote by (n1, ne,n3, n4) the sequence of
T € C, such that n, is the number of vertices of T with degree i (1 < ¢ < 4). It is obvious that e**! — % > eVt — eV ifx >y
and ¢ > 0. This property will be frequently used in the upcoming lemmas.

Figure 2: Transformation A used in Lemma 3.1.

Transformation A. Suppose that T € C,, (n > 5), and dr(u) = dr(v) = 2, Nr(u) = {u,u2}, Nr(v) = {v1,v2}, dr(vy) >
dp(u1). Without loss of generality, we assume that the path between u and v contains u; and v;. Note that if the path
between u and v only has one edge, then v = v; and v = u;. Let T* = T — wuy + vus. These chemical trees are illustrated
in Figure 2.

Lemma 38.1. Let T € C,, and T* € C,, (n > 5) as shown in Figure 2. Then efMz(T*) > eBM2(T),

Proof. We proceed with the following two cases.
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Case 1: uv ¢ E(T).
According to the definition of the exponential reduced second Zagreb index, we have

eftM2 (%) — RM>(T) = {e(dT* (©)=1)(dr= (u2)=1) 4 o(dr=(0)=1)(dr=(v2)=1) 4 (dr=(v)=1)(dr=(v1)=1) L e(dw(u)fl)(dw(ul)fl)}
_ {e<dT<u)—1><dT(u2>—1> + eldr (@) =1)(dr(v2)=1) 4 (dr(v)=1)(dr(v1)=1) 4 e(dT(u>—1><dT<u1>—1>}
2(dr(u2)=1) 4 o2(dr(v2)=1) 4 2(dr(v1)=1) 4 o }_{e(dT(uz)—l) 4 eldr(va)=1) 4 (dr(v)=1) 4 e(dT(ul)—l)}

={

> {esz(vl _ dT(u1)71} - {edT(ul)*l B 60}
{
0.

edT(ul) 1+dr(v1)—1 _ dT(vl)—l} _ {edT(ul)—l _ 60}

Case 2: uwv € E(T).
Since n > 5, we have min{dr(u2), dr(ve)} > 2. Without loss of generality, we assume that dp(v2) > 2. Then,

eRMz (%) _ oRMa(T) — {e(dT*(’U)—l)(dT* (v2)=1) 4 o(dps (v)=1)(dp= (u2)=1) 4 o(dp=(v)=1)(dg= <u)—1)}
_ {ewT(v)fl)(dT(vz)fl) 1 eldr(w)=1)(dr(u2)=1) 4 e(dﬂu)fl)(dm)fl)}

2(dr(v2)=1) | 2(dr (uz)~ 1>+e} {ewT(m—l)+€(dT<uz>—1)+el}

>{ 2dr(v2)—2 dT(vg)—l} _ {61 _60}
{edT — edr(v2)— } {e fe}
0.

\%

O

From Lemma 3.1, we know that the number of 2-vertices of chemical trees with the maximum exponential reduced
second Zagreb index is at most 1.

Figure 3: Transformation B used in Lemma 3.2.

Transformation B. Suppose that T € C,, (n > 7) and dr(u) = dr(v) = 3, Np(u) = {ui,us,us}, Np(v) = {v1,vs,v3}.
Without loss of generality, we assume that the path between v and v contains u; and v;. Note that if the path between u
and v has only one edge, then © = v; and v = u;. Let T* = T — uus + vuy. These chemical trees are shown in Figure 3.

Lemma 3.2. Let T € C,, and T* € C,, (n > 7) as shown in Figure 3. Then, ef2(T*) > eBMz(T),

Proof. We proceed by the following two cases.

Case 1: uv ¢ E(T).
Without loss of generality, we assume that dr(u1) < dr(vi) and dr(us) < dr(us), then

RMz () _ (RMz () — {e(dT* (W) =1)(dr=(us)=1) | o(dp (w)=1)(dp=(w1)=1) 4 o(dpx(©)=D)(drs (v1)=1) 4 o(dp=(v)=1)(drs (v3)=1)
1 eldr (0)=1)(dr (v2)=1) | e(dT*(v)—l)(dT*(uz)—l)} _ {ewT(u)—l)(dT(uz)—l) 1 eldr(w)=1)(dr (us)—1)
Leldr(@=1)(dr(u)=1) | (dr®)-1)(dr(v)-1) | (dr()-1)(dr(v2)=1) | 6<dT<v>71><dT<v3>71>}
- {e(dT(us)—l) 4 eldr(ua)=1) 4 3(dr(v1)=1) | 3(dr(uz)=1) | 3(dr(va)=1) esuT(vs)—l)}
_ {62(dT(u2)—1) 1 e2(dr(us)=1) 4 2(dr(u1)=1) | o2(dr(v)=1) | o2(dr(v2)=1) | e2(dT<v3>—1>}

> {63dT(’U1)73 _ eQdT(U1)72} + {63(1'1"(’&2)73 _ eQdT(u2)72}
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n {edT(ul)—l _ e2dT(u1)—2} n {edT(u3)—1 _eQdT(ug)—2}
2 {62dT(U1)_2+dT(u1)_1 _ e2dT(U1)_2} _ {eQdT(ul)—2 _ edT(ul)—l}
+ {62dT(U2)72+dT(U3)71 _ 62(17*(’[1@)72} _ {GQdT(U3)72 _ edT(ug)fl} > O

Case 2: uv € E(T).
Without loss of generality, we assume max{dr(uz), dr(u3),dr(v2),dr(vs)} = dr(vs), then dr(vs) > 2 (since n > 7). Also,

assume that dr(u3) < dr(us).
Subcase 2.1: dr(vs) > 3.
eRMz (%) _ oRMz(T) — {e(dT*(u)—l)(dT* (ua)=1) | o(dr=(0)=1)(drs (w)=1) 4 o(dr= (0)=1)(drs (u2)=1)  o(drs (v)=1)(dr=(v2)=1)
1 eldr (U)*l)(dT*(Us)*l)} _ {e(dﬂu)fl)(dmz)fl) 1 eldr (@) =1)(dr (us)=1) 4 g(dr(w)=1)(dr(v)-1)
Leldr(@)=D)(dr(v2)=1) 4 e(dT(v)—l)(dT(w)—l)}
- {ewT(ug)—l) 1B 4 Bldr(u2)=1) 4 B(dr(va)=1) 4 63(dT(v3)—1)}
_ {62<dT<u2>71> 1t 4 e2(dr(ua)=1) 4 2(dr(v2)=1) | 62<dT<v3>71>}
> {eng(v3)—3 - e2dT(”3)_2} -~ {64 -~ 63} 4 {€3dT(u3)—3 -~ esz(uz)—2} _ {esz(u3)—2 _ edT(u3)—1}

> {esz(vg)—1 . esz(UB)—2}_ {64 _ 63} i {edT(ug)—1+2dT(u2)—2 _ esz(uQ)—z}_ {esz(ug)—2 _ edT(ug)—l}
> 0.

Subcase 2.2: dp(vs) = 2.
Since dT(’Ug) =2, let NT(vg) = {1), U4}. LetT** =T — {U3’U4} + {vv4}. Then

BMa () _ oRMa(T) — {6(dT* (©)=1)(dr+ (u)=1) | (dr=(v)=1)(dr=(v2)=1) 4 o(dp=(v)=1)(dr= (v3)=1) 4 (dp=(v)=1)(dr+ (1)4)71)}
_ {emT(v)—l)(dT(u)—l) 1 eldr(@)=1)(dr(v2)=1) | o(dr(v)=1)(dr(va)=1) | e(dT(m—l)(dT(va)—n}
— {66 1 Bldr(v)=1) | 0 4 63<dT<v4>71)} _ {64 4 oe2dr(u)=1) 4 o2 4 e(dT(v4)*1)}
> {8 — et} — {2 — )
> 0.

O

By Lemma 3.2, we know that the number of 3-vertices of chemical trees with the maximum exponential reduced second

Zagreb index is at most 1.

Figure 4: Transformation C used in Lemma 3.3.

Transformation C. Suppose that T € C,, (n > 7) and dr(u) = 2, dr(v) = 3, Ny(u) = {u1,us}, Ny(v) = {v1,v2,v5}. Without
loss of generality, we assume that the path between v and v contains u; and v;. Note that if the path between u and v has

only one edge, then u = v; and v = uy. Let T* = T — uus + vus. These chemical trees are illustrated in Figure 4.

Lemma 3.3. Let T € C, and T* € C,, (n > 7) as shown in Figure 4. Then e®M2(T*) > M2 (T),

Proof. We consider the following two cases.
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Case 1: uv ¢ E(T).
By Lemma 3.1 (Lemma 3.2, respectively), the number of 2-vertices (3-vertices, respectively) of chemical trees with the
maximum exponential reduced second Zagreb index is at most 1. Thus, dr(uy) = dr(v1) = 4. Then

M2 (T*) _ oRM> (T) — {e(dT*(u)_l)(dT* (u1)-1) 4 eldr=(v)=1)(dr= (v1)=1) + eldr= (v)=1)(drx (v2)—1) =+ eldr=(v)=1)(dr= (va)—1)
teldr= (U)*l)(dT*(Uz)*l)} _ {6(dT(u)71)(dT(u1)71) + eldr(@)=1(dr(uz)=1) 4  (dr(v)=1)(dr(v1)—1)
feldr()=1)(dr(v2)—=1) 4 e(dT(U)*l)(dT(vs)*l)}

— {eo 49 4 BT (v)=1) 4 3(dr(vs)—1) 4 63<dT(u2>—1>}

_ {63 1 eb 4 eldr(u)=1) | 2(dr(v2)=1) | ez(dT(US)*l)}
> {e? — e} — {e® — €%}
> 0.

Case 2: uwv € E(T).

Since n > 7, we have max{dr(uz), dr(v2),dr(vs)} > 2. Without loss of generality, we assume that dr(v2) > 2. By Lemma
3.1 (Lemma 3.2, respectively), the number of 2-vertices (3-vertices, respectively) of chemical trees with the maximum
exponential reduced second Zagreb index is at most 1. Thus dr(v2) = 4. Then

RMz () _ oRMz () — {e(dT* (@) =D (drs (W)=1) 4 o(drs (0)=1)(dp= (uz)=1) 4 o(dp= (@) =1)(dr= (v2)=1) 4 o(dp=(v)=1)(dz~ (Us)—l)}
_ {ewT(u)—l)(dT(uz)fl) 1 eldr()=1)(dr(w)=1) 4 (dr(v)=1)(dr(va)=1) 4 e(dm)fl)(dT(va)fl)}
- {60 4 3dr(ua)=1) | 3dr(va)-1) 63(dT(v3)*1)}
_ {62 4 eldr(w)=1) 4 o2(dr(v2)=1) 4 ez(dT<v3>—1)}
> {0 — e} - {2 - e}
> 0.

O

By Lemma 3.3, we know that there do not exist both the 2-vertex and 3-vertex simultaneously in chemical trees with
the maximum exponential reduced second Zagreb index. By Lemma 3.1, if T € C,, with the sequence (ni,ns,n3,n4), there
exists T* € C,, such that ef®2(T*) > ¢®M2(T) where the sequence of T* is

(n1 4+ k,0,n3 + k,ng) if ny = 2k,
(n1—|—k,1,n3—|—k,n4) 1f7l2:2k+1

By Lemma 3.3, if T* € C,, with vertex sequence (n; + k,1,n3 + k,n4) (n3 + k > 1) then by using Transformation C, there
exists T** € C,, such that e#M2(T**) > efMz(T*) where the sequence of T** is (ny + k + 1,0,n3 + k — 1,n4 + 1). Thus, we
have the following result.

Lemma 3.4. Let T € C,, (n > 7) with sequence (ni,n2,n3,n4), then there exists T* € C,, such that Mz (T*) > M2 (T) where
T* has the sequence
(n1+ %,0,n3 + %,n4) if ng =0 (mod 2),

(n1+ ”2;1,0,713 + ”2;3,n4 +1) if ne =1 (mod 2).

If T € C,, with the sequence (n1,0,n3,n4) (n3 > 2) then by Lemma 3.2, there exists T* € C,, with the sequence (ny,1,n3—
2,14 +1) such that efMz(T*) > eBM2(T), If n3 — 2 > 1, by Lemma 3.3, there exists 7** € C,, with the sequence (n; +1,0,n3 —
3,n4 + 1) such that eft2(T**) > eBMz2(T*), Next, if n3 — 3 > 2, by Lemma 3.2, there exists 7*** € C,, with the sequence
(n1+1,1,n3 — 5,n4 + 2) such that ef?2(T***) > fMz(T**) Thus, using Transformations A, B, and C, repeatedly, we have

the following result.

Lemma 3.5. Let T € C,, (n > 7) with the sequence (n1,0,n3,n4), then there exists T* € C,, such that efM2(T*) > eftM2(T))

where T* has the sequence
(n1+ %,0,0,n4 + 2%) if ng =0 (mod 3),

(n1+ 25,0, 1,na + #572) if ng =1 (mod 3),

(n1 + 252,1,0,n4 + 2571) if ng =2 (mod 3).
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For a chemical tree, one knows that n = ny +ns+ns+n4 and 2(n—1) = ny +2ns + 3nz +4ny. Thus, n = 2+ns+2n3+ 3ny.
By Lemma 3.4 and Lemma 3.5, we have the following result.

Lemma 3.6. Let T € C,, (n > 7) with the sequence (n1,nz,n3,n,), then there exists T* € C,, such that ™Mz (T*) > eftM2(T)

where T* has the sequence
(n1,1,0,n4) if n=0 (mod 3),

(n1,0,1,n4) if n=1 (mod 3),
(n1,0,0,n4) if n=2 (mod 3).
In the following, we derive the maximum exponential reduced second Zagreb index of chemical tree C,,.

Theorem 3.1. Let T € C,, (n > 7), then

i(n—6)’+e*+2n if n=0 (mod 3),
eMM(Ty < tn—7)e" +eS+2(2n+1) if n=1 (mod 3),
(n—5)e" + 1(2n+2) if n=2 (mod 3).
Proof. If T € C,, then
e™M2(T) = Z edr =D =1) — 15 +myz + mag + mose + moge® + mase® + maze® + maae® + mage’.

uwveE(T)
Suppose that 7* € C,, has the maximum exponential reduced second Zagreb index.

Case 1: n =0 (mod 3).
By Lemma 3.6, T has the sequence (n1,1,0,n4). Since n = 2+ ny +2n3 + 3n4 and n = ny +nz +n3 +n4, we have ny = 3 — 1
and ny = %” Since T* has only one 2-vertex and has no 3-vertex, we proceed with the following two subcases.

Subcase 1.1: mq5 = 0.
2n

In this case, we have moy = 2, mys = % — 3, miy = 3* and hence /™2 (T*) = myse® + mose® + myy = £(n — 9)e® + 2¢3 4 2.

Subcase 1.2: m5 = 1.
We have may = 1, mag = 2—2,mi2 = 1, myg = 3 —1 whichimply e"2(T*) = myse® +maose® +miz+mig = £(n—6)e +e*+ 2.
Case 2: n =1 (mod 3).
By Lemma 3.6, T* has the sequence (n1,0,1,n4). Since n = 2+ ny + 2n3 + 3n4 and n = ny + ng + n3 + n4, we have ny = "7_4

and ny = Q”T“ Since T* has only one 3-vertex and has no 2-vertex, we can proceed with the following three subcases.

Subcase 2.1: m;3 = 0.
Then mss = 3, mis = 2n3+1, Myy = n—Tli’; and eftM2 (T*) = muyse’ + mgse® +myy = %(n — 13)69 + 3¢5 + %(277, + 1).

Subcase 2.2: m3 = 1.
Then masaq = 2, Mmyyg = %(n — 10), mi3 = 1, mig = %(271 — 2) and

1 1
M2 (T*) = myge® + maael + myz +myy = g(n —10)e? + 2¢° + §(2n +1).

Subcase 2.3: m3 = 2.
Thenmsy = 1, mas = %(n—?), miz = 2, Mg = %(271—5) and eM2 (T*) = myge® +mazgeb+miz+myy = %(n—7)69+e6+%(2n+1).

Case 3: n =2 (mod 3).
By Lemma 3.6, T* has the sequence (n1,0,0,n4). Since n = 2+mny+2n3+3n4 and n = ny +ns+nz+ng, we have ny = %(n—?)
and n; = 22, Since T* has no 2-vertex and has no 3-vertex, we get mi4 = §(2n + 2), myq = 3(n —5) and

1 1
Mz (T*) = myge® + myg = g(n —5)e? + §(2n +2).

In summary, we complete the proof. O
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4. Trees with the maximum exponential reduced second Zagreb index

In the following, we derive some properties of the tree with the maximum exponential reduced second Zagreb index.

Transformation D. Let T € 7,. Suppose that ua is a vertex with the maximum degree and there exist one pendent
vertex u, such that dr(ua,u,) > 3. Then, there exist a path P = uavw from ua to u, such that dp(w) > 2. Let dr(v) = k,
dr(w) =1l and Np(v) = {ua,w, v, vs, -+ , U2}, Np(w) = {v,wy,wa, -+ ,w;_1}. Let

T =T — {wwy, wwy, - -+ ,ww;_1} + {vwy, vws, - -+ ,vwi_1}.
Lemma 4.1. Let T € T, and T* € T,, as defined above. Then, e®™Mz(T*) > M2 (T),
Proof. According to the definition of the exponential reduced second Zagreb index, we have
k—2 -1
RMz (%) _ (RMz () — {e(AI)(k+l2) " Ze(dT(vi)q)(kHﬁ) 4 Ze(dT(wi)fl)(k+lf2) 4 60}
i=1 i=1
k—2 -1
_ {€<A1><k1> £ eldro)-D0-1) 1 3 eldn(w)-10-1) e(kl)(ll)}

i=1 =1
— AD(RHI=2) 4 0 (A-1)(k=1) _ (k=1)(1-1)

k—2 -1
+ Z(e(dT(1)i)—1)(k+l—2) _ e(dT(w)—l)(k—l)) + Z(e(dT(“M’)_l)(k—i_l_Q) _ e(dT(w,,)—l)(l—l))
=1

i=1

> o(A=D(k+=2) | 0 _ 9 (A-1)(k=1)

> e(A=D(k+1=2) _ (A-1)(k—1)+1

> 0.

Figure 5: The structure of T' € 7,, with the maximum exponential reduced second Zagreb index.

By Lemma 4.1, if T’ € T,, with the maximum ef**2 index, then dr(ua,u,) < 2. The tree T is shown in Figure 5. If k = 1
then T is a double star tree. If £ > 2, then u, is the only vertex of T" with the maximum degree.

Transformation E. Suppose that T} € 7,,_x_;_2 and ua is the maximum degree vertex of T7. Let S; be the star graph
with k 4 1 vertices such that v is the center vertex and its pendent vertices are vy, vo, - - - , vg. Let S be the star graph with
[ + 1 vertices such that w is the center vertex and its pendent vertices are wy,ws, -+ ,w;. Let k > [ > 1. The graph T € 7,
is obtained from 77, S, S by connecting the vertices u and v, and the vertices v and w. Let T* = T — {ww; } + {vw1 }.

Lemma 4.2. Let T € T,, and T* € T,, as defined above. Then, e®M2(T*) > M2 (T),
Proof. According to the definition of the exponential reduced second Zagreb index, we have
eRMz (%) _ oRMz () = {e(A—l)(k-H) 4 (k4 1)e® 4+ eADED 4 (g 1)60} _ {e(A—l)k 1 ke 4 (A1 leo}
_ {6(A71)(k+z) - G(Aq)k} _ {E(Aq)(zq) _ 6(A71)z}
— (eA=Dk _ (A=D1 (p(A=1) 1)

> 0.
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Lemma 4.3. Let T = S, 4, be the double star tree with n vertices, wheren =a+b+2and a > b+2. Let T* = S,_1 1. Then,
eftMz (%) > Mz (T),

Proof. According to the structure of the double star tree and the definition of the exponential reduced second Zagreb index,
we have

eftMz () — BM2(T) = {e(afl)(bﬂ) +(a—1)e’ + (b + 1)60} —{e + ae® + be"}
_ pla=1)(b+1) _ gab

_ eabJrafbfl o eab

> 0.

O

By Lemma 4.3, one knows that the balanced double star tree obtain the maximum exponential reduced second Zagreb
index among double star trees. Also, by Lemma 4.1, Lemma 4.2 and Lemma 4.3, we can find the maximum exponential
reduced second Zagreb index of a tree.

Theorem 4.1. If T € T,, (n > 4) then
MMAT) < MM (S aa) gy

where the equality holds if and only if T = SLananszW and it holds that

102’ {9 if =
etz (SLL—H (L—ﬂ) - . s gnmh el
2o ei=3)=1) Ly 9 if n=1 (mod 2).

5. Conclusion

In this study, we determine the minimum and maximum exponential reduced second Zagreb index of trees and chemical
trees, and characterize the corresponding extremal (chemical) trees. A chemical tree is a tree of maximum degree at most
four. Actually, a chemical tree models the skeleton of an acyclic molecule [25]. The results obtained in this paper may play
a useful role in the QSAR and QSPR researches.

Recently, the study of the exponential topological indices caught some scholars’ eyes. Cruz et al.[8,11] obtained extremal
values of some exponential topological indices over trees and chemical trees. It is natural to study the extremal chemical
trees for other exponential topological indices, such as the exponential general sum-connectivity index. On the other hand,
one may also study the relationship between the exponential reduced second Zagreb index and some other topological
indices such as the exponential ABC index, the exponential GA index and so on.
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