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Abstract

An extension method for linear functionals is given. The proposed method provides extensions of a linear functional T’
defined on a subspace X of a vector space Y over a field K, by using a suitable isomorphism S : Y — Y that satisfies
S(X) =X and T'S = T. The extension Tex: : Xext —> K is linear, and it is defined over a vector space Xex: that contains
X. Several illustrations are considered, including symmetric values, extension with respect to dilations, extended Cesaro
summability of series, and extended multidimensional point values.
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1. Introduction

It is many times convenient to assign a finite value to a divergent limit, such as the limits of partial sums of divergent series
or the limit of integrals over finite intervals as these intervals become infinite. Using divergent series and integrals to find
the answer to several problems, in particular the result of convergent processes, is a very old and fruitful practice as can be
seen in Hardy’s book [8] or in Bromwich’s book [1]. A great variety of summability methods have been employed throughout
the years. Distributional theory often employs other methods, regularization methods, as for instance Hadamard finite
part limits [7], of importance in the area of partial differential equations, since they provide fundamental solutions. Finite
part regularized values are also useful in number theory [3]. The study of divergent limits has a also close relationship
with pseudofunctions [9, 16]. Paycha [12] explains the need to employ regularized values for divergent series and integrals
in other areas as noncommutative geometry and quantum mechanics.

In a recent article, Sasane [15] introduced an extension procedure to assign a point value to distributions that do not
have such value, and employed this to find extended values for divergent series. His method was motivated by a trick used
by Ramanujan to assign the value —1/12 to the divergent series Y -, n, a series that, interestingly, gives the Casimir
effect, the value of the attractive force between two parallel perfect conductor plates in vacuum. Sasane’s method has
several shortcomings, since in general it is not linear, nor is defined in a vector space. In fact, even though Y -, n? also
has an extended value, the series }_,° | (n + n?) does not.

The purpose of this article is to give an extension method of which a general form of Sasane’s extension is the first
step. Our method provides extensions of a linear functional 7" defined on a subspace X of a vector space Y over a field K,
by using a suitable isomorphism S : ¥ — Y that satisfies S (X) = X and T'S = T. The extension Tyt : Xext — K is
linear, and it is defined over a vector space X that contains X. We provide several illustrations by considering different
spaces and operators that satisfy our conditions, including symmetric values, extension with respect to dilations, extended
Cesaro summability of series, and extended multidimensional point values.

2. Preliminaries

We refer to the texts for the basic ideas about distributions [9, 16]. Notions from the local analysis of distributions can be
found in [4,6, 13, 14,17]. Distributional point values were first defined by Lojasiewicz [10, 11], who defined the value of a
distribution f € D’(R™) at the point x as the limit

f(xo) = lim f(xo +ex),
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if the limit exists in D'(R"), that is, f(xg) = v if
lim (f(xo +ex),0(x)) =7 [ ¢(x)dx,
e—0 Rn

for all test functions ¢ € D(R™).

Distributional point values are already extended values since if a distribution is given by a continuous function in a
neighborhood of x; then the distributional value at this point is the ordinary value. They are a sort of average value,
actually a Cesaro type average [4]. In one dimension they allow one to extend the Lebesgue integral to the distributional
integral [5].

References to summability methods are [1, 8] and, from a distributional approach, [4]. Ideas on Cesaro summability
of series can be seen in those references. Interestingly, point values of periodic distributions and the Cesaro sum of its
Fourier series are very closely related [2] as we explain in Section 7.

3. A general extension procedure
Let Y be a vector space over a field K, let X be a linear subspace and let
T: X —K,

be a linear map. Let us also suppose that
S:Y —Y,

is a linear isomorphism.
Definition 3.1. We say that T is invariant with respect to S and X if the following two conditions are satisfied:

1. Sp € X ifand only if p € X, thatis, S(X) = X;
2. TS (p) =T (p) forall p € X.

If T is invariant with respect to S then we can define an extension of 7" in the following fashion.
Definition 3.2. The set ijlt} is formed by those elements ¢ € Y for which there exists k € K, k # 1, such that
Y =@ —KrSp e X.
It would be convenient to denote as X, the set of © for which ¢,, € X, so that

x& =1 X..

ext T

K#1

Naturally X c X, for all x, but if ¢ € X (1} \ X then the constant « is unique, as the next lemma shows.

ext

Lemma 3.1. Let ¢ € Xe{xlt}. If k # X\ are scalars, then o, and @, both belong to X if and only if ¢ € X. If k # ) then
X, NX,=X.

Proof. If p,, and ¢, both belong to X for two different scalars x and A, then it follows that

S = (k=27 (o — ¥2)
also belongs to the vector subspace X, and consequently ¢ € X. Conversely, if ¢ € X then so does Sy and thus ¢, € X for
any x € K. O

Actually, a little more is true. If p € X, (1)

ext

\ X let us denote by x () the unique « such that p € X,,.

Lemma 3.2. The constant « depends only on the equivalence class of ¢ in the quotient space Y/X, [p] € Y/X, that is
k =k ([¢]) for [¢] # [0].

Proof. Indeed, if ¢ € xi \ X and [¢] = [¢] then ¢ — ¢ = x € X and consequently if x = x (p), that is, ¢ € X,;, then

ext

Y = @ — Xx € X, so that ¢ € X,;, hence k = k (¢) . O
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We observe also that if ¢ € X ) \ X then

ext

k(Ap)=k(p), forall X e K. 1

We can now define an extension operator
i xl) Kk

ext ext

as follows.

Definition 3.3. If ¢ € X'}} we put
T (0) = (1=r) ' T(p0) @)

if p € X,.

Notice that if p € X then ¢ € X, for any s # 1, but T (¢) is well defined because (1 — k)" T (p.) = T (¢) for any .

ext
Notice also that the restriction x # 1 that we have imposed is needed for (2) to make sense.

The space X1} will not be a vector space and the function 7.}) will not be linear, in general. In fact, we have the

following result.
Lemma 3.3. If ¢, v, and ¢ + 1 all belong to ijlt} \ X then

k(p)=r{)=r(p+1).

Proof. Let A\ =k (¢),w=xr®),and u = & (p + ¢) and suppose A # w. Then \ # p or w # p; let us say the first one holds, to
fix the ideas. We have that ¢ — ASp, ¢ — wSY, and (¢ + ¥) — uS(¢ + ) all belong to X. Since X is a vector space it follows
by adding the first two and subtracting the third that

(H=A)Sp+(p—w)SY e X,

and consequently
(H=Ne+(p-wyeX.

A-|(5=5)+)

which in view of the Lemma 3.2 and (1) yields A\ = & (¢) = x (¢¥) = w, a contradiction. O

Hence

For each « # 1 the space X is a vector space. However, as the Lemma 3.3 shows, if \ Zpand p € X, \ X, v € X, \ X
then p + ¢ ¢ X (1} Therefore, unless X U — XorXx e{xlt} = X,, for a single value x, with X,;, # X, the space X U} s not a

ext * ext ext

vector space. In order to construct a linear extension of 7', defined in a vector space, we need to go beyond zjlt} and X, j;t},

as we explain in the next section.

4, Further extensions

The method of the previous section can be applied whenever T is invariant with respect to S and X. Therefore we can apply
it again to the space X,;, x # 1, and the operator
T, = T

ext
K

because of the next observation.

Lemma 4.1. The operator T}, is invariant with respect to S and X,,.

Proof. Notice that ¢ € X,; if and only if ¢ — kS € X, and since T is invariant with respect to S and X, this is equivalent
to Sp — kS(S¢) € X, that is Sy € X,.
The operator 7}, is clearly linear. Also, if ¢ € X,

T.5 () = T (Sp) = (1 — k) T (S

ext

=(1—r)"Tlen) =T () = Tu ()

namely, T,.S = T}, as required. O
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If we now start from X,. we can construct spaces (X,), for any A\ # 1. Actually the same space is obtained if we start
from the space X,.

Lemma 4.2. If k # 1 and )\ # 1 then
(Xu)y = (X2),, -

Proof. Indeed, ¢ € (X,), if and only if (¢,), € X, and
(Pr)y = @r — ASp = p — (K + X) S + kAS? 0 = (py),. -
O

From now on we shall denote as ¢, ) the element (¢,.), = (¢2), and the space (X,.), = (X)), as X, ». We then construct
an extension of 7" from X to X,  as

B T(ga,@ ) . T(QDH, )
T (@) = (1_@(1)\_)\) - 1_;@—)\:—5)\'

The space X, ) is a vector space and 7T}, » : X, » — K is linear. On the other hand, the set

2}
Xe;{xt = U XK,A )
K#LAF#L

will not be a vector space, in general, and the operator Te{ft} from X ift} to K given by TjXZt} () =Tua (p) if ¢ € X, » will not
{1}

be linear, in general. Notice, however, that if ¢ € X,;, ¢ € X then ¢ + ¢, which in general does not belong to X_,’, will
belong to X éxzt} and actually
2 2 2
T (o +0) = T (0) + T ()
More generally for (x1,...,k,) € K", with x; # 1 for all j, we may define the vector spaces X,,,, . ., recursively as

men,fin = (X"‘ilv---vﬁ'n—l)

Kn

We can also define extension operators from X, . to K as

T"f/lv“v"'f/n = (Tﬁlv---vﬁn,fl)n" :

The set

XixZ} = U D T
mjyél

will not be a vector space, in general, and the operator T4 from X1 to K given by Tint () =Thy,nn (@) ifo € Xy s

ext ext ext
will not be linear, in general. However, we have the ensuing extension result.

Theorem 4.1. The set -
Xext = U Xe{x?} P
n=1
is a vector subspace of Y. The operator
Tot + Xews — K,

given by
Towt () = T (9) = Ty oo ()

ifoe€ Xy, n, C Xe{x?} is a linear operator that extends T : X — K. Furthermore,

Toxt (SQO) = Toxt (‘/7) . 3
Proof. We just need to notice that
Xext - U U an ..... Kn 9
n=1r;#1

is a union of vector subspaces of Y and that the operators T, ., are linear, extend T, and satisfy the equation corre-
sponding to (3). O
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We can also give an alternative formula for Toxi. Let ¢ € Xext, say ¢ € Xy, x,, Where x; # 1 for all j. Let p = p,, . .,

be the polynomial
p(x)=(1—kK1z) - (1 — Kpx) .

Then
Pririn =P () () € X,
and
_ T(golﬂ-,---,ﬁn)
Text () = p(1) 7

4)

()

Notice that when the field K is algebraically closed then a polynomial p is of the form (4) if and only if p (0) = 1 and p (1) # 0.

It may be useful to use another notation for the extension operator, namely, if Ty (¢) = v we put

T(e)=v  (ext,5).

We will consider several illustrations of the extension procedure in the next sections. Naturally the method applies to

any operator, but we concentrate on extended point values.

5. Symmetric values

In our first illustration we consider the one dimensional case and take
Y =D (R),
X = {f €Y : the distributional point value f (0) exists} ,

and 7 is that distributional value,

Let now S be the operator
S(f) (@) = f(-x).
Clearly T is invariant with respect to S and X. We shall see that in this case

X=X, k#-1,

while
X_1DX.

In fact, if we decompose f in its even and odd parts,
f = feven + fodd y

then

X_1 ={f €Y : the distributional point value foyen (0) exists} .

(6)
(7

€))

Indeed, if k # —1 and f,, € X, f, (0) = L, distributionally, then also the distributional point values (f),..,, (0) = (feven),. (0)

exist and equal L, while (fy), 44 (0) = (foad), (0) exist and equal 0. But

(feven)n (O) = foven (x) — K foven (_x)|;1;:0 = (1 - ”f) feven (m)|m:0 ’

(fodd),.g (0) = fodd (I’) - Hfodd (*x)|x:0 = (1 + H) fodd (x)l;c:O )

so that fo.en (0) exists, and equals L/ (1 — k) and, because k # —1, foqq (0) exists. Hence f (0) = feven (0) + foaa (0) exists,

that is, f € X. When x = —1, on the other hand, f € X_; means that f..., (0) exists since

1 1
fevenzi(f+sf):§f—l-

In this case
Xew = X0 = X1,

ext

and the extended point value is given as the symmetric distributional value

Text (f) = TS (f) = feven (0)

or
f (0) = fcvcn (0) (eXt, S) .
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6. Dilations

Let us keep working with Y, X, and T as in (6), (7), and (8). Let ¢ > 0 be fixed and let us consider the operator

He (f)(z) = [ (cx) .

T is invariant with respect to H. and X.

In this case the spaces X, x # 1, are all different, and in fact X, ., = X\, .., ifandonlyifn =mand A\y,..., A,

is a permutation of k1,..., K.
In some cases the extended point value Ty (f) corresponds to a finite part at © = 0 but that is not always the case.

Indeed, suppose we have an asymptotic expansion of the form

f(sm):w+~~+ma71(x)+L+o(l), 9

gxn gxt

as ¢ — 0 distributionally, where 0 < a; < --- < a,, and where the a_,; () are homogeneous distributions of degree —c;.
Let p be a polynomial of degree n with p (0) = 1 and p (1) # 0,

p(z)=1 +2ijj.
j=1

Then p (H.) = I +>_7_, A;H.; so that the asymptotic expansion of [p (H.) f] (ex) as e — 01is

p(H.) f] (ex) = Lmen ®) 4y b (@)

g%xn gx

+p(1)L+0(1),

where

Therefore, if we take

we obtain
feor, eon (ex) = [p(He) fl(ex) =p(1) L +0(1), ase—0,

T c®1 ... c™1
Tanlf) = G = 1
that is

f(O)=1L (ext, H.) .

In other words, Te: (f) is the finite part of the limit of f (ex) ase — 0.
Consider next the distribution

g (x) = |z|" = sinln |z| + i cosln |z .

The distributional point value g (0) does not exist [6]. The function g does not have an asymptotic expansion of the form
(9) either. Here we have that

He(g)(z) =c'f (x) .
Ifc # e?"™ n € Z,then g.« = g — ¢ *H,. (g) belongs to X since it actually vanishes identically, and consequently

1

Text (9) = 1o

T (gc*i) =0,
g(0)=0 (ext, H.) .

Interestingly, the point value in the sense of Campos Ferreira g (0) exists and equals zero, g (0) = 0 (CF) [6].
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7. Extended Cesaro summability

We may employ several different notions of point values to obtain corresponding notions of summability of series. In

particular if we use Fourier series we may consider summability of a series an by studying the distributional point

value of the generalized function

f(S(}) — Z aneinac7
at x = 0. The characterization of the point values of periodic distributions was first given in [2], and it can be found
in [4, Chapter 6]. Indeed, using the notion of Cesaro summability, denoted as (C, k), we have the ensuing result.

Theorem 7.1. Let f € S’ be a periodic distribution of period 27 and let Y .- a,e'™® be its Fourier series. Let oy € R.
Then
f(xo):’)/a inD/7
if and only if there exists k such that
: inxry __
Ill}ngo Z ane =7 (C, k)

—z<n<azx

for each a > 0.

This theorem gives the complete characterization of point values. There are several important particular cases, as
we now explain. When f is symmetric about z = x¢, i.e., f(z — 29) = f(z¢ — x), then f(xy) = 7 in D’ if and only if
S ane™ =+~ (C). Also, if the Fourier series of f is of the power series type, i.e., f(z) = Y. " a,e™, then f(z¢) = v

in D’ if and only if Y ) an,e™™ =~ (C).
Let us thus consider the following spaces and operators

Y = {{an}zo_o : Z ane™® €D’ (R)} ,
n=0

in other words [4,9], {a,}, -, € Y if and only if there exists a > 0 such that |a,| = O (n®) as n — co. The space X is defined
as

X = {{an}ff_o €y : Z an is Cesaro summable} .

n=0

The results from [2] and [4, Chapter 6] that we quoted yield that {a,} -, € X if and only if the distribution
F@) = F a2 i) = 3 ane™,
n=0
has a distributional point value at 0. The operator T in this case is given as the Cesaro sum
()= an (©)
n=0

We also have B
T ({an}) = £(0),

where f (0) is the distributional point value.
If ¢ is an integer, ¢ > 2, we can consider the operator H, given as H, ({a,}) = {b,} where

byn = an bgn+; =0, 1<j<qg—1.

In this case ﬁq is not an isomorphism of X, but T is “almost” invariant with respect to fIq and X. In fact, in the correspon-
dence {a,} < f then H, {a,} corresponds to the operator H, (f) considered in the Section 6,

f{{bn}ff:o s} = Z b"emx = Z ameiqu = f{{an}io:o ;qr}
n=0 m=0

that is
f{ﬁq {an};x} = H,(f) (z) .



R. Estrada / Contrib. Math. 2 (2020) 22-31 29

It would be possible to consider an extension procedure for T with respect to ﬁq, but it is simpler to define

0 ~
Z ap =y (ext, Hq> ,
n=0

if
fO)=~  (ext, Hy) .

8. An example

Let us consider the sequence {n*} - | for s € C. The series ) -, n® converges for Re s < —1 and of course when this holds
it
n=1

where ( is the Riemann zeta function. Our aim is to find an extended value of the series, > .- | n* (ext, Hq) when the
series diverges, that is, when Res > —1.
Let us define the distribution

oo
E S Z’I’L$

convergence in D’ (R). The distributional point value f (0) exists and equals ¢ (—s) when fes < —1 but it does not exist
otherwise. In fact, the behavior of f (¢x) as ¢ — 0 is as follows.

Lemma 8.1. If Res > —1, s # —1, then

Fler) = S @i () o) (10)

distributionally, where
Cy = emHD2D (s 41) |

and where (x + i0)” is the distribution lim, o+ (z + iy)” if « € C.

Proof. Let ¢ € D(R). Then
(f(e Zn T () =D n'd(ne)
n=1

where ¢ (u) = [T €™¢ (x) dx is the Fourier transform of ¢. The asymptotic expansion of this series can be obtained from
an asymptotic formula of Ramanujan [4, (5.15)], namely,

(‘) .
Znszb(ns)wgs%/o dzL+ZC —s—37) jj.(o)sj,

as ¢ — 0 if ¢ is smooth in R and of exponential decrease at infinity. If ) = & we obtain

> 06 (06) = iy (16,6(00) + € () +0(9
- %(@ (@),6 @) +¢ (=3) + 00

= (@) o @) + ¢ () +ole)

-1

since [9] the Fourier transform of u4 is precisely C; (z +i0) " O

Applying the extension procedure corresponding to the operator H,., for any ¢ > 0, the analysis of the Section 6 yields
that the extended point value of f at 0 is the finite part of the expansion (10), hence

f (0) =¢ <_S) ) (eXta Hc) ) (11)

for Res > —1, s # —1. In fact, (11) also holds when Re s < —1 as a distributional point value, no extension needed.
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Using the extended sum operator of the previous section we obtain
s ~
S ont=((-s) (ext, Hq) . s# 1. (12)
n=1

We can also derive formula (12) by using the method employed by Sasane [15], to find an extended sum for the divergent
series > -, n. Sasane was inspired by a trick used by Ramanujan, but the method is probably much older. Indeed, using
the operator Hs,

oo

fr (@) = f(z) = Kf (22) Z s mw_ﬂinsemm’
n=1

so that if x = 2°5+1,

(_1)n+1 nseinw.

[M]8

Jortr (z) =

n=1

Notice now that the series Y~ (-1 1)" n* is always Cesaro summable [4, pg. 251], that is, for all s € C
S (=" et = (1-2°T1) ¢ (-s) (C) .
n=1

Therefore the point value fys+: (0) exists for any s and

faer1 (0) = (1=25T1) ((=s) .

Hence if s # —1, namely, if k # 1,

and consequently,

i n® = (-s), (ext, }NI2) .

9. An example in several variables
We may consider the following spaces and operators
Y =D (R"),
X = {f € Y : the distributional point value f (0) exists} ,

and
T(f)=r(0).

Let A be an invertible n x n matrix and let us define S4 to be the operator

Sa(f)(x) = f(Ax) .

Clearly T is invariant with respect to S4 and X. The extension procedure is applicable.
To illustrate our ideas, let us consider a particular case. We take n = 2 and A the counterclockwise rotation of angle
27 /3, so that A% = I. As we shall see, in this case Xy # X1 but

ext

Kext = Xixt} v Text = Te{XQt} .
Indeed, X, # X for just two values of x, namely w = €2>7/3 and w?. This can be seen by writing
f=h+fh+/fs,
where
_ fHSa(f) + 842 (f)
fl — 3 )
_ [ WSa(f) +wSaz (f)
f2 - 3 )
and
fs = fHwSa(f) +w?Saz (f)

3
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Notice that
Sa(ft)=Fi, Sa(fe)=wfo, Sa(fs)=wfo.
Hence if f — k5S4 (f) € X then
(1—k)fi+(1—kw)fot (1-rw?)fs€X,
and since S (X) = X,
(1fn)f1+(1—l-zw)wf2+(1—nw2)w2f3 cX,

4:

and also, because w* = w,

(1—k)fi+(1—rw)w’fot+ (1-rw?)wf; € X.
Solving the corresponding system of equations yields
(I-r)fieX, (I-rw)fze€X, (1-rw)fzeX.
If k # 1, w, and w? then it follows that fi, f, and f; all belong to X and thus so does f. Similarly we obtain
Xo=A{f:h,f2€ X},

X2 :{f:flaf3 GX} .

Iteration of these results gives
Xow= va Xw2,w2 = X2 ;

s

and
Xpwr =X o={f:freX}.

Therefore

Xext :Xi)i;} = {f : fl € X} ’
and

Tt (f) = Te{x2t} (f) = T(fl) 5
that is

f(0) = f1(0) (ext, Sa) .
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