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Abstract

In this paper, using a generalized integral operator of the Riemann-Liouville type defined in a previous paper, we present
several integral inequalities of Grüss type. Several existing results are obtained as the special cases of the results derived
in this paper.
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1. Introduction

The following result (Theorem 1.1) contains an interesting and useful integral inequality that gives an estimate of the
difference between the integral of the product of two functions and the product of their integrals. This inequality is known
as the Grüss inequality [9,18,19].

Theorem 1.1. Let a and b be two real numbers satisfying the inequality a < b, and let ϕ,ψ : [a, b] → R be two integrable
functions such that m ≤ f(χ) ≤ M and k ≤ g(χ) ≤ K for all χ ∈ [a, b], where m, M , k and K are constants. Then, the
following inequality holds∣∣∣∣∣ 1

b− a

∫ b

a

ϕ(χ)g(χ)dχ− 1

b− a

∫ b

a

ϕ(χ)dχ
1

b− a

∫ b

a

g(χ)dχ

∣∣∣∣∣ ≤ 1

4
(M −m)(K − k), (1)

where the constant 1
4 is sharp.

Grüss-type inequalities have found various applications in different areas of mathematics, including difference equa-
tions. Such inequalities have also been used to estimate and extend the Mellin transform in different contexts. In recent
years, inequality (1) has been the object of attention from many researchers and consequently numerous results have been
obtained in various contexts; for example, see [2–5,7,8,14,15,17,20,21] and the references cited therein.

The emergence of fractional calculus has given rise to an area that has a lot of interaction with different mathematical
and scientific topics. Much development in this area has already been made. In this development, different types of integral
and differential fractional operators have been emerged, including Riemann-Liouville, Caputo-Fabrizio and Katugampola.
In the literature, there are various types of integrals with singular and non-singular kernels.

In [10], we defined the generalized integral operator given in Definition 1.1, studied its fundamental properties and
applied it to study the various Hermite-Hadamard inequalities.

Definition 1.1. The generalized fractional Riemann-Liouville integral of order α of an integrable function ϕ(χ) on [0,∞),
is given as follows:

(
βJαF,a+ϕ

)
(χ) =

1

Γ(β)

∫ χ

a

ϕ(τ)dτ

F (F(χ, τ), β)F (τ, α)
,

where α ∈ R, F is an absolutely continuous positive function and F(χ, τ) =
∫ χ
τ

ds
F (τ,s) .

Under the conditions of Definition 1.1, we enunciate the left and right integral operators given in the next definition.
∗Corresponding author (jnapoles@exa.unne.edu.ar)

www.shahindp.com/locate/cm
www.creativecommons.org/licenses/by/4.0/
mailto:jnapoles@exa.unne.edu.ar


P. M. Guzmán and J. E. N. Valdés / Contrib. Math. 2 (2020) 16–21 17

Definition 1.2. The left and right fractional generalized integrals of order β ∈ C, Re(β) > 0, are defined by

(
βJαF,a+ϕ

)
(χ) =

1

Γ(β)

∫ χ

a

ϕ(τ)dτ

F (F+(χ, τ), β)F (τ − a, α)
, (2)

(
βJαF,b−ϕ

)
(χ) =

1

Γ(β)

∫ b

χ

ϕ(τ)dτ

F (F−(τ, χ), β)F (b− τ, α)
(3)

where
F+(χ, τ) =

∫ χ

τ

ds

F (s− a, α)
,

F−(τ, χ) =

∫ τ

χ

ds

F (b− s, α)

and F (F+(τ, χ), 1) = F (F−(τ, χ), 1) = 1.

In this article, our purpose is to establish various integral inequalities of the Grüss type, in the context of the generalized
integral operators mentioned in Definition 1.2.

2. Main results

In this section, we obtain certain integral inequalities of the Grüss type, in the context of the integral operators given in
Definition 1.2.

Theorem 2.1. Consider an integrable function ϕ defined on [0,∞), and suppose there are two integrable functions λ1 and
λ2 on [0,∞) satisfying

λ1(τ) ≤ ϕ(τ) ≤ λ2(τ), ∀ τ ∈ [0,∞). (4)

Then, the following inequality for generalized fractional integrals holds(
βJαF,0+λ2

)
(τ)
(
γJδF,0+ϕ

)
(τ) +

(
βJαF,0+ϕ

)
(τ)
(
γJδF,0+λ1

)
(τ) ≥

(
βJαF,0+λ2

)
(τ)
(
γJδF,0+λ1

)
(τ) +

(
βJαF,0+ϕ

)
(τ)
(
γJδF,0+ϕ

)
(τ)

for all τ > 0, α, δ ∈ R and β, γ ∈ C with Re(β) > 0 and Re(γ) > 0.

Proof. From (4), it follows that
[λ2(χ)− ϕ(χ)] [ϕ(ξ)− λ1(ξ)] ≥ 0, (5)

for all χ ≥ 0 and ξ ≥ 0. Hence,
λ2(χ)ϕ(ξ) + λ1(χ)ϕ(χ) ≥ λ1(ξ)λ2(χ) + ϕ(χ)ϕ(ξ). (6)

Multiply (6) with 1
Γ(β)

1
F (F+(χ,τ),β)F (τ,α) and integrating the resulting inequality with respect to χ on (0, τ), we get

ϕ(ξ)

Γ(β)

∫ τ

0

λ2(χ)dχ

F (F+(χ, τ), β)F (τ, α)
+
λ1(ξ)

Γ(β)

∫ τ

0

ϕ(χ)dχ

F (F+(χ, τ), β)F (τ, α)

≥ λ1(ξ)

Γ(β)

∫ τ

0

λ2(χ)dχ

F (F+(χ, τ), β)F (τ, α)
+
ϕ(ξ)

Γ(β)

∫ τ

0

ϕ(χ)dχ

F (F+(χ, τ), β)F (τ, α)
.

Using (2), we can write this inequality as

ϕ(ξ)
(
βJαF,0+λ2

)
(τ) + λ1(ξ)

(
βJαF,0+ϕ

)
(τ) ≥ λ1(ξ)

(
βJαF,0+λ2

)
(τ) + ϕ(ξ)

(
βJαF,0+ϕ

)
(τ). (7)

To obtain the desired result, we multiply (7) with 1
Γ(γ)

1
F (F+(ξ,τ),γ)F (τ,δ) and integrate the resulting inequality with respect

to ξ on (0, τ):

(
βJαF,0+λ2

)
(τ)

1

Γ(γ)

∫ τ

0

ϕ(ξ)dξ

F (F+(ξ, τ), γ)F (τ, δ)
+
(
βJαF,0+ϕ

)
(τ)

1

Γ(γ)

∫ τ

0

λ1(ξ)dξ

F (F+(ξ, τ), γ)F (τ, δ)

≥
(
βJαF,0+λ2

)
(τ)

1

Γ(γ)

∫ τ

0

λ1(ξ)dξ

F (F+(ξ, τ), γ)F (τ, δ)
+
(
βJαF,0+ϕ

)
(τ)

1

Γ(γ)

∫ τ

0

ϕ(ξ)dξ

F (F+(ξ, τ), γ)F (τ, δ)
,

which can be rewritten, by using (2), as follows(
βJαF,0+λ2

)
(τ)
(
γJδF,0+ϕ

)
(τ) +

(
βJαF,0+ϕ

)
(τ)
(
γJδF,0+λ1

)
(τ) ≥

(
βJαF,0+λ2

)
(τ)
(
γJδF,0+λ1

)
(τ) +

(
βJαF,0+ϕ

)
(τ)
(
γJδF,0+ϕ

)
(τ) ,

that is the required inequality.
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Remark 2.1. As a particular case, if we take F (τ, α) = τ1−α then Theorem 2.1 is same as Theorem 2.1 of [4].

Remark 2.2. Under the condition of Remark 2.1, if additionally we take β = 1 then Theorem 2.1 becomes Theorem 2 of [23].

The following result incorporates a function ψ(τ), which leads us to a double version of Grüss’s inequality.

Theorem 2.2. If in addition to the considerations of Theorem 2.1, we assume that there is an integrable function ψ and two
integrable functions η1, η2 on [0,∞) satisfying

η1(τ) ≤ ψ(τ) ≤ η2(τ), ∀ τ ∈ [0,∞), (8)

then the following inequalities for generalized fractional integrals hold(
βJαF,0+λ2

)
(τ)
(
γJδF,0+ψ

)
(τ)+

(
βJαF,0+ϕ

)
(τ)
(
γJδF,0+η1

)
(τ) ≥

(
βJαF,0+λ2

)
(τ)
(
γJδF,0+η1

)
(τ)+

(
βJαF,0+ϕ

)
(τ)
(
γJδF,0+ψ

)
(τ), (9)(

βJαF,0+η2

)
(τ)
(
γJδF,0+ϕ

)
(τ) +

(
βJαF,0+ψ

)
(τ)
(
γJδF,0+λ1

)
(τ) ≥

(
βJαF,0+η2

)
(τ)
(
γJδF,0+λ1

)
(τ) +

(
βJαF,0+ψ

)
(τ)
(
γJδF,0+ϕ

)
(τ),

(10)(
βJαF,0+λ2

)
(τ)
(
γJδF,0+η2

)
(τ) +

(
βJαF,0+ϕ

)
(τ)
(
γJδF,0+ψ

)
(τ) ≥

(
βJαF,0+λ2

)
(τ)
(
γJδF,0+ψ

)
(τ) +

(
γJδF,0+η2

)
(τ)
(
βJαF,0+ϕ

)
(τ),

(11)(
βJαF,0+λ1

)
(τ)
(
γJδF,0+η1

)
(τ) +

(
βJαF,0+ϕ

)
(τ)
(
γJδF,0+ψ

)
(τ) ≥

(
βJαF,0+λ1

)
(τ)
(
γJδF,0+ψ

)
(τ) +

(
γJδF,0+η1

)
(τ)
(
βJαF,0+ϕ

)
(τ),

(12)
for all τ > 0, α, δ ∈ R and β, γ ∈ C with Re(β) > 0 and Re(γ) > 0.

Proof. We firstly prove (9). Using relations (4) and (8), we have

[λ2(χ)− ϕ(χ)][ψ(ξ)− η1(ξ)] ≥ 0,

for τ ∈ [0,∞). Hence,
λ2(χ)ψ(ξ) + η1(ξ)ϕ(χ) ≥ η1(ξ)λ2(χ) + ϕ(χ)ψ(ξ). (13)

Multiplying both sides of (13) with 1
Γ(β)

1
F (F+(χ,τ),β)F (τ,α) and integrating the resulting inequality with respect to χ on (0, τ),

we obtain
ψ(ξ)

Γ(β)

∫ τ

0

λ2(χ)dχ

F (F+(χ, τ), β)F (τ, α)
+
η1(ξ)

Γ(β)

∫ τ

0

ϕ(χ)dχ

F (F+(χ, τ), β)F (τ, α)

≥ η1(ξ)

Γ(β)

∫ τ

0

λ2(χ)dχ

F (F+(χ, τ), β)F (τ, α)
+
ψ(ξ)

Γ(β)

∫ τ

0

ϕ(χ)dχ

F (F+(χ, τ), β)F (τ, α)
.

By using Definition 1.2, we have

ψ(ξ)
(
βJαF,0+λ2

)
(τ) + η1(ξ)

(
βJαF,0+ϕ

)
(τ) ≥ η1(ξ)

(
βJαF,0+λ2

)
(τ) + ψ(ξ)

(
βJαF,0+ϕ

)
(τ).

Multiplying this last inequality by 1
Γ(γ)

1
F (F+(ξ,τ),γ)F (τ,δ) and integrating the resulting inequality with respect to ξ on (0, τ),

we get

(
βJαF,0+λ2

)
(τ)

1

Γ(γ)

∫ τ

0

ψ(ξ)dξ

F (F+(ξ, τ), γ)F (τ, δ)
+
(
βJαF,0+ϕ

)
(τ)

1

Γ(γ)

∫ τ

0

η1(ξ)dξ

F (F+(ξ, τ), γ)F (τ, δ)

≥
(
βJαF,0+λ2

)
(τ)

1

Γ(γ)

∫ τ

0

η1(ξ)dξ

F (F+(ξ, τ), γ)F (τ, δ)
+
(
βJαF,0+ϕ

)
(τ)

1

Γ(γ)

∫ τ

0

ψ(ξ)dξ

F (F+(ξ, τ), γ)F (τ, δ)
.

This inequality is equivalent to(
βJαF,0+λ2

)
(τ)
(
γJδF,0+ψ

)
(τ) +

(
βJαF,0+ϕ

)
(τ)
(
γJδF,0+η1

)
(τ) ≥

(
βJαF,0+λ2

)
(τ)
(
γJδF,0+η1

)
(τ) +

(
βJαF,0+ϕ

)
(τ)
(
γJδF,0+ψ

)
(τ)

which brings us to the required inequality (9).
To get (10)–(12), it is enough to use the inequalities

[η2(χ)− ψ(χ)][ϕ(ξ)− λ1(ξ)] ≥ 0,

[λ2(χ)− ϕ(χ)][ψ(ξ)− η2(ξ)] ≤ 0,

[λ1(χ)− ϕ(χ)][ψ(ξ)− η1(ξ)] ≤ 0,

respectively, and proceed as in the proof of (9).
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Remark 2.3. If we take F (τ, α) = τ1−α then Theorem 2.2 coincides with Theorem 2.2 of [4].

Remark 2.4. If we also take β = 1 then then Theorem 2.2 gives Theorem 5 of [23].

Lemma 2.1. Let ϕ, λ1 and λ2 be integrable functions on [0,∞). Suppose the condition (4) is satisfied. For τ > 0, α ∈ R and
β ∈ C with Re(β) > 0, the following equality holds for the generalized fractional integral operator:[(

βJα0+λ2

)
(τ)−

(
βJα0+ϕ

)
(τ)
] [ (

βJα0+ϕ
)

(τ)−
(
βJα0+λ1

)
(τ)
]
−
[
βJα0+ ((λ2(τ)− ϕ(τ)) (ϕ(τ)− λ1(τ)))

] (
1 +β Jα0+(1)

)
=

(
βJα0+ϕ

2
)

(τ)βJα0+(1)−
((
βJα0+ϕ

)
(τ)
)2

+
(
βJα0+λ2

)
(τ)
(
βJα0+ϕ

)
(τ) +

(
βJα0+λ1

)
(τ)
(
βJα0+ϕ

)
(τ)

−
(
βJα0+λ2

)
(τ)
(
βJα0+λ1

)
(τ)−

(
βJα0+λ2ϕ

)
(τ)βJα0+(1) +

(
βJα0+λ1λ2

)
(τ)βJα0+(1)−

(
βJα0+λ1ϕ

)
(τ)βJα0+(1). (14)

Proof. For any χ > 0 and ξ > 0, the following inequality is valid

[λ2(ξ)− ϕ(ξ)] [ϕ(χ)− λ1(χ)] + [λ2(χ)− ϕ(χ)] [ϕ(ξ)− λ1(ξ)]− [λ2(χ)− ϕ(χ)] [ϕ(χ)− λ1(χ)]− [λ2(ξ)− ϕ(ξ)] [ϕ(ξ)− λ1(ξ)]

= ϕ2(χ) + ϕ2(ξ)− 2ϕ(χ)ϕ(ξ) + λ2(ξ)ϕ(χ) + λ1(χ)ϕ(ξ)− λ1(χ)λ2(ξ)

+ λ2(χ)ϕ(ξ) + λ1(ξ)ϕ(χ)− λ1(ξ)λ2(χ)− λ2(χ)ϕ(χ) + λ1(χ)λ2(χ)− λ1(χ)ϕ(χ)− λ2(ξ)ϕ(ξ) + λ1(ξ)λ2(ξ)− λ1(ξ)ϕ(ξ).

Multiplying this inequality by 1
Γ(β)

1
F (F+(χ,τ),β)F (τ,α) and integrating the result obtained, with respect to χ from 0 to τ , we

obtain

[λ2(ξ)− ϕ(ξ)]
[ (

βJα0+ϕ
)

(τ)−
(
βJα0+λ1

)
(τ)
]

+
[(
βJα0+λ2

)
(τ)−

(
βJα0+ϕ

)
(τ)
]

[ϕ(ξ)− λ1(ξ)]

−
[
βJα0+ ((λ2(τ)− ϕ(τ)) (ϕ(τ)− λ1(τ)))

]
− (λ2(ξ)− ϕ(ξ)) (ϕ(ξ)− λ1(ξ))

β
Jα0+(1)

=
(
βJα0+ϕ

2
)

(τ) + ϕ2(ξ)βJα0+(1)− 2ϕ(ξ)
(
βJα0+ϕ

)
(τ) + λ2(ξ)

(
βJα0+ϕ

)
(τ) + ϕ(ξ)

(
βJα0+λ1

)
(τ)− λ2(ξ)

(
βJα0+λ1

)
(τ)

+ ϕ(ξ)
(
βJα0+λ2

)
(τ) + λ1(ξ)

(
βJα0+ϕ

)
(τ)− λ1(ξ)

(
βJα0+λ2

)
(τ)−

(
βJα0+λ2ϕ

)
(τ) +

(
βJα0+λ1λ2

)
(τ)

−
(
βJα0+λ1ϕ

)
(τ)− λ2(ξ)ϕ(ξ)βJα0+(1) + λ1(ξ)λ2(ξ)βJα0+(1)− λ1(ξ)ϕ(ξ)βJα0+(1).

Now, we multiply the above inequality by 1
Γ(β)

1
F (F+(ξ,τ),β)F (τ,α) and integrating the resulting inequality with respect to ξ,

from 0 to τ , we get[(
βJα0+λ2

)
(τ)−

(
βJα0+ϕ

)
(τ)
] [ (

βJα0+ϕ
)

(τ)−
(
βJα0+λ1

)
(τ)
]

+
[(
βJα0+λ2

)
(τ)−

(
βJα0+ϕ

)
(τ)
] [(

βJα0+ϕ
)

(τ)−
(
βJα0+λ1

)
(τ)
]

−
[
βJα0+ ((λ2(τ)− ϕ(τ)) (ϕ(τ)− λ1(τ)))

]β
Jα0+(1)−

[
βJα0+ ((λ2(τ)− ϕ(τ)) (ϕ(τ)− λ1(τ)))

]β
Jα0+(1)

=
(
βJα0+ϕ

2
)

(τ)βJα0+(1) +
(
βJα0+ϕ

2
)

(τ)βJα0+(1)− 2
(
βJα0+ϕ

)
(τ)
(
βJα0+ϕ

)
(τ) +

(
βJα0+λ2

)
(τ)
(
βJα0+ϕ

)
(τ)

+
(
βJα0+ϕ

)
(τ)
(
βJα0+λ1

)
(τ)−

(
βJα0+λ2

)
(τ)
(
βJα0+λ1

)
(τ) +

(
βJα0+ϕ

)
(τ)
(
βJα0+λ2

)
(τ)

+
(
βJα0+λ1

)
(τ)
(
βJα0+ϕ

)
(τ)−

(
βJα0+λ1

)
(τ)
(
βJα0+λ2

)
(τ)−

(
βJα0+λ2ϕ

)
(τ)βJα0+(1) +

(
βJα0+λ1λ2

)
(τ)βJα0+(1)

−
(
βJα0+λ1ϕ

)
(τ)βJα0+(1)−

(
βJα0+λ2ϕ

)
(τ)βJα0+(1) +

(
βJα0+λ1λ2

)
(τ)βJα0+(1)−

(
βJα0+λ1ϕ

)
(τ)βJα0+(1),

which leads us to (14).

Remark 2.5. It is not difficult for the reader to verify that Lemma 2.1 contains Theorem 2.2 of [4] and Lemma 7 of [23], as
particular cases.

Theorem 2.3. Let ϕ and ψ be two integrable functions on [0,∞), and let γ1, γ2, η1 and η2 be integrable functions on [0,∞)

satisfying the conditions (4) and (5) for all τ > 0, α ∈ R and β ∈ C with Re(β) > 0. The following inequality, for the
generalized fractional integral operator, is valid:∣∣βJα0+(1)

(
βJα0+ϕψ

)
(τ)−

(
βJα0+ϕ

)
(τ)
(
βJα0+ψ

)
(τ)
∣∣ ≤√R (ϕ, λ1, λ2)R (ψ, η1, η2), (15)

where R(p, q, r) is defined as

R(p, q, r) =
((
βJα0+r

)
(τ)−

(
βJα0+p

)
(τ)
) ((

βJα0+p
)

(τ)−
(
βJα0+q

)
(τ)
)

+β Jα0+(1)
(
βJα0+pq

)
(τ)−

(
βJα0+q

)
(τ)
(
βJα0+p

)
(τ)

+ βJα0+(1)
(
βJα0+rp

)
(τ)−

(
βJα0+r

)
(τ)
(
βJα0+p

)
(τ) +

(
βJα0+q

)
(τ)
(
βJα0+r

)
(τ)− βJα0+(1)

(
βJα0+qr

)
(τ).

Proof. Suppose that ϕ and ψ are integrable functions on [0,∞) such that (4) and (8) hold. Let us put

H(χ, ξ) := (ϕ(χ)− ϕ(ξ)) (ψ(χ)− ψ(ξ)) ; χ, ξ ∈ (0, τ), τ > 0. (16)

Multiply (16) with
1

Γ2(β)
· 1

F (F+(χ, τ), β)F (τ, α)
· 1

F (F+(ξ, τ), β)F (τ, α)
,

19
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χ, ξ ∈ (0, τ), and integrate the resulting inequality with respect to χ and ξ from 0 to τ , we have

1

2Γ2(β)

∫ τ

0

∫ τ

0

1

F (F+(χ, τ), β)F (τ, α)
· 1

F (F+(ξ, τ), β)F (τ, α)
H(χ, ξ)dχdξ = βJα0+(1)

(
βJα0+ϕψ

)
(τ)−

(
βJα0+ϕ

)
(τ)
(
βJα0+ψ

)
(τ).

By using Cauchy-Schwarz inequality, we get(
βJα0+(1)

(
βJα0+ϕψ

)
(τ)−

(
βJα0+ϕ

)
(τ)
(
βJα0+ψ

)
(τ)
)2

≤
(
βJα0+(1)

(
βJα0+ϕ

2
)

(τ)−
((
βJα0+ϕ

)
(τ)
)2)(βJα0+(1)

(
βJα0+ψ

2
)

(τ)−
((
βJα0+ψ

)
(τ)
)2)

. (17)

Now, from the inequalities
(λ2(τ)− ϕ(τ)) (ϕ(τ)− λ1(τ)) ≥ 0

and
(η2(τ)− ψ(τ)) (ψ(τ)− η1(τ)) ≥ 0

for τ ∈ [0,∞), we obtain
βJα0+(1)βJα0+ (λ2(τ)− ϕ(τ)) (ϕ(τ)− λ1(τ)) ≥ 0

and
βJα0+(1)βJα0+ (η2(τ)− ψ(τ)) (ψ(τ)− η1(τ)) ≥ 0.

By using Lemma 2.1, we have(
βJα0+(1)

(
βJα0+ϕ

2
)

(τ)−
((
βJα0+ϕ

)
(τ)
)2) ≤

((
βJα0+λ2

)
(τ)−

(
βJα0+ϕ

)
(τ)
) ((

βJα0+ϕ
)

(τ)−
(
βJα0+λ1

)
(τ)
)

+ βJα0+(1)
(
βJα0+λ1ϕ

)
(τ)−

(
βJα0+λ1

)
(τ)
(
βJα0+ϕ

)
(τ)

+ βJα0+(1)
(
βJα0+λ2ϕ

)
(τ)−

(
βJα0+λ2

)
(τ)
(
βJα0+ϕ

)
(τ)

+
(
βJα0+λ1

)
(τ)
(
βJα0+λ2

)
(τ)−β Jα0+(1)

(
βJα0+λ1λ2

)
(τ)

= R(ϕ, λ1, λ2) (18)

and (
βJα0+(1)

(
βJα0+ψ

2
)

(τ)−
((
βJα0+ψ

)
(τ)
)2) ≤

((
βJα0+η2

)
(τ)−

(
βJα0+ψ

)
(τ)
) ((

βJα0+ψ
)

(τ)−
(
βJα0+η1

)
(τ)
)

+ βJα0+(1)
(
βJα0+η1ψ

)
(τ)−

(
βJα0+η1

)
(τ)
(
βJα0+ψ

)
(τ)

+ βJα0+(1)
(
βJα0+η2ψ

)
(τ)−

(
βJα0+η2

)
(τ)
(
βJα0+ψ

)
(τ)

+
(
βJα0+η1

)
(τ)
(
βJα0+η2

)
(τ)−β Jα0+(1)

(
βJα0+η1η2

)
(τ)

= R(ψ, η1, η2). (19)

By using (17), (18) and (19), we arrive at (15).

Remark 2.6. It is not difficult to see that Theorem 2.3 of [4], Theorem 9 of [23] and Theorem 3.1 of [6] are the special cases
of Theorem 2.3.

Remark 2.7. The results obtained in [12], in the framework of Riemann-Liouville fractional integral of a function f(x)

with respect to another function h(x), can also be derived from those presented in this paper.

3. Conclusions

In this work, we have obtained several integral inequalities, of the Grüss type, from which various known results are
obtained as particular cases. We note that the generalized integral operator given in Definition 1.2 contains several well-
known fractional operators. Some examples are given below.

• If we take F (τ, α) = τ−α with α = 1, we get the k-Riemann-Liouville fractional integral of Mubeen and Habibullah
[16]. The right sided operator, in this case, is given as(

β
k JαF,a+ϕ

)
(χ) =

1

kΓk(β)

∫ χ

a

ϕ(τ)dτ

(χ− τ)
1− β

k

and similarly the left sided integral can be written.
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• The choice F (τ, α) = τ−α gives us the Katugampola fractional integral [13] (the notation is changed).

• The case F = τα with α = 1 corresponds to the right sided Hadamard fractional integral [11].

• An integral operator with non-singular kernel can also be obtained from Definition 1.2. Let us consider F (τ, α) =

exp
[

1−α
α τ

]
. If α = 1 then we have F = 1. In this case,

F (F+(χ, τ), β) = exp

[
1− β
β

(χ− τ)

]
,

which is a slight modification of the operator defined by Kirane and Toberek [1].

This shows the possibilities of future work by extending various known results in the generalized context of Definition 1.2.
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