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Abstract

For a vertex v in a graph G, let N[u] denote its closed neighborhood (i.e., the set consisting of v and its neighbors). Let K,,,
P,, and C,, denote the complete graph of order m, the path of order »n, and the cycle of order n, respectively. A subset S of the
vertex set of G is said to be a self-identifying code if for every vertex v, N[v] N S # () and (. Npojns VIe] = {v}. In this paper,
we study self-identifying codes in the direct products K,, x P, and K,, x C,. We obtain bounds on the minimum size of such
codes that are linear in n, with coefficients depending on m, and show that these bounds are asymptotically tight.
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1. Introduction

Locating codes were introduced by Slater in 1988 [16] in the context of fault detection in nuclear power plants. In 1998,
Karpovsky, Chakrabarty, and Levitin [13] introduced the concept of identifying codes, which has since been extensively
studied in various graph families, including Cartesian products [2], rook’s graphs (i.e., K,,[1K,) [3], vertex-transitive
graphs [4], and binary Hamming spaces [7]. Subsequent developments include ¢-robust 1-identifying codes [5] and complexity
analyses [8]. Jean and Lobstein [9] maintain a comprehensive bibliography of over 500 articles on detection systems,
including identifying codes, locating-dominating codes, and their fault-tolerant variants.

In [11], the concept of self-identifying codes was introduced (previously called (1, < 1)*-identifying codes in earlier work
[6]). Recent studies focus on self-identifying codes in specific graph families, including square grids [6], circulants [12,17],
and cubic graphs [14]. Very recently, Jean and Seo [10] proved that determining the minimum size of a self-identifying code
is NP-complete in general graphs, and studied the code in cubic graphs and infinite grids. Notably, Shinde and Waphare [15]
determined the minimum size of an identifying code for K,, x P,.

In this paper, we give sufficient conditions for a subset S C V(K,, x G) to be a self-identifying code (which yield
an upper bound on the minimum size of such a code) and necessary conditions (which yield a lower bound), thereby
deriving bounds for the minimum size of a self-identifying code in K,,, x G with G € {P,, C,,}. Crucially, the density of the
smallest self-identifying code in K,,, x P, asymptotically approaches that of the identifying code established by Shinde and
Waphare [15].

Theorem 1.1. For m > 3, the asymptotic density of the smallest self-identifying code in K,, x P, (asn — oo, n > 7) and in

K,, x Cp (asn — oo, n >3)is 1/3.

The paper is organized as follows. Section 2 introduces the necessary notation and preliminaries. In Section 3, we
present the bounds for K,, x P,, and in Section 4 we treat the case K,, x C,. The proofs of the upper bounds rely on
explicit constructions (the sufficient conditions), while the lower bounds follow from combinatorial constraints (the necessary
conditions). The density result is discussed in the final part of each section.

2. Terminology and Notation

A simple undirected graph G is defined as an ordered pair (V(G), E(G)), where V(G) is the vertex set and E(G) the edge
set. Given graphs G and H, their direct product G x H (see Figure 2.1) has vertex set V(G) x V(H) and edge set
E(G x H) ={(g1,h1)(g2,h2) | 9192 € E(G) and h1hy € E(H)} .

*This paper is a slightly revised version of the preprint arXiv:2512.22033v1 [math.CO].
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For clarity, we adopt the following notation (see Figure 2.1):
e V(Kn) = {vo,v1,. s Um—1}, V(P,) ={0,1,...,n— 1}, and V(C,) = {0,1,...,n — 1} with edges between consecutive
indices modulo n.
* The i-th row R; in K,,, x P, (or K,;, X C,)is R; = {(v;,j) | j € V(Py)} (or j € V(Cy)).
¢ The j-th column C; in K,,, x P, (or K,,, x C},)is C; = {(vi, j) | vi € V(Kp)}.

The open neighborhood N (v) of a vertex v is the set of vertices adjacent with v, and the closed neighborhood is defined as
N[v] = {v} UN(v). A nonempty subset D C V(G) is called a dominating set if N[v] N D # () for every vertex v € V(G). A
nonempty subset S C V(G) is called a separating set if N[u] NS # N[v] N S for all distinct vertices u,v € V(G). A nonempty
subset C' C V(G) is called an identifying code if it is both a dominating set and a separating set.

Definition 2.1. A nonempty subset S C V(G) is a self-identifying code if for each v € V(G), N[v]| NS # 0, and
N Nl = {}. (1)

ceN[v]NS

The following equivalent definition is given in [11].

Definition 2.2. A nonempty subset S C V(G) is a self-identifying code if for all distinct u,v € V(G),

(Nu] N S)\ (N[v]N.S) # 0. 2)
K=
p b
—® O O @ @
(v0,0)  (vo, 1) (v0,2)  (v0,3)  (vo,4)
® O O e ©
(v1,0)  (v1,1)  (v1,2)  (v1,3)  (v1,4)
Py ® 6 O o o
Oo—0O0—_0CO——=0 (v2,0)  (v2,1)  (v2,2)  (v2,3) (v2,4)
s ® 6 O O o
(v3,0)  (v3, 1) (v3,2)  (v3,3) (v3,4)
® 6 O O e
(v4,0)  (vg, 1) (va,2)  (v4,3)  (v4,4)

(a) Kg X P4 (b) K5 X P5

Figure 2.1: The direct product K3 x P4, and a self-identifying code of K5 x Ps (black vertices).

In the figures, vertices in S are represented by black circles. For clarity, edges are omitted in subsequent figures.
Terminology not defined here follows Bondy and Murty [1] and West [18]. Let [a,b] = {a,a + 1,...,b}.

The minimum sizes of identifying and self-identifying codes in G are denoted by 7'°(G) and P (G), respectively.
Here, we have 7°'°(G) > 4P (G). If G has a self-identifying code, then G is called a self-identifiable graph. The following
characterization of self-identifiable graphs is given in [11].

Lemma 2.1 (see [11]). A graph G is self-identifiable if and only if for all distinct u,v € V(G),
Nlu] \ N[v] # 0. 3)
Note that complete graphs K, (for m > 2) are not self-identifiable, since all vertices have identical closed neighborhoods.
Lemma 2.2. If a connected graph G admits a self-identifying code S, then |N(v) N S| > 2 for every v € V(G).
Proof. Suppose |N(u) N S| < 1 for some u € V(G). If [N(u) N S| = 1,1et N(u) NS = {w}. Then {u,w} C (. cnpuns Nl
contradicting Definition 2.1. If [N (u) N S| = 0, then u € S implies

M Nl =Nl £ {u},
ceN[ulNS

as G has no isolated vertices. O

Lemma 2.2 implies that graphs with leaves (e.g., P,, K; x P,, Ky x P,) are not self-identifiable. Thus, we focus on
K,, x P, and K,,, x C,, for m,n > 3.
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Lemma 2.3. For m,n > 3, both K,, x P, and K,, x C, are self-identifiable graphs.

Proof. By Lemma 2.1, it suffices to show N[u]\ N[w] # 0 for any distinct u,w € V(K,, x P,). Let u = (v;,7) and w = (v, j').
If j = 4/, then u and w are in the same column and they differ only in the first coordinate, so they are not adjacent; choosing
a neighbor of u in an adjacent column yields a vertex in N[u] \ N[w]. If j # j/, one can similarly find a suitable neighbor.
The proof for K,, x C, is analogous, taking indices modulo n. O

Our main results provide bounds on 5P for the graphs given in Lemma 2.3.
Theorem 2.1. For m > 3 and n > 7,

n+1

F”H—l

w(m+2)—2gysm(Kmeﬂ)g[ —‘(m—i—S)—l—m.

Theorem 2.2. For m,n > 3,
5] m+2) <P < ) < 5] m+3) +3.

In the following two sections, we provide the proofs of these results.

3. Bounds on Self-Identifying Codes of K,,, X P,

We first present several useful lemmas, corollaries, and preliminary results in Subsection 3.1, which establish the lower
bound. Subsequently, in Subsection 3.2, we construct a self-identifying code for K,, x P, with m,n > 3 to derive the upper
bound.

For0<i<m-1land0<j<n-—1, we define

* R, ={(v,j):j€V(P,)} as the i-th row,

* Cj ={(vi,j) : v; € V(K,)} as the j-th column.

3.1. Necessary Conditions for a Self-Identifying Code in K,, X P,

This subsection establishes properties of self-identifying codes in K, x P, using row and column structures. Let S denote a
self-identifying code in K, x P, with m,n > 3.

Lemma 3.1. The boundary columns satisfy Co C S and C,,_1 C S.

Proof. Assume that there exists i € [0, m — 1] such that (v;,0) € Cy \ S. If there exists i’ # i with (v, 1) ¢ S, then

{(wi,1),(vs, )}S (] NI,

ceN[(v;s,1)]NS

contradicting Definition 2.1. Hence C; \ {(v;,1)} € S. Then N[(v;,0)] NS C N[(v;,2)] NS, contradicting Definition 2.2.
Therefore Cy C S. The same argument gives C,,_; C S. O

By Lemma 3.1 and Lemma 2.2, we have the following corollary.
Corollary 3.1. The near-boundary columns satisfy |C1 NS| > 3 and |C,,—o N S| > 3.

Lemma 3.1 ensures boundary constraints, while Corollary 3.1 gives columns near boundaries. For internal columns, we
establish the following result.

Lemma 3.2. Letn > 5,i € [0,m —1], j € 2,n — 3], and (v;,j) ¢ S. Then,
1) Sn (Cj,1 @] Cj+1) N Ry # (Z)for all #£1, i.e., ‘N[(’U“j)] n S| >m—1,
(2) Sﬂijl #@andSﬂCjH #@

Proof. Since (v;,j) ¢ S, we have N[(v;,j)] C Cj_1 UCj41. If there exists i’ # i such that {(vy,j — 1), (v, j+1)} NS = 0, then

{(Uivj)v(vi/vj)}g ﬂ N[C],

cEN[(vi,§)]NS

contradicting Definition 2.1. Hence for every ¢’ # i, we have SN (C;_1 UCj41) N Ry # 0, which gives |N[(v;,5)] N S| > m — 1.
IfC;_1 NS =0, then N[(v;,5)] NS € N[(vs,5 +2)] N S, contradicting Definition 2.2. Similarly, SN C; 1 # 0. O
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By Lemma 3.2 and Lemma 2.2, we have the following corollary.
Corollary 3.2. Let n > 5and j € [2,n — 3].
M) IfjeB,n—4]and C;NS =0, then (C;_1UCjy1) C Sforn>T.
(2) If|C; N S| =1, then

b ‘(01U03)QS|me0rj:2;
© [(CosUC 2) N8| = mforj=n—3
° ‘(Cj_l UCj+1)ﬁS|2m—|—1f0rj€[3,n—4].

B) If2<|C;NS| <m—2, then |(C;j—1 UCj41)NS| >mand (Cj_1 UCj11)NSNR; # 0 for all i.
@) If|C;N S| =m—1, then |(Cj—1 UCj11)NS| >m— 1.
(5) If |C; N S| =m, then |(C;_1 UCj11)NS| > 3.
By Corollary 3.2, there exists a special lower bound for three consecutive columns.
Corollary 3.3. Let n > 5,1 € [0,m — 1], and j € [2,n — 3].
(1) Forn =25, |[(C;UC2UC5)N S| > m.
(2) Forn>6,j€[2,n-3],[(C;-1UC;UCj11)NS| >m+ 1
(3) Forn>Tand je[3,n—4], |(C;—1UC; UC;41)N S| >m+2.
Proof of Theorem 2.1 (Lower Bound). By Lemma 3.1, Corollary 3.1, and Corollary 3.3, we have
(CouCr)NS| = m+3,
[(Crma UCyp—1)NS| > m +3,
(Cj—1UC; UC )N S| > m+2.

Therefore,
n+1

P (K, x P,) > { l (m+2)—2.
O
Having established a lower bound via necessary conditions, we now turn to an upper bound by constructing an explicit
self-identifying code.
3.2. Construction of a Self-Identifying Code in K,,, X P,

In this subsection, we construct a self-identifying code for K,, x P,, which yields an upper bound on v*° (K, x P,) for
m > 3 and n > 7. We begin with a sufficient condition for self-identifying codes.

Observation 3.1. Let S C V(K,, x P,). If the following conditions hold for all i € [0,m — 1] and j € [0,n — 1], then Sisa
self-identifying code of K,, x P,, :

e |CinS|>3and |C—2NS|>3;
¢ For j € [1,n — 2] and for each vertex (v;, j) € C;:

- if (v, j) € S, then there exist two distinct indices i1,i2 € [0,m — 1]\ {i} such that (C;_1 UCj11) NS N Ry # 0 for
= {il,ig};

- if (vi,j) ¢ S, then there exist two distinct indices iy,iz € [0,m — 1] \ {i} such that (Cj_1 UCj411) N SN Ry # 0, and
additionally C;_1 NS # 0, Cj11NS #0;
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By Observation 3.1, we construct an upper bound of 1*'° (K, x P,) in Theorem 2.1.
Proof of Theorem 2.1 (Upper Bound). For non-negative integers m,n,t,k, and k = [ % |. We define

0315_1 U Cgt U CgH_l for 1 <t<k- 2,

Cr_aUC,_3 fort =k —1and n = 3k,
Cn_5UCn_4UCn_3 fort=k-1 andn:3k+1,

CrhUCh_5UC,_4UC,_3 fort=k—1andn =3k + 2.

For the partition V(K,, x P,) = Co UCy U ( f:_f Ct) UCr—1UC,_2UC,_1, we construct a subset S of V(K,, x P,) with
S = Sl U SQ U 53 U 54, where

S1 = (CO UCn—l) ns==Cy UCn—la
SQ = (Cl UCn—Q) ns = {(U07 1)a (Ula 1)7 (’U?a 1)) (’U07’I'L - 2)7 (’Ul,n - 2)a (1}2)’”‘ - 2)}a

if k even,

k—2
S3 - (Ut_l Ct) §= A/ " f dd
(Ut:l 3,5,....k—4 ‘1t U C’g,t U Cgt+3) U A U CSkffi ifko 5

{(’U(),TL—?)),(’Ul,’n—3),(1}2,TL—3)}UCn,4 1fn:3k7
S =Cr_1NS =< {(v2,n—5),(vo,n —3), (v1,n —3)}UCh_y if n =3k + 1,
{(va,n = 6), (vo,n —4), (v1,n—4)}UC,_s UCph_5 ifn=3k+2

At = {(’UQ, 3t — 1), (1}0, 3t + 1), (1)1,3t —+ 1), (1}07 3t + 2)7 (1}17 3t + 4)7 (1)2, 3t + 4)}7
Ay = {(vg,3t — 1), (v1,3t + 1), (v2, 3t + 1), (ve, 3t + 2), (vo, 3t + 4), (v1,3t + 4)},
A" = {(v0,3k — 7), (v1,3k — 5), (v2, 3k — 5)}.

By Observation 3.1, S is a self-identifying code of K,, x P, (see Figures 3.1 and 3.2). Thus

(k+1)(m +3) if n = 3k,
VP (K, x Py) < { (k+1)(m+3) ifn =3k +1,
(k+1)(m+3)+m ifn=3k+2.
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(a) n = 3k, k is even (b) n =3k + 1, k is even () n =3k + 2, k is even

Figure 3.1: A self-identifying code of K,,, x P,, where n is even.
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(a) n = 3k, k is odd (b) n =3k + 1, kis odd (c) n=3k+2, kisodd

Figure 3.2: A self-identifying code of K,,, x P,, where n is odd.
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The upper bound of v5'°(K,,, x P,) for m > 3 and 3 < n < 6, due to its technical intricacy, is deferred to the following
subsection.

3.3. Self-Identifying Codes in K,, X P, for Small n

This subsection establishes exact values of 75'°(K,, x P,) for m > 3 and 3 < n < 6, extending the bounds from
Sections 3.1-3.2.

Theorem 3.1. For K3 x P, and 3 <n <6,
9 n=3
VS (K3 x P,)={12 n=4,5,
14 n=6.

Proof. Lower bounds follow from Lemma 3.1 and Corollary 3.1. Upper bounds are achieved by explicit constructions (see
Figure 3.3),

¢ S=V (K3 x P3) forn =3,
* S=V (K3 x Py) forn =4,
e S=CoUCLUC3UC, forn =25,

e S=CoUCLUCLUCs U{(v2,2),(02,3)} for n = 6.

Verification uses Observation 3.1. O
o000 o000 O (N O N 'Y ool X
oo o o000 o L L JNORL N J e0eO OCeo0o
(NN oo o o6 C oo o060 000
Co G G G G G G G G G G Co G G G5 Cy G
(@n=3 (b)y n=4 (c)n=>5 dn=6

Figure 3.3: A self-identifying code of K3 x P, for n = 3,4,5, 6.

Theorem 3.2. For K,, x P, and m > 4,
2m+3 n =3,
’)/SID(Km % Pn) _
2m+6 n =4.

Proof. Lower bounds follow from Lemma 3.1 and Corollary 3.1. Upper bounds are achieved by explicit constructions (see
Figure 3.4),

e S=CoUuCyU {(UQ, 1), (U1, 1), (’UQ7 1)} for n = 3,
e S=CouCsU {(UQ, 1), (1)1, 1), (’1)2, 1), (UQ, 2), (U1, 2), (1)2, 2)} for n = 4.

Verification uses Observation 3.1. O

[ N N o0 00
( I M o0 00
[ N M o0 00
[ NON | | HONON |
[ NON | ® OO e
[ MON | | HONON |
Cy C1 Cy Co C1 Cy Gy
(a)n=3 b)n=4

Figure 3.4: A self-identifying code of K,,, x P, for n € {3,4} and m > 4.
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Theorem 3.3. For K,,, x P, and m € {4,5},

2m+6 n =25,
,YSID(Km X P’n,) —
4m n = 6.

Proof. Lower bounds follow from Lemma 3.1 and Corollary 3.1. Upper bounds are achieved by explicit constructions (see
Figure 3.5),

e S=CouCyU {(Uo, 1), (Ul, 1), (’027 1)} U {(’Um_?,, 3), (’Um_g, 3), (’Um_l, 3)} for n = 5,

* S =CoUCs5U{(vo,1),(v1,1), (v2,1), (v0,4), (v1,4), (v2,4)} U ;"5 Y(v:,2), (v5,3)} for n = 6.

O

[ N NORNON | 0O Cee
ee OO e "X Xk I X XoONeR X ee O OCeoe
e 060 eeC 00 o000 OCoo 'Y XK X
[ 2N JNON I [ MONORN NN /| [ 2 OGN N J { OGN BN NON
e OO ee [ HONORN N | | BON BN NON ) ( JON BN NON
Co C1 Cy C3 Cy Co C1 Cy C3 Cy Co C1 Cy C3 Cy Cs Cy C; Cy C3 Cp Cs
@n=5m=4 b)n=m=5 e)n=6,m=4 dn=6m=5

Figure 3.5: A self-identifying code of K, x P, for n € {5,6} and m € {4,5}.

Theorem 3.4. For K,, x P, and m > 6,

3m n=2>5,
,YSID(Km X P’n,) —
3m+6 n=0=0.

Proof. Lower bounds follow from Lemma 3.1 and Corollary 3.1. Upper bounds are achieved by explicit constructions (see
Figure 3.6),

e 5= C()UC4U{(U0, ) vy, 1 (’027 )}UU (Ui,?))} forn =5,

e S=CouCsUCyU {(’Uo, 1), (Ul, 1), (Ug, 1), (’()0,4), (U1,4), (U2,4)} for n = 6.

OCeeeOOOOO
IO NS S ONON I BN J

3 P
vV
[=2]

e°°*‘0 00
SICR U HONON ]

cCe0°*" 00080
SR RERIE X X
Q0 OeeeO 00O
S X KX XeRoNe
ce®** 00080
00+ +:00000
~0°°*° 00000

Q
S
Q
S

D
3
I
@
3
v
[«

(b) n =6,

Figure 3.6: A self-identifying code of K, x P, for n = 5,6 and m > 6.

We now have completed the proof of Theorem 2.1. O

4. Bounds on Self-Identifying Codes of K,,, x C,

In this section, we consider self-identifying codes in K, x C, for m,n > 3. By applying a method similar to the one used in
Section 3, we derive lower and upper bounds for v5'°(K,,, x C,,), which together establish Theorem 2.2. We use the same
notation for rows and columns as before: R; = {(v;,j) : j € V(C,,)} (the i-th row) and C; = {(v;,j) : v; € V(K,,,)} (the j-th
column). In this section, all column indices are taken modulo n.



J. Liu, H. Qi, and Z. Shan / Conitrib. Math. 13 (2026) 75-83 82

We assume that S is a self-identifying code of K,,, x C,,, where m,n > 3. The analysis is similar to the path case; in
analogy with Corollary 3.3, we obtain the following lemma, which leads to the lower bound.

Lemma 4.1. Forany j € [0,n—1], |[(C;-1 UC; UC,41) N S| > m + 2.
Corollary 4.1 (Lower Bound in Theorem 2.2). If m,n > 3, then
n
VSIP(K,, x Cp) > {gJ (m+2).
Now, we construct a self-identifying code for K, x C,, which yields an upper bound on v5°(K,, x C,) for m,n > 3. We
begin with a sufficient condition for self-identifying codes.

Observation 4.1. Let S C V(K,,, x Cy,). If the following conditions hold for all i € [0,m — 1] and j € [0,n — 1], then Sisa
self-identifying code of K, x C,, :

* For (v;,j) € S, there exist two distinct indices i1,i2 € [0,m — 1]\ {i} such that (Cj_1 UCj11)NSN Ry # 0 fori' € {i1,i2}.

* For (v;,j) ¢ S, there exist two distinct indices i1,i2 € [0,m—1]\{i} such that (C;_1UC;j11)NSNRy # 0, and C;_1NS # 0,
Cix1inNS #0.

By Observation 4.1, we construct an upper bound of v5'° (K, x C,,) in Theorem 2.2.
For non-negative integers m,n,t, k, and k = | % |, we define a nonempty set S C V (K, x Cy,) as follows. Let

T=1{0,2,4,6,...,k—2} ifkiseven,
T ={0,2,4,6,...,k—3} ifkis odd.

If k is even, then let
UtET(Bt U Cgt+1 U Cgt+4) 1fn = Sk,
S = ¢ Uier(B: UCs141 UC3444) UC3p ifn=23k+1,
Uier (B U C3141 U C3p44) UB U Csp . ifn =3k +2,

If k is odd, then let
Uier (B UC3t41 U Csy44) U B” U Cs 2 if n = 3k,

S = UteT’(Bt U C3t+1 U C3t+4) U B" U Csp_o UC 3 ifn=3k+1,

Uier (Be UC3441 U C3444) UB"UC3p_2U B UC3pq1 ifn=3k+2,

where

Bt:{(U073t),(U1,3t+2),(1}2,3t+2),(1)273t+3),(1}0,3t+5)7(1}1,3t+5)},

!

B' = {(vo, 3k), (v1, 3k), (ve, 3k) },

"

B" = {(vo,3k — 3), (v1,3k — 3), (va, 3k — 3), (v0, 3k — 1), (v1, 3k — 1), (ve, 3k — 1)}.
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Figure 4.1: A self-identifying code of K,,, x C,,, where n is even.
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Figure 4.2: A self-identifying code of K,
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x C,,, where n is odd.

By Observation 4.1, S is a self-identifying code of K,,, x C,,. Thus for m,n > 3,

ASID(K, % C) < %W (m +3) + 3.

This completes the proof of Theorem 2.2.
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