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Abstract
Forn e N:={1,2,...},1et L, := 54, — (2In2)n + Inn, where

LA |
%::EZHJ"

i=1 j=1

It is known that lim, 0o L, = —27 — 7 + In 2, where ~ denotes the Euler-Mascheroni constant. In this paper, we establish
complete asymptotic expansions for the sequences 7, and L.
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1. Introduction
The Euler-Mascheroni constant v = 0.577215664 . . . is defined as the limit of the sequence
D, =H, —Inn, (D

where H,, denotes the nth harmonic number, defined for n € N:= {1,2,3,...} by

H, = Z % (2)
k=1

The Euler-Mascheroni constant v plays a significant role in many areas of mathematical analysis, including the theory
of special functions in applied mathematics and mathematical physics. It also appears frequently in number theory,
particularly in the study of the growth and order of magnitude of arithmetical functions (see [11]). Choi [6] provided a
summary of several known representations of the Euler-Mascheroni constant v. Mortici [15] introduced a new family of
sequences that converge more rapidly to the Euler—-Mascheroni constant. An extensive and impressive collection of integral
representations of various types can be found in a recent paper by Choi and Srivastava [7]. Further information on ~ is
available in the survey article [9] as well as in the monographs [10, 12, 18].

The constant v is closely related to the celebrated gamma function I'(z) by means of the familiar Weierstrass formula
[1, p. 255, Equation (6.1.3)] (see also [17, Chapter 1, Section 1.1]):

o0

e [ 2] <0

n=1

Mortici [16] extended and refined an approximation formula for the gamma function due to Ramanujan. The logarithmic
derivative of the gamma function

is known as the psi (or digamma) function.
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The psi function has the following asymptotic expansion (see [14, p. 33]):

o0

P(z) ~Inz — Z ﬂsz (z = o0; |argz| < m) 3
el ’
and
1 > BQTL(%) .
1/}(2—1—2) Nlnz—; 5y, 22n (z = o0; |argz| < m), 4)

where Bernoulli polynomials B, (t) are defined by the generating function

tz > n

ez—lz

and the Bernoulli numbers B,, (n € Ny := NU {0}) are defined by B,, := B, (0) in (5).
Lugo [13] considered the sequence (L,),cn, which is essentially an interesting analogue of the sequence (D,,),en
occurring in (1), defined by
L, =54, — (2In2)n+lnn, (6)

where

- 1
%::ZZHJ” 7

Remark 1.1. Grouping the terms according to k = i + j, we observe that for each fixed k: there are k — 1 pairs when

k =2,...,n+ 1; there are 2n — k + 1 pairs when k = n + 2,...,2n. These two ranges are also evident by arranging
A =30 D % in matrix form. Hence
n+1 2n
k—1 2n —k+1
I, = — + —— =24+ 2n+1)Hy, — 2n+2)H, 11.
LE T e et U e i

Using the standard asymptotic formula for harmonic numbers,

1 1
H,=hn+~v+—+4+0|—= ], n— o0,
2n n?

where ~ denotes the Euler-Mascheroni constant, we obtain
1
%z:2nln2—lnn+1n2—7_54_0(”—1). ®

Moreover, employing the full asymptotic expansion

1 <« B
2%
Hn:lnn—&—fy—k%—g ——  (n— 0),

one can derive a more complete asymptotic expansion for H, than the approximation given in (8).

Lugo [13] proved the following asymptotic formula:

1 5 7 :
Ln~—§—~y+ln2——+ +0(n™?%), n — 00. 9

8n  48n?
Clearly, from (9), it follows that
L:= lim an—%—’y—klnz (10)

n—oo
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Recently, Chen and Srivastava [4] proved that

— A +m2 -1+ (n+;>w(n+;) - (n+g> w(n)+(2ln2)n—%7 (11)

which provides new analytical representations for the Euler-Mascheroni constant + in terms of the psi (or digamma) function
1 (2). Also in [4], the authors obtained the following approximation formula:

1 5 19 107 i
as n — oo. Chen and Srivastava [5] derived the following asymptotic formula for L,,:

3_'_ 7 _ 1 _ 31 n 1 n 127 B
8n  48n2  64n3  1920n%t  128n°  16128nS ’

L, ~L— n — 00. (13)

However, the authurs did not give the general formula for the coefficient of = (j € N) in (13). Some inequalities for L — L,
were established in [2,4].

In this paper, we develop the approximation formula (12) to produce a complete asymptotic expansion (Theorems 3.1
and 3.2), and we derive a formula for determining the coefficients of the expansion (13) (Remark 3.2). Also, we present new
asymptotic expansion for 7%, (Theorem 3.3).

2. Lemmas

The following lemmas are required in the sequel.

Lemma 2.1. For n € N, let

3 1 1 1 3
F(TL)—2n+2—<n+2)¢(n+2)+(n+2>'¢)(n)' (14)
Then, it holds that
F(n)wlnn—l—zlﬁ, n — oo (15)
J=
with the coefficients a; given by
5 (=1)) —1+277 3(—1) +1 -2 ,

@m=g 0= i1 Bj - 2 Bj, j =2, (16)

where B,, are the Bernoulli numbers. Namely,

) 7 1 31 1 127

F(n) ~1 = - - . 1
(n) ~Innt o = s+ 508 T o200 12875 Teizens T T {17
Proof. Using (3), we find that
3 3 ad i 1 3B\ 1
2 ~ Inn — — gl 279} = 1
(n3) v~ (4 3 )1 - 5 SO (B35 2 (18)
Noting that
B,(3)=—-(1-2""")B,, n € Ny
and Bs, 11 = 0, n € N (see [1, p. 805]), we can write (4) as
1 = (1-2'"MBy, 1
Z) ~1 RSl . Ay 1
w(z+2) n”kz:; PR (19)

Using (19), we obtain

1 1 (1-279)Bj1  (1-2"9)B;\ 1
<n+2>¢(n+2>~( )lnn+z< J+1 + % - (20)
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Substituting (18) and (20) into (14) yields

= 171+2J 3(—1)7 +1—217
F(n) ~1 = A N - S B.
J=1
> 1)) —1+4277 3(—1)7 +1—217
=1 = Ey -1+ B,
nn + + Z [ 1 j+1 2 J
The proof of Lemma 2.1 is complete.
Lemma 2.2 (see [8]). The following relations hold:
e’} ;i B 0o qu
exp s —1—|—ij, T — 00,
j=1 j=1
In {1+ q—J = p—j., T — 00,
xJ xJ
Jj=1 j=1
where the coefficients p; and q; have the following relations:
ko kj
_ pl p2 .. .pj
4= > Tkl Rl
k1+2ka+- Ak =]
summed over all nonnegative integers k; satisfying the equation
k1+2k‘2+"'+jkj =7,
and
k1 k2 k;
_ q1 q2 N q
pj = > (=1 (k= 1)! T B
oy +2ko -+ jk;=j phasr i
ki+hot+o 4k =k
1<k<j
where the summation is over all nonnegative integral solutions (ki, k2, ..., k;) of the equations

ey 4+ 2y 44k =4, ki+ke+-+kj=k k=124

Lemma 2.3 (see [3]). Let A(x) be a function with asymptotic expansion

(o]
x) ~ Z apx™ ", T — 00.
n=1
Then, the composition exp(A(x)) has an asymptotic expansion of the form
exp(4 Z bpx™", T — 00,

where
1TL
bo=1 and by, == kapby_r, > 1.
0 an =D kg, >
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Lemma 2.4 (see [3]). Let qo = 1 and let
Qz)~> gz ™/,  x— o, (21)
=0

be an asymptotic expansion. Then, the following hold:

(i). The composition R(x) = In(Q(z)) has asymptotic expansion of the form
e .
R(z) ~ erx_J, T — 00,
j=1
where
142
ry=q; — = Z kregi—k, jeN. (22)
J =
(ii). For every real number r, it holds that

[Q(z)]" ~ ZPj(r)x_j, T — 00,

Jj=0

where
1 J
Py(r) =1, Pj(r)zEZ[/ﬂ(l—i—r)—j]quj,k(r), jeN. (23)
k=1

3. Main Results

The following result develops the approximation formula (12) to produce a complete asymptotic expansion.
Theorem 3.1. The sequence 7, has the asymptotic expansion
H, = In2+ (2In2)n —1 1Sl (24)
nw—§—7+n +2In2)n—In|n +Zlﬁ , n — 00,
i=

with the coefficients b; given by

k1 ko k;
. al a2 .vyaj .
bj = > Tkl SN 25)

ket +2ka -+ ik =3

where a; are given in (16), summed over all nonnegative integers k; satisfying the following equation:
ki + 2k + -+ jk; = J.

Proof. The formula (11) is equivalent to the following result [4]:
—%+<—;—W+ln2>+(21n2)n:F(n), (26)

where F'(n) is given in (14). In view of (12), we can let

1 = b,
%,NQ’y+ln2+(21n2)nln(n(lJernj)), n — 0o,
j:

where b; (j € N) are real numbers to be determined.
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Thus, we obtain

Fn)~In|n 1+ZE , n — oo,
j=1
which implies, by (15), that
In 1+Zﬁ ~ vt n — oo, 27)
j=1 =

where a; are given in (16). By Lemma 2.2, we obtain
f k;
) a’fl agz L. aj]
7 Z I 1 Ry
k1+2ko+---+jk;j=j

summed over all nonnegative integers k; satisfying the equation
ki +2ky + -+ jk; = j.

This completes the proof of Theorem 3.1. O

Using Lemma 2.3, we can provide an alternative representation formula to calculate the coefficients b, (j € N) in (24) as
in Theorem 3.1. The representation using a recursive algorithm for the coefficients b, in (29) is more practical for numerical
evaluation than the expression in (25).

Theorem 3.2. The sequence 5, has the asymptotic expansion

1 gy
L%’jlw—a—'y—i—an—l—(anQ)n—ln n —jj , n — 0o, (28)
="
with the coefficients b; (j € Ny) given by
1 J
bo=1 and b; = kaakbj_k, j>1, (29)
J =
where a; are given in (16).
Proof. We write (27) as
J J
| 2 |~ 2
j=1 §=0
where a; are given in (16). By Lemma 2.3, we have
1 J
bp=1 and b; = - Zkakbj—k, Jj= L
J =
The proof of Theorem 3.2 is complete. O

Remark 3.1. The representation using the recursive algorithm is better for numerical evaluations. The first few coefficients
b; are given as follows:

bo =1,
5
by = aibg = g’
1 1 5 5 7 19
—— —__-.2.= ). 1= =
br=gabitabo =55 gt < 48) 384’
1 2 1 5 19 2 7 5 1 107
b3—3a1b2+3“2b1+"3”°—3'8‘384+3‘(‘48> ste T o
Continuing this procedure, we find that
21263 1195 141610033

ba =

6 =

T 1474560° 0 262144’ T 11890851840
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Hence, we obtain the following explicit asymptotic expansion:
1 5 19 107 21263 1195
Ay~ —=—~y+In2+ (2In2)n —1 2 — ( — ). 30
g ~Y+In2+ (2l2)n—In (” T8 384 307202 T 14Ta560n® 26214402 ) (80
Remark 3.2. It follows from (24) that
L,~L—1In 1—i—iﬁ (31)
n nj
j=1
Using (27), we have
Ln~L-— i ek (32)
n n] )
j=1
with the coefficients a; given in (16). That is,
5 = [(=1) —1+4277 3(=1)7 +1 -2 1
Ly~L—— — T B — : B;|—, 33
o j—Q{ j+1 ol 2] 7| ni oy
which is the expansion (13).
From (32), it follows that
1 > Q;
%ﬁnm—5—7+1n2+(21n2)n—1nn—zlg, (34)
i=
with the coefficients a; given in (16).
The following result presents a new asymptotic expansion for .77,.
Theorem 3.3. The sequence 7, has the asymptotic expansion
1 i )
<%”n~—2—’y—|—ln2+(21n2)n—1/1(qun_JH), n — 00 (35)
3=0
with the coefficients q; (j € No) given by
142 7 (~1)FB,
0=1 g = 3;1 kriqi—r + ,; T Pi_i(—k)+a;. (36)

Here, B,, are Bernoulli numbers, a; are given in (16), r; can be calculated using (22), and P;(r) can be calculated using (23).

Proof. We can let

1 S :
—5 =2+ @n— A~ (0 gnT | oo,
j=0

where ¢; (j € Ny) are real numbers to be determined. Using (3), we obtain

o ) o . o (—l)kB 00 N\ —F
o (n3a | (S ) - S LR (Y )
=0 =0 k=1 =0

On the other hand, it follows from (34) that, as n — oo,
1 e .
—5 —v+In2+ (2In2)n — s, ~Inn+ Zajn*j,
j=1

where a; are given in (16).
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Hence, we have
o) [e'e] —k [e%s}
ln<Z gjn J) Z < qu ) ~ Y an, (37)
j=0 =1 j=1

Extracting the coefficients of the power n?, it follows from here that In ¢y = 0, and hence ¢y = 1. Using Lemma 2.4, the left
side of (37) can be written as

e’} [e’e) B (e’ g B ,
S ko3 G B —kzp —J—Z(m > P by . 39
k=1 k=1 =1 k=1
The coefficient ¢; which should be determined from here is hidden in the calculation of ;. Using (22), we can write
14
T =45 — EZ krig;—k- (39)
Linking together (37), (38), and (39) immediately follows (36), which proves Theorem 3.3. O

Remark 3.3. Here, we provide explicit numerical values for the first few terms of q; by using (36). This shows how easily we
can determine the coefficients g; in (35). By using (22) and (23), we obtain

12
™ =41, 7”2—‘]2—5611

and
PO(_1)217 Pl(_l):_qla PQ(_l):_QQ+Q%7 PO<_2):17 Pl(_2)2_2q17
respectively. Using (36), we have

¢ =-BiPy(-1)+a1 =
1 1
2= 5mq — B P (—1) + 532130(—2) + as

L9 9 N L9y L T 1
2 8 8 2 8 2 6 48 ) 128’

1 1
g = §(7“1(12 +2roq1) — B1Pa(—1) + §B2P1(_2> +as

_191+211929 1 1+92+11(2)9+1_9
T 3|8 128 128 2 \8 8 2 128 ' \8 26 8) 64 10247

Likewise, using (36), we obtain

481 1505
n

94 = 98304 %5 = 736432

Consequently, we obtain the following explicit asymptotic expansions:

1 9 1 9 481
o~~~y +In2+ (2In2)n — i - ), .
Hn~ =5~ 72+ @220 w<n+8+128n 102402 © 9830407 ) noree

Remark 3.4. The following approximation formulas hold:

1 5 7 1
~—— — In2 2In2)n —1 - — = 4
I, 5 Y+ In2+ (2In2)n —Inn & +48n2 e Ans (40)

1 5 19 107
~ =y 42+ (2ln2)n — 1 7 - 41
Hn~ =gy +In2+ (2Wm2)n n(n+8+384n 3072n2) Hin (41)

and

1 9 1 9
%N—z—7+1n2+(21n2)n—¢<n+8+128n W)—I/n. (42)
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Moreover, we have
F, = Ny, + 0(7174), I, = i + O(n74), and 3, = v, + O(n*4).

The numerical computations presented in Table 1 indicate that, for n € N, the formula (42) provides the best approximation
among the formulas (40)—(42).

Table 1. Comparison of approximation formulas (40)—(42).

n A — A | A — pin| | A — vn

1 7434 x 1073 7.744 x 1073  2.413 x 1073
10 1529 x107% 1.388x107% 4.728 x 1077
100 1.606 x 10710 1.437x 10710  4.88 x 10~ !¢

500 2.58 x 10713 2.305 x 107 7.825 x 10714
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