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Abstract
This article deals with the vibrations of a flexible structure incorporating Kelvin–Voigt-type viscoelasticity combined with
heat conduction governed by a simple adaptation of Cattaneo’s law. The well-posedness of the system is proved using
semigroup techniques. The system achieves uniform stabilization via an explicit exponential energy decay estimate, which is
constructed using an appropriate Lyapunov functional.
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1. Introduction

The one-dimensional wave equation is given by

m(x)utt −
(
p(x)ux(x, t)

)
x
= 0 on (0, L)× (0,∞), (1)

which describes the vibrations of an inhomogeneous flexible structure, where u(x, t) is the displacement of a particle at
position (x, t) ∈ (0, L)× (0,∞), m(x) denotes the mass density, and p(x) represents the stiffness coefficient at a distance x
from the left. To study the theoretical principles governing stabilization in flexible structural systems and to control their
vibrations, one common approach to achieving energy dissipation is the incorporation of damping forces. Various types of
damping mechanisms have been discussed in the literature, including boundary damping, distributed damping, internal
damping, and localized damping (see [4,15,17,18]).

The exponential decay of the problem associated with the equation

m(x)utt −
(
p(x)ux + 2δ(x)uxt

)
x
= 0 on (0, L)× (0,∞), (2)

where δ(x) > 0 for all x ∈ [0, L] is the coefficient of internal viscoelastic damping, known as Kelvin–Voigt damping (see [9]),
has been studied extensively. To incorporate thermoelastic effects into the above model, it is coupled with a thermal diffusion
mechanism. The temperature difference θ(x, t) over a fixed temperature satisfies the one-dimensional Fourier law [6]:

θt(x, t) + κqx(x, t) = 0, q(x, t) + κθx(x, t) = 0, on (0, L)× (0,∞), (3)

where κ > 0 is a coupling constant and q = q(x, t) denotes the heat flux.
The thermo-diffusion model in (3) does not fully agree with physical reality. To address this issue, the Cattaneo–Vernotte

law provides a modified version of the second equation in (3), namely

q(x, t) + τqt(x, t) + κθx(x, t) = 0, (4)

which is obtained by replacing q(x, t) with q(x, t+ τ) and retaining only the first-order term in τ in the Taylor expansion
around t, where τ > 0 represents the time lag in the response of the heat flux. Applying a similar modification to the first
equation in (3) yields

θt(x, t) + κqx(x, t) + κτqxt(x, t) = 0. (5)

The modified system (4)–(5) therefore provides a more realistic model. In particular, we emphasize that both equations in
Fourier’s law (3) are consistently modified by replacing q(x, t) with q(x, t+ τ); the first equation is not neglected.
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Hence, we are concerned with the stability analysis of the following system of equations:

m(x)utt − (p(x)ux + 2δ(x)uxt)x + αθx = 0, (6)
θt + κqx + κτqxt + αuxt = 0, (7)

τqt + q + κθx = 0, (8)

with the initial conditions

u(x, 0) = u0(x), ut(x, 0) = u1(x), θ(x, 0) = θ0(x), q(x, 0) = q0(x) ∀ x ∈ [0, L], (9)

and the set of boundary conditions

u(0, t) = u(L, t) = 0 and θ(0, t) = θ(L, t) = 0, ∀ t ≥ 0, (10)

or
u(0, t) = u(L, t) = 0 and q(0, t) = q(L, t) = 0, ∀ t ≥ 0. (11)

The first set corresponds to a rigidly clamped structure with temperature held constant at both extremities, whereas the
second corresponds to a rigidly clamped structure with zero heat flux on the boundary. In the sequel, we consider only the
boundary conditions (10). Similar results are expected to hold for the boundary conditions (11).

The concept of stabilization encompasses various notions of stability, including bounded-input bounded-output stability
[25], exponential stability [8,14], and asymptotic stability [2,21]. Several authors [5,7,12] investigated the stabilization
of the wave equation in a bounded domain and obtained both asymptotic and uniform stability results. The asymptotic
behavior of coupled systems describing elastic dynamics and Fourier’s law of heat conduction has been analyzed in [11,19].
Based on Cattaneo’s law [3], the stability of thermoelastic systems was studied in [20,23]. Houasni et al. [10] demonstrated
the existence, uniqueness, and exponential stability of solutions for a flexible structure incorporating second sound and
past history effects. The work in [16] considered a flexible system with second sound and time delay.

The rest of the paper is organized as follows. In Section 2, we study the well-posedness of the system using semigroup
theory. In Section 3, we define the total energy of the system and demonstrate its dissipative behavior due to damping.
Section 4 establishes the exponential stability of the system using a Lyapunov functional approach. Finally, Section 5
provides a concluding overview of the results and their potential applications.

2. Well-posedness

Using Sobolev spaces (see [1]) and semigroup theory [24] in the space L2(0, L), we define the inner product and norm as

⟨u, v⟩L2(0,L) =

∫ L

0

uvdx (12)

and
∥u∥2L2(0,L) =

∫ L

0

|u|2dx =

∫ L

0

u2dx. (13)

Denoting v = ut and U(t) = (u, v, θ, q)T , the system (6)−(10) can be written as the following abstract Cauchy problem:

U ′(t) = AU(t), U(0) = U0 = (u0, v0, θ0, q0)
T for all t > 0, (14)

where the differential operator A is defined by

AU =



v

1

m(x)
[(p(x)ux + 2δ(x)vx)x − αθx]

−[κqx + αvx + κτqxt]

−1

τ
[q + κθx]


. (15)
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Let H = H1
0 (0, L)× L2(0, L)× L2(0, L)× L2(0, L) be the Hilbert space equipped with the inner product

⟨U,U∗⟩H =

∫ L

0

p(x)uxu∗xdx+

∫ L

0

m(x)vv∗dx+

∫ L

0

θθ∗dx+

∫ L

0

τqq∗dx, (16)

with U = (u, v, θ, q) and U∗ = (u∗, v∗, θ∗, q∗).

To study the system (6)−(8), we first consider (14) in H with the domain D(A) defined by

D(A) =

(
(u, v, θ, q) ∈ H, u ∈ H2(0, L)

⋂
H1

0 (0, L), v ∈ H1
0 (0, L), θ ∈ H1

0 (0, L), q ∈ H1(0, L)

)
. (17)

Lemma 2.1. Let U0 ∈ H. Then, there exists a unique solution U = (u, v, θ, q) of the system (6)−(10) satisfying U ∈ C([0,∞);H).
Moreover, if U0 ∈ D(A), then

U ∈ C1([0,∞);D(A))
⋂
C([0,∞);H). (18)

Proof. First, we show that A is a dissipative operator, and then we prove that the resolvent set of A contains 0. We note that

⟨AU,U⟩H =

∫ L

0

p(x)vxuxdx+

∫ L

0

m(x)
1

m(x)
[(p(x)ux + 2δ(x)vx)x − αθx] vdx

−
∫ L

0

(kqx + αvx + κτqxt)θdx−
∫ L

0

τ
1

τ
(q + κθx)qdx

=

∫ L

0

p(x)vxuxdx−
∫ L

0

p(x)uxvxdx− 2

∫ L

0

δ(x)v2xdx−
∫ L

0

αθxvdx

−
∫ L

0

kqxθdx−
∫ L

0

αvxθdx−
∫ L

0

κτqxtθdx−
∫ L

0

q2dx−
∫ L

0

κθxqdx

= 2iIm

∫ L

0

p(x)vxuxdx− 2

∫ L

0

δ(x)v2xdx+

∫ L

0

αθvxdx−
∫ L

0

αvxθdx

+

∫ L

0

kqθxdx−
∫ L

0

κθxqdx+

∫ L

0

(−q − κθx)κθxdx−
∫ L

0

q2dx

= 2iIm

∫ L

0

[
p(x)vxux + αθvx + κqθx

]
dx− 2

∫ L

0

δ(x)v2xdx

−
∫ L

0

qκθxdx−
∫ L

0

κ2θ2xdx−
∫ L

0

q2dx

≤ 2iIm

∫ L

0

[
p(x)vxux + αθvx + κqθx

]
dx

+
1

2

∫ L

0

q2dx+
1

2

∫ L

0

κ2θ2xdx−
∫ L

0

κ2θ2xdx−
∫ L

0

q2dx− 2

∫ L

0

δ(x)v2xdx

≤ 2iIm

∫ L

0

[
p(x)vxux + αθvx + κqθx

]
dx

− 1

2

∫ L

0

q2dx− 1

2

∫ L

0

κ2θ2xdx− 2

∫ L

0

δ(x)v2xdx.

In the real part, we have

Re ⟨AU,U⟩H ≤ −2

∫ L

0

δ(x)v2xdx− 1

2

∫ L

0

q2dx− 1

2

∫ L

0

κ2θ2xdx ≤ 0. (19)

Hence, A is a dissipative operator.

40



S. Ram and G. C. Gorain / Contrib. Math. 13 (2026) 38–46 41

We observe that there exists a unique solution U = (u, v, θ, q)T ∈ D(A) such that AU = F, where F=(f1, f2, f3, f4)
T, that is,

v = f1 in H1
0 (0, L) (20)

(p(x)ux + 2δ(x)vx)x − αθx = m(x)f2 in L2(0, L) (21)

−κqx − αvx − κτqxt = f3 in H1
0 (0, L) (22)

−q − κθx = τf4 in L2(0, L) (23)

with f1(0) = f1(L) = 0 and we used the boundary conditions (10).
Now, from equations (22) and (8), we have

−κqx − αvx − κ(−qx − κθxx) = f3(x),

κ2θxx = f3(x) + αvx. (24)

Integrating over [0, x] in Equation (24), we obtain

κ2θx(x) = κ2θx(0) + αv(x) +

∫ x

0

f3(s)ds. (25)

Once again integrating over [0, x] in Equation (25), we obtain

κ2θ(x) = κ2θx(0)x+ α

∫ x

0

v(s)ds+

∫ x

0

∫ y

0

f3(s)dsdy. (26)

Thus, we deduce that θ ∈ H2(0, L)
⋂
H1

0 (0, L) is a unique solution satisfying Equation (26), where

θx(0) = − 1

κ2L

[
α

∫ L

0

v(s)ds+

∫ L

0

∫ y

0

f3(s)dsdy

]
. (27)

Using Equation (23) and putting the value of κθx(x), we have

q = −κθx(0)−
α

κ
v(x)− 1

κ

∫ x

0

f3(s)ds− τf4(x). (28)

Now, from Equation (21), we obtain

p(x)ux(x) = −2δ(x)f1x(x) + (p(0)ux(0) + 2δ(0)f1x(0)) + (αθ(x)− αθ(0))

+

∫ x

0

m(s)f2(s)ds. (29)

Again integrating in Equation (29) over [0, x], we obtain

u(x) =− 2

∫ x

0

δ(s)

p(s)
f1s(s)ds+

(
p(0)ux(0) + 2δ(0)f1x(0)

)∫ x

0

1

p(s)
ds+

∫ x

0

1

p(s)
αθ(s)ds+

∫ x

0

1

p(y)

∫ y

0

m(s)f2(s)dsdy, (30)

where

ux(0)

∫ L

0

1

p(s)
ds =

1

p(0)

[
2

∫ L

0

δ(s)

p(s)
f1s(s)ds− 2δ(0)f1x(0)

∫ L

0

1

p(s)
ds−

∫ L

0

αθ(s)

p(s)
ds−

∫ L

0

1

p(y)

∫ y

0

m(y)f2(y)dydx

]
. (31)

Consequently, from relations (20)−(23), we deduce that there exists a positive constant K such that

∥U∥H ≤ K∥F∥H.

This estimate implies that 0 ∈ ρ(A). By applying the Lumer–Phillips theorem [24], we conclude that A generates a
contraction semigroup. This completes the proof of Lemma 2.1.
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3. Energy of the System

We define the energy functional E(t) as

E(t) =
1

2

[∫ L

0

p(x)u2xdx+

∫ L

0

m(x)u2tdx+

∫ L

0

θ2dx+ τ

∫ L

0

q2dx

]
for t ≥ 0. (32)

The nature of this energy is described as follows.
Differentiating (32) with respect to t, we obtain

E′(t) =

∫ L

0

p(x)uxuxtdx+

∫ L

0

m(x)ututtdx+

∫ L

0

θθtdx+ τ

∫ L

0

qqtdx. (33)

Using Equation (6), we set

E′(t) = −2

∫ L

0

δ(x)u2xtdx−
∫ L

0

αθxutdx+

∫ L

0

θθtdx+

∫ L

0

τqqtdx. (34)

Integrating by parts, we obtain

E′(t) = −2

∫ L

0

δ(x)u2xtdx+

∫ L

0

θ[−κqx − κτqxt]dx+

∫ L

0

q[−q − κθx]dx

= −2

∫ L

0

δ(x)u2xtdx+

∫ L

0

θxκ(−q − κθx)dx−
∫ L

0

q2dx

≤ −2

∫ L

0

δ(x)u2xtdx− 1

2

∫ L

0

q2dx− 1

2

∫ L

0

κ2θ2xdx. (35)

In (35), the right-hand side shows that the energy E(t) of the system (6)−(10) is a decreasing function of time. Therefore,
the energy of the system is dissipating. Hence,

E(t) ≤ E(0) for t ≥ 0, (36)

where

E(0) =
1

2

[∫ L

0

p(x)u20xdx+

∫ L

0

m(x)v20dx+

∫ L

0

θ20dx+ τ

∫ L

0

q20dx

]
. (37)

Our objective is to prove the uniform exponential decay of this energy system E(t). Inequality (36) indicates that, if

u0 ∈ H1
0 (0, L), v0 ∈ L2(0, L), θ0 ∈ L2(0, L) and q0 ∈ L2(0, L),

then E(t) ≤ E(0) <∞ for t ≥ 0.

4. Exponential Stability

We recall the Schwartz inequality (see [22])

ϕ.ψ ≤ |ϕ.ψ| ≤ 1

2

(
αϕ2 +

ψ2

α

)
for α > 0, (38)

and the Poincaré inequality (see [22])∫ L

0

u2dx ≤ L2

π2

∫ L

0

u2xdx ≤ L4

π4

∫ L

0

u2xxdx and also
∫ L

0

θ2dx ≤ 4
L2

π2

∫ L

0

θ2xdx. (39)
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Since m(x), p(x) and δ(x) are continuous functions on the interval [0, L], by the mean value theorem of integral calculus,
there exist ξi ∈ [0, L], with i = 1, 2, ..., 5, such that∫ L

0

m(x)u2dx = m(ξ1)

∫ L

0

u2dx. (40)

∫ L

0

m(x)u2tdx = m(ξ2)

∫ L

0

u2tdx. (41)

∫ L

0

p(x)u2xdx = p(ξ3)

∫ L

0

u2xdx. (42)

∫ L

0

δ(x)u2xdx = δ(ξ4)

∫ L

0

u2xdx. (43)

∫ L

0

δ(x)u2xtdx = δ(ξ5)

∫ L

0

u2xtdx. (44)

It is clear that m(ξ1), m(ξ2), p(ξ3), δ(ξ4), δ(ξ5) are positive and bounded over [0, L]. Applying the above inequalities and (40),
we obtain ∣∣∣∣ ∫ L

0

m(x)uutdx

∣∣∣∣ ≤ 1

2

[
b1

∫ L

0

m(x)u2 +
1

b1

∫ L

0

m(x)u2tdx

]
(45)

≤ 1

2

[
l2

π2
b1m(ξ1)

∫ L

0

u2xdx+
1

b1

∫ L

0

m(x)u2tdx

]
(46)

≤ 1

2

l2

π2

[
b1m(ξ1)

∫ L

0

u2xdx+
m(ξ2)

b1

∫ L

0

u2xtdx

]
, (47)

∣∣∣∣ ∫ L

0

θx(q + βuxt)dx

∣∣∣∣ ≤ 1

2

[
b2

∫ L

0

θ2xdx+
2

b2

∫ L

0

(q2 + β2u2xt)dx

]
(48)

and ∣∣∣∣ ∫ L

0

ux(αθ + βq)dx

∣∣∣∣ ≤ 1

2

[
b3

∫ L

0

u2xdx+
2

b3

∫ L

0

(α2θ2 + β2q2)dx

]
. (49)

In the above inequalities, we have chosen constants b1, b2, b3 > 0.

Lemma 4.1. Consider the functional given as follows:

G(t) =

∫ L

0

m(x)uutdx+

∫ L

0

δ(x)u2xdx for t ≥ 0. (50)

Then, its time derivative is given by

G′(t) =

∫ L

0

m(x)u2tdx−
∫ L

0

p(x)u2xdx+ α

∫ L

0

θuxdx. (51)

Proof. Differentiating (50) with respect to t, we obtain

G′(t) =

∫ L

0

m(x)u2tdx+

∫ L

0

m(x)uuttdx+ 2

∫ L

0

δ(x)uxtuxdx. (52)

With the help of Equation (6), we obtain

G′(t) =

∫ L

0

m(x)u2tdx+

∫ L

0

u [(p(x)ux + 2δuxt − αθx)]x dx+ 2

∫ L

0

δ(x)uxtuxdx. (53)

Integrating by parts and using the boundary conditions (10), we obtain

G′(t) =

∫ L

0

m(x)u2tdx−
∫ L

0

p(x)u2xdx+ α

∫ L

0

θuxdx. (54)

Hence, the lemma follows.
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Lemma 4.2. For the functional G(t) given in (50), it holds that

−µ0E(t) ≤ G(t) ≤ (µ0 + µ1)E(t) for t ≥ 0, (55)

where

µ0 :=
L

π

√
m(ξ1)

p(ξ3)
, µ1 := 2

δ(ξ4)

p(ξ3)
. (56)

Proof. We note that ∣∣∣∣ ∫ L

0

m(x)uutdx

∣∣∣∣ = ∣∣∣∣ ∫ L

0

√
m(x)u

√
m(x)utdx

∣∣∣∣
≤ 1

2

[
π

L

√
p(ξ3)

m(ξ1)

∫ L

0

m(x)u2dx+
L

π

√
m(ξ1)

p(ξ3)

∫ L

0

m(x)u2tdx

]

≤ 1

2

L

π

√
m(ξ1)

p(ξ3)

[∫ L

0

p(x)u2xdx+

∫ L

0

m(x)u2tdx

]

≤ µ0E(t) for t ≥ 0. (57)

Also, we have

0 ≤
∫ L

0

δ(x)u2xdx = δ(ξ4)

∫ L

0

u2xdx

≤ 2
δ(ξ4)

p(ξ3)
E(t)

≤ µ1E(t) for t ≥ 0. (58)

Thus, from (57) and (58), it follows that

−µ0E(t) ≤ G(t) ≤ (µ0 + µ1)E(t) for t ≥ 0. (59)

Therefore, the lemma follows.

Theorem 4.1. For any initial values U0 = (u0, v0, θ0, q0) ∈ H associated with the system (6)−(8) under the boundary
conditions specified in (10), the energy functional E defined in (32) satisfies the inequality

E(t) ≤Me−2µϵtE(0), t ≥ 0, (60)

for some positive constants µ, ϵ and M .

Proof. Proceeding as in [13], we introduce a Lyapunov functional V (t) defined by

V (t) := E(t) + ϵG(t), ∀ t ≥ 0, (61)

where ϵ > 0 is a small constant. By Lemma 4.2, the functional V (t) satisfies the estimates

(1− µ0ϵ)E(t) ≤ V (t) ≤ [1 + (µ0 + µ1)ϵ]E(t), ∀ t ≥ 0. (62)

We assume
µ0ϵ < 1, (63)

for which V (t) ≥ 0, ∀ t ≥ 0. Thus, it follows that V (t) ∼ E(t). Let µ be a fixed constant satisfying the following inequality

0 < µ < 1. (64)
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Differentiating (61), we obtain

V ′(t) + 2µϵV (t) = E′(t) + ϵG′(t) + µϵE(t) + 2µϵ2G(t)

= −2

∫ L

0

δ(x)u2xtdx− 1

2

∫ L

0

q2dx− 1

2

∫ L

0

θ2xκ
2dx

+ ϵ

[∫ L

0

m(x)u2tdx−
∫ L

0

p(x)u2xdx+

∫ L

0

uxαθdx

]

+ µϵ

[∫ L

0

p(x)u2xdx+

∫ L

0

m(x)u2tdx+

∫ L

0

θ2dx+ τ

∫ L

0

q2dx

]

+ 2µϵ2

[∫ L

0

m(x)uutdx+

∫ L

0

δ(x)u2xdx

]
.

Now, using (32)−(33), (45)−(49) and (50)−(51), we obtain

V ′(t) + 2µϵV (t) ≤ −2

∫ L

0

δ(x)u2xtdx− 1

2

∫ L

0

q2dx− 1

2

∫ L

0

θ2xκ
2dx

+ ϵ

[∫ L

0

m(x)u2tdx−
∫ L

0

p(x)u2xdx+
1

2

(
b1

∫ L

0

u2xdx+
1

b1

∫ L

0

(α2θ2dx)

)]

+ µϵ

[∫ L

0

p(x)u2xdx+

∫ L

0

m(x)u2tdx+

∫ L

0

θ2dx+ τ

∫ L

0

q2dx

]

+ 2µϵ2

[
1

2

L2

π2

(
b2m(ξ1)

∫ L

0

u2xdx+
m(ξ2)

b2

∫ L

0

u2xtdx

)
+

∫ L

0

δ(x)u2xdx

]

≤ A

∫ L

0

p(x)u2xdx+B

∫ L

0

δ(x)u2xtdx+ C

∫ L

0

θ2xdx+D

∫ L

0

q2dx,

where

A = ϵ

[
−(1− µ) +

b1ϵ

2p(ξ3)
+
µϵL2b2m(ξ1)

π2p(ξ3)
+

2µϵδ(ξ4)

p(ξ3)

]
,

B = −2 + ϵ

[
1 + µ+

µϵ

b2

]
L2m(ξ2)

π2δ(ξ5)
,

C = −κ
2

2
+ 2ϵ

[
α2

2b1
+ 2µ

]
L2

π2
,

D = −1

2
+ µϵτ.

Now, by a suitable choice of the constants b1, b2 and b3, it can be shown that

A ≤ 0, B ≤ 0, C ≤ 0, and D ≤ 0 for 0 < ϵ ≤ ϵ0,

where

ϵ0 := min

 1

µ0
,

1− µ

2(µ0 + µ1)µ
,

2

[1 + 2µ]L
2

π2

m(ξ2)
δ(ξ5)

,
κ2

4( α2

2b1
+ 2µ)L

2

π2

,
1

2µτ

 .
Thus,

V ′(t) + 2µϵV (t) ≤ 0, t ≥ 0. (65)

Now, multiplying by e2µϵt in Equation (65) and integrating over [0, t] yields

e2µϵtV (t) ≤ V (0).
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Consequently, by using (62), we have
E(t) ≤Me−2µϵtE(0) for t ≥ 0,

where
M =

1 + (µ0 + µ1)ϵ

1− µ0ϵ
> 1.

This completes the proof.

5. Conclusion

This study focuses on the stabilization of vibrations in a flexible structure described by the system (6)−(10). The result
presented in Theorem 4.1 shows that the system energy decays exponentially at the rate 2µϵ. Moreover, the considered
system’s solution U(t) = (u, v, θ, q) approaches 0 as t→ ∞ for any initial value

U0 = (u0, v0, θ0, q0) ∈ H2
0 (0, L)× L2(0, L)× L2(0, L)× L2(0, L),

which ensures that the system is uniformly stable.
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