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Abstract

This article deals with the vibrations of a flexible structure incorporating Kelvin—Voigt-type viscoelasticity combined with
heat conduction governed by a simple adaptation of Cattaneo’s law. The well-posedness of the system is proved using
semigroup techniques. The system achieves uniform stabilization via an explicit exponential energy decay estimate, which is
constructed using an appropriate Lyapunov functional.
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1. Introduction

The one-dimensional wave equation is given by
m(x)utt - (p(.]f)uL(JU,t))i =0 on (OvL) X (Oa OO), (1)

which describes the vibrations of an inhomogeneous flexible structure, where u(z, ) is the displacement of a particle at
position (z,t) € (0, L) x (0,00), m(z) denotes the mass density, and p(z) represents the stiffness coefficient at a distance =
from the left. To study the theoretical principles governing stabilization in flexible structural systems and to control their
vibrations, one common approach to achieving energy dissipation is the incorporation of damping forces. Various types of
damping mechanisms have been discussed in the literature, including boundary damping, distributed damping, internal
damping, and localized damping (see [4, 15,17, 18]).

The exponential decay of the problem associated with the equation

m(z)ug — (p(x)uy + 25(x)u$t)x =0 on (0,L) x (0,00), (2)

where §(z) > 0 for all = € [0, L] is the coefficient of internal viscoelastic damping, known as Kelvin—Voigt damping (see [9]),
has been studied extensively. To incorporate thermoelastic effects into the above model, it is coupled with a thermal diffusion
mechanism. The temperature difference 0(x,t) over a fixed temperature satisfies the one-dimensional Fourier law [6]:

Oi(x,t) + kg (z,t) =0, q(z,t) + k0 (z,t) =0, on (0,L) x (0,00), 3)

where k > 0 is a coupling constant and ¢ = ¢(z, t) denotes the heat flux.
The thermo-diffusion model in (3) does not fully agree with physical reality. To address this issue, the Cattaneo—Vernotte
law provides a modified version of the second equation in (3), namely

q(z,t) + 7qe(z,t) + KO, (z,t) = 0, (4)

which is obtained by replacing ¢(x,t) with ¢(x, ¢ + 7) and retaining only the first-order term in 7 in the Taylor expansion
around ¢, where 7 > 0 represents the time lag in the response of the heat flux. Applying a similar modification to the first
equation in (3) yields

Oi(x,t) + kqe(z,t) + KT (x,t) = 0. 5)

The modified system (4)—(5) therefore provides a more realistic model. In particular, we emphasize that both equations in
Fourier’s law (3) are consistently modified by replacing ¢(z,t) with ¢(x, ¢ + 7); the first equation is not neglected.
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Hence, we are concerned with the stability analysis of the following system of equations:

m(z)uy — (p(T)uy + 20(2)ugt)y + by = 0, (6)
Or + Kqz + KTqQut + Quge = 0, (7
Tq +q+ Kb, = 0, (8)
with the initial conditions
u(z,0) = up(x), ur(z,0) =uy(x), 8(x,0) = 0(x), q(z,0) =qo(z) V x €]0,L], 9)
and the set of boundary conditions
u(0,t) =u(L,t) =0 and 6(0,t) =6(L,t)=0,V ¢t >0, (10)
or
u(0,t) =u(L,t) =0 and ¢(0,t) =¢q(L,t)=0,V ¢t >0. (11)

The first set corresponds to a rigidly clamped structure with temperature held constant at both extremities, whereas the
second corresponds to a rigidly clamped structure with zero heat flux on the boundary. In the sequel, we consider only the
boundary conditions (10). Similar results are expected to hold for the boundary conditions (11).

The concept of stabilization encompasses various notions of stability, including bounded-input bounded-output stability
[25], exponential stability [8, 14], and asymptotic stability [2,21]. Several authors [5,7,12] investigated the stabilization
of the wave equation in a bounded domain and obtained both asymptotic and uniform stability results. The asymptotic
behavior of coupled systems describing elastic dynamics and Fourier’s law of heat conduction has been analyzed in [11,19].
Based on Cattaneo’s law [3], the stability of thermoelastic systems was studied in [20,23]. Houasni et al. [10] demonstrated
the existence, uniqueness, and exponential stability of solutions for a flexible structure incorporating second sound and
past history effects. The work in [16] considered a flexible system with second sound and time delay.

The rest of the paper is organized as follows. In Section 2, we study the well-posedness of the system using semigroup
theory. In Section 3, we define the total energy of the system and demonstrate its dissipative behavior due to damping.
Section 4 establishes the exponential stability of the system using a Lyapunov functional approach. Finally, Section 5
provides a concluding overview of the results and their potential applications.

2. Well-posedness

Using Sobolev spaces (see [1]) and semigroup theory [24] in the space L?(0, L), we define the inner product and norm as
L
(u,v)2(0,L) = / uvdz (12)
0

and
L L
fultson = [ ufde = [ a3)
0 0
Denoting v = u; and U(t) = (u,v, 0, q)T, the system (6)—(10) can be written as the following abstract Cauchy problem:
U/(t) = AU(t), U(O) = U() = (UO7UO, 90, qO)T for all ¢ > O, (14)
where the differential operator A is defined by

v

0w+ 25@)0s), - a0.)

AU = . (15)
—[kqs + @y + ETqat]

1
[q + K0z

L T |
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Let # = H}(0,L) x L*(0, L) x L?(0, L) x L?(0, L) be the Hilbert space equipped with the inner product

L L L L
(U, U )y = / p(x)uzutde —|—/ m(z)vv*dr + 00~ dx + / Tqq*dz, (16)
0 0 0 0
with U = (u,v,0,¢q) and U* = (u*,v*, 0%, ¢%).

To study the system (6)—(8), we first consider (14) in H with the domain D(.A) defined by
D(A) :((umﬁ,q) €M, ue H*0,L)(\Hy(0,L), ve Hy0,L), 0 H)0,L), g€ Hl(o,L)). (17)

Lemma 2.1. Let Uy € H. Then, there exists a unique solution U = (u,v, 0, q) of the system (6)—(10) satisfying U € C([0,00); H).
Moreover, if Uy € D(A), then

U € C*([0,00); D(A)) [ C([0, 00); (18)

Proof. First, we show that A is a dissipative operator, and then we prove that the resolvent set of A contains 0. We note that

L L
(AU, Uy = /0 p(x)v,uzdx Jr/o m(x)—— [(p(x)uy + 26(x)vy)s — ab,] vdx

m(x)

L L
— 1
- / (kqe + oy + KTqqt)0dx — / T—(q + k0,)qdx
0 o T

L L L L
= / p(x)v,uzdx 7/ p(x)uUpdx — 2/ §(z)vidx 7/ b, vdx
0 0 0 0
L L L L
7/ kqﬁdmf/ avmﬂdxf/ m'qztﬁdacf/ 2dch/ Kk0,qdx
0 0 0 0
L L L
= 2iIm/ p(x)vz@dx—Q/ S(x)vgdx—i-/ af)vxd:p—/ av,fdx
0 0 0
L L L
+ / kqb,.dx — / kB,qdx + / (—q — KO, ) KO dx — / ¢*dx
0 0 0 0

L L
= 22'Im/ [p(2)v,Uy + abv; + kgl | dx — 2/ §(z)vidx
0 0

L L L
—/ qn@zdx—/ 529§dx—/ ¢dx
0 0 0

L
< 2iIm/ [p(oc)vmiTz + abty + Kkqb, } dx
0

1 (L 1 (L L L L
+ = / ¢*dx + 7/ K202 dx — / K202 dx — / q*dr — 2/ §(z)vid
2 Jo 2Jo 0 0 0

L
< 2ilm/ [p(x)vxfw + afvy + Kkqb, } dx
0

1 /L 1 L L
- 7/ ¢dx — f/ K202 dx — 2/ §(z)vidz.
2 Jo 2Jo 0

In the real part, we have

L 1 L 1 L
Re (AU, U)y < 72/ §(z)vide — 5/ ¢*dr — 5/ K20%dx < 0. (19)
0 0 0

Hence, A is a dissipative operator.
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We observe that there exists a unique solution U = (u,v,0,q)T € D(A) such that AU = F, where F=(f1, fo, f3, f4)7, that is,

v=fi in H}(0,L) (20)

(p(x)ug + 26(x)vs)y — by = m(x)fa  in  L2(0,L) (21)
— Ky — Uy — KT Qg = f3 in H}0,L) (22)
—q—kKb,=7f in L*0,L) (23)

with f1(0) = f1(L) = 0 and we used the boundary conditions (10).
Now, from equations (22) and (8), we have

—KQy — Wy — K(—Qy — Kbaz) = f3(2),

K202z = f3(z) + v, (24)
Integrating over [0, z] in Equation (24), we obtain
K20, (r) = K20,(0) + av(x) + /Ox f3(s)ds. (25)
Once again integrating over [0, z] in Equation (25), we obtain
K20(x) = k20,(0)x + a/ox v(s)ds + /Om /Oy f3(s)dsdy. (26)

Thus, we deduce that § € H2(0, L) () H}(0, L) is a unique solution satisfying Equation (26), where

a/OL v(s)ds + /OL /Oy fg(s)dsdy] . 27

Using Equation (23) and putting the value of k6, (z), we have

1

0.(0) = — =7

(67

1 xT
q=—k0,(0) — —v(x) — 7/ fa(s)ds — 7 fa(x). (28)
K K Jo
Now, from Equation (21), we obtain

p(@)uz(r) = =26(z) fra () + (P(0)uz(0) + 20(0) f12(0)) + (ab(z) — ab(0))

+/O m(s)fa(s)ds. (29)

Again integrating in Equation (29) over [0, 2], we obtain

wr) == o) §)as U ILS Iiass L yms s)ds
() 2/0 () J1e(s)ds + (p(o) z(0)+25(0)fu(0)>/0 Ok +/0 o) +/O p(y)/o (5)fa(s)dsdy, (30)

where

RPN B Ny (O PP R IR IO PR L . .
w0 [ 5= lZ/ o e e)ts = 2801u00) [ = [ e [T | (y)f“y)dyd]' Gy

Consequently, from relations (20)—(23), we deduce that there exists a positive constant K such that
Ul < K||F |l

This estimate implies that 0 € p(.A). By applying the Lumer—Phillips theorem [24], we conclude that A generates a
contraction semigroup. This completes the proof of Lemma 2.1. O
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3. Energy of the System

We define the energy functional E(t) as

L L L L
E@t) = / p(z)ude +/ m(x)uidr +/ 0%dx + 7'/ q2dx] for ¢>0. (32)
0 0 0 0

1
2

The nature of this energy is described as follows.
Differentiating (32) with respect to t, we obtain

L L L L
E'(t) :/ p(2)upuzde +/ m(z)usugde + 00,.dx +T/ qqidz. (33)
0 0 0 0
Using Equation (6), we set

L L
= 72/ O(z)u; dx—/ a@xutder/ 90tdx+/ Tqqidx. (34)
0 0

Integrating by parts, we obtain

L L L
E'(t) = —2/ §(z)u?,dx + / O|—Kkqy — KTqze]dx + / q[—q — Kb]dx
0 0 0

L L L
= —2/ 5(m)uitdx+/ Hrﬁ(—q—nﬁm)dx—/ ¢*dx
0 0 0
L 1 (L
< 2/ §(z)u?, dr — / qux—f/ K202 da. (35)
0 2Jo

In (35), the right-hand side shows that the energy E(t) of the system (6)—(10) is a decreasing function of time. Therefore,
the energy of the system is dissipating. Hence,

E(t) < E(0) for t>0, (36)
where
E(0) = % [/OL p(x)ud,dr + /OL m(x)vadr + /OL 05dz + T/OL q%da:} . (37
Our objective is to prove the uniform exponential decay of this energy system F(t). Inequality (36) indicates that, if
ug € HY(0, L), vy € L*(0,L), 6y € L*(0, L) and ¢y € L*(0, L),
then E(t) < E(0) < oo for t > 0.
4. Exponential Stability
We recall the Schwartz inequality (see [22])
o < || < % (a¢> + W) for a >0, (38)

and the Poincaré inequality (see [22])

L L2 L L4 L L L2 L
/ u?dr < —2/ ulde < —4/ u?, dx and also / 0?dx < 4—2/ 02 dzx. (39)
0 ™ Jo ™ Jo 0 ™ Jo
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Since m(z), p(z) and d(z) are continuous functions on the interval [0, L], by the mean value theorem of integral calculus,

there exist ¢; € [0, L], with i = 1,2, ..., 5, such that

L L
[ ez =mi) [ e
0 0
L L
| iz = mi) [ uide
0 0
L L
/ p(a)usde Zp(fs)/ u?da.
0 0
L L
/ 5(3C)Uid$ = 5(54)/ uidm.
0 0

L L
/ 6(m)uitdx = (5(55)/ uitdx.
0 0

(40)

(41)

(42)

(43)

(44)

It is clear that m(&;), m(&2), p(&3), 6(€4), 6(&5) are positive and bounded over [0, L]. Applying the above inequalities and (40),

we obtain
L 1] L , 1 L )
m(z)uudr| < = by m(z)u” + — m(z)uidz
0 21 Jo b1 Jo
< 1 -ﬁb m(€ )/L u?dx + 1 /L m(x)uldx
Pl o b1 Jo !
1102 t 2 m(&2) g 2
< misz)
<35 [bﬂn(&)/o uydr + b /0 uzdr|
’ 1 oo 2 [T 5 2o
0:(q + Bugt)dr| < = |ba Orde+ — | (¢° + B uy,)dx
0 2 0 ba Jo
and
N 1 t o 2 [F 0o s
Uz (0l + fg)dr| < 5 |bs | upde+— [ (@0 4 f¢%)dx| .
0 2 0 bs Jo

In the above inequalities, we have chosen constants by, bs, b3 > 0.

Lemma 4.1. Consider the functional given as follows:
L L
G(t) :/ m(:c)uutdx+/ S(z)uldx for t > 0.
0 0
Then, its time derivative is given by
L L L
G'(t) :/ m(x)uids —/ p(x)uidw—!—a/ Ou,dz.
0 0 0

Proof. Differentiating (50) with respect to ¢, we obtain

L L L
G'(t) = / m(z)ulds —|—/ m(z)uugdr + 2/ §(z)ugruyde.
0 0 0

With the help of Equation (6), we obtain

L L L
G'(t) = / m(x)uide + / u[(p(x)uy + 20Uz — )], dx + 2/ O(z)ugruzde.
0 0 0

Integrating by parts and using the boundary conditions (10), we obtain

L L L
G’(t):/ m(m)ufd;l:—/ p(x)uidx—i—oz/ Ouzdz.

0 0 0

Hence, the lemma follows.

(45)

(46)

47

(48)

(49)

(50)

(51)

(52)

(53)

(54)
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Lemma 4.2. For the functional G(t) given in (50), it holds that

_10E(t) < G(E) < (1o + ) E(t) for t >0, (55)
where
w= e e 0
Proof. We note that
/0 " n(e)uugda] = @ uyda
S e S

1L m({l) L 2 L 2
<= 5 7”/ &) [/0 p(ac)umdxqt/o m(m)utdx]

< ppE(t) for t>0. (57)

Also, we have

L L
0< / §(z)udr = (5(54)/ u?dx
0 0

<%0
< i E(t) for t>0. (58)
Thus, from (57) and (58), it follows that
—uoE(t) < G(t) < (po + 1) E(t) for ¢ > 0. (59)
Therefore, the lemma follows. O

Theorem 4.1. For any initial values Uy = (ug,vo,b60,q90) € H associated with the system (6)—(8) under the boundary
conditions specified in (10), the energy functional FE defined in (32) satisfies the inequality

B(t) < Me < E(0), t>0, (60)
for some positive constants i, € and M.
Proof. Proceeding as in [13], we introduce a Lyapunov functional V (¢) defined by
V() :=El)+eG(t), VY t>0, (61)
where ¢ > 0 is a small constant. By Lemma 4.2, the functional V (¢) satisfies the estimates
(1 —poe)E(t) < V(t) < [14 (uo + m)elE(t), ¥V t>0. (62)

We assume
poe < 1, (63)

for which V(¢t) > 0, V ¢ > 0. Thus, it follows that V' (¢) ~ E(t). Let 1 be a fixed constant satisfying the following inequality

O<p<l. (64)



S. Ram and G. C. Gorain / Contrib. Math. 13 (2026) 38—46 45

Differentiating (61), we obtain

V'(t) + 2ueV (t) = E'(t) + €G'(t) + peE(t) + 2ue*G(t)

L 1 L
=—2/ o(z)ug dx—f/ qux—f/ 02 k2dx
0 2 Jo
L L L
/ m(x)ufda:—/ p(x)uidx—&—/ ugafdx
0 0 0
L L L L
/ p(m)uidw+/ m(:c)ufdx+/ 92da:+7/ qux]
0 0 0 0
L L
+ 216 [/ m(x)uutdx—i—/ 5(ac)uidx] .
0 0

Now, using (32)—(33), (45)—(49) and (50)—(51), we obtain

+€

+ e

L 1 (L 1 (f
V'(t) + 2ueV (t) < 72/ §(z)u?,dr — 5/ ¢*dr — 5/ 02 k2dx
0 0
L L
/ m(a:)ufdm—/ r)uidr + (
0 0
L
/ p(x)uids Jr/ m(x)uldx Jr/ 2dx JrT/ qzdx]
0 0
1.2 g m(&2)
2 |1 47 2 2
+ 2ue [2 — (bgm(fl)/o uzdz + by / da:) / §(z)ude
L L L L
< A/ p(z)uide + B/ §(z)u2,dx + C/ 02dx + D/ ¢*dx
0 0 0 0

bie N pueL2bom(&r) N 2,u66(§4)]
2p(&3) m2p(&3) p(&) |’

— 9 L*m(&)
B=—2t [”“*bJ 23(6s)

+e€

L
ulde + — (a292dm)>]
bl 0

+ e

where

AZG[—(l—u)Jr

K2 a? L?
C=-" 42| 42
2 " 6[21914’ “} 72

1
D = —5 + per.
Now, by a suitable choice of the constants b, b, and b3, it can be shown that

A<0, B<0, C<0, and D<0 for 0<e¢<e,

where
. 1 1—pu 2 K2 1
O 200 + ) (1424550 <(5i>) A 2u)Ly 2;”] '
Thus,
V'(t) +2ueV(t) <0, t>0. (65)

2pet

Now, multiplying by e*#<* in Equation (65) and integrating over [0, ¢] yields

etV (1) < V(0).
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Consequently, by using (62), we have

E(t) < Me ?'E(0) fort >0,

where .
Ao L otpe
1-— HOo€
This completes the proof. O
5. Conclusion

This study focuses on the stabilization of vibrations in a flexible structure described by the system (6)—(10). The result

presented in Theorem 4.1 shows that the system energy decays exponentially at the rate 2ue. Moreover, the considered

system’s solution U(t) = (u,v, 0, q) approaches 0 as t — oo for any initial value

Uo = (uo,v0, 00, q0) € HZ(0, L) x L*(0,L) x L?(0, L) x L*(0, L),

which ensures that the system is uniformly stable.
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