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Abstract

Let G be a simple connected graph of order n with the vertex set V(G) and edge set E(G). For a vertex v € V(G),
denote by dc(v) the degree of v in G. The exponential elliptic Sombor index of G is denoted by ¢#°(G) and is defined as
eP50(@) = Zv,,v,-eE(G) elde Wi tde ()G () +dE () In this paper, the minimum and maximum values of the
exponential elliptic Sombor index of molecular trees of order n are obtained. Those molecular trees that achieve the
obtained minimum and maximum values are also characterized.
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1. Introduction

All the graphs considered in this paper are simple and connected. Let G be such a graph with the vertex set V(G) and edge
set E(G). For a vertex v € V(G), denote by d¢(v) the degree of v in G. A tree is a connected acyclic graph. A molecular
tree (or chemical tree) is a tree of maximum degree at most four.

From a geometric perspective, Gutman [2] introduced the Sombor index, which is defined as

SOG) = > \Jdi(v)+d%(v)).
v;v; €EE(G)

The extremal properties of the Sombor index have been the subject of many publications, as demonstrated by the numerous
results reported in [4].

In 2024, Gutman, Furtula, and Oz [3] introduced a new vertex-degree-based topological index, called the elliptic Sombor
index, using a novel geometric method. The elliptic Sombor index of a graph G is defined as

ESO(G)= > (da(v:)+da(vy)) \/d%(vi) + d2(v)). (1)

v;v; EE(G)

In [3], several basic mathematical properties of this new index were established, and an extremal problem about this index
for trees was studied. In [7], the maximum value of the elliptic Sombor index of trees with a given diameter or matching
number or number of pendent vertices was determined. The extremal values of the elliptic Sombor index of unicyclic
graphs were also found in [7]. Furthermore, those trees and unicyclic graphs that achieve the obtained extremal values
were characterized in [7]. In [1], the extremal values of the elliptic Sombor index of chemical graphs and chemical trees
with an equal number of vertices were determined. In [5], the bicyclic graph of a given order with the maximum elliptic
Sombor index was determined. Furthermore, the ordering relations in benzenoid systems with respect to the elliptic
Sombor index were given in [6].
The exponential elliptic Sombor index of a graph G is defined as follows:

eP90(@) = Z elda (vi)+da (v;)/dg (vi)+dZ (v;) (2)
v;v; EE(G)

In this paper, extremal values of the exponential elliptic Sombor index of molecular trees with a given order are
determined. Those molecular trees that achieve the obtained extremal values are also characterized.
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2. Preliminaries

Let CT ,, be the set of all molecular trees of order n, and 7' € CT ,,. A vertex v with dr(v) = i is called an i-degree vertex of T'.
An edge e = uv with dr(u) =i and dr(v) = j is called an (¢, j)-edge of T. The numbers of i-degree vertices and (4, j)-edges
in T are denoted by n; = n;(T) and m;; = m;;(T'), respectively. Then we have
ny+MnNg+MnN3+nNg =n,
n1 + 2no + 3ng + 4ng = 2(71/ — 1),
mig + M3 + Mg = N,

3)

mi2 + 2mag + Moz + Moy = 2na,

mi3 + Ma3 + 2mg33 + m3y = 3ns,

M14 + Moy + Mm3g + 2myy = 4ny.

Let f(x,y) = (x + y)v/2? + y2. Then by (2), we have
250 (T) = Z mijef(m)
1<i<;j<4

5 410 5V17 82 513 12v/5 18v/2 35 32v/2
= e3fm12 +e mis +e mia +e meQ +e mos3 + e fm24 +e fm33 +e’’msgs + e fm44. (4)

We now define three subsets 7y(n), 71(n) and T2(n) of CT,, (n > 5) that will be used in Theorem 3.2.

(1) 7o(n) consists of molecular trees on n = 0 (mod 3) vertices with mi3 = moy = Moz = maz = mzq = 0, Mys = Moy = 1,

2n—3 n—~6
miq4 = 3 ,andm44:T.

(2) Ti(n) consists of molecular trees onn =1 (mod 3) vertices with mis = maos = mag = Moy = m33 =0, m13 =2, mzs = 1,

2n—>5 _ n—T7
3 > and Myq = —3—-

migq =

(3) T2(n) consists of molecular trees on n = 2 (mod 3) vertices with mio = mi3 = mas = mag = Moy = Mgz = mgy = 0,

2n+2 n—>5
=3 — .

, and Mmyq = 3

migq =

For each of the three subsets of CT,, defined above, a molecular tree is shown in Figure 2.1. This means that all of these
subsets are nonempty.

M) T € To(n) @) T € Ti(n) B) T € T2(n)

Figure 2.1: Some examples of molecular trees.

3. Molecular trees with the extremal exponential elliptic Sombor indices

In this section, we give the minimum and maximum values of the exponential elliptic Sombor indices over CT,, and
characterize those molecular trees that achieve the minimum and maximum values, respectively.

Theorem 3.1. Let T € CT, with n > 3. Then

eESO(T) > BV — 3e8V2 4 263\6, (5)

where the equality holds if and only if T is a path of order n.
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Proof. Let T € CT,,. Solving the system (3) with unknowns m12, mss, n1, 12, n3, n4, we obtain
2mi3 Mg Moz | Mag  2m33 | SMizg
=— -ttt 2
e 3 2 3 2 3 g et
m :_%_@_47@3_37@4_5m33_11m34_2m —|—’I’L—3
22 3 2 3 2 3 6 i ’
m m m m 2m 5m
T g + 2,
3 2 3 2 3 6 6)
N — _2m13 _ 3m14 _ 2m23 _ 3m24 _ 4m33 _ 17m34 _ 3m44 +n— 9
S 4 3 4 3 12 2 ’
ng = g(m13 + mas + 2mg3 + maa),
ng = Z(mlzl + mog + mag + 2may).
Replacing the values of m5 and mos in (4), and then after simplification, we have
eP50(T) = Ag + Ayzmyz + Apgmyg + Agzmos + Aoggmay + Aszgmas + Azamay + Aggmuag, (7
where
Ay = e8V2n — 3e8V2 4 263‘/3,
1 2 3v5
Az = —568“5 - eT + V10~ 983628.0,
Ay = iefm -+ V1T 2 8.97822 x 108,
35
Agg = —=e®V2 4 ST + eV x 6.7399 x 107,
®)
3V
Agy = 2e8\/§ n eT T e12Y5 ~ 4.50136 x 1011,
2 3\/5
Agy = —gegﬂ FelVZ 20 113588 x 101,
11 8v/2 5 35
Agy = €3 — 66 C  ~1.58601 x 10%7,
Agg = —268V2 4+ €32V2 4 3V5 & 450739 x 1019.
Since all A3, A4, Aoz, Aoy, Ass, Azq, Ays are positive, Equation (7) gives
eESO(T) > AO)
where the equality holds if and only if
M3 = Mig = M3 = Moy = M33 = M34 = Mys = 0,
that is, T is a path of order n. O
Theorem 3.2. Let T ¢ CT,, with n > 5. Then
1
3 (632\/5 1 265VIT) p — 2e32V2 4 3V 4 (12VE _ SVIT ey = (mod 3),
1 /. 32v2 5V17
eB99(T) < 3 (632\/5 + 265ﬁ) n+ 26410 4 ¢35 T . be T ifn=1 (mod 3), 9)
1 5 32v/2 2 517
- <e32‘/§ + 2€5ﬁ) n— 2% ¢ 3 ifn=2 (mod 3),

where the equality holds if and only if T € T;(n) for n =4 (mod 3) (i =0, 1, 2).
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Proof. Let T € CT,,. Solving the system (3) with unknowns m12, ma4, n1, 12, n3, 14, we obtain

n+3  Tmiz  2mia Mo Moz M3z | 2may

3 9 3 3 9 9 9

miz2 =

2n — 6 2m13 ™14 2m22 8m23 10m33 11m34

3 9 3 3 9 9

M=y 9 3 3 9 9 T
n n—2 m3  Mig Mgz M3z M34 Mg
D) 2 2 2 2 2 2’

1
ng = g(mli% + mag + 2mas + maa),

M= 18 6 6 9 18 18

Replacing the values of m> and mo4 in (4), then after simplification, we have

n—3 mi3 Mg M2 2mMo3 OM33  M3a M4y

eF39(T) = By + Bigmis + Biamiy + Bagmas + Bazmaz + Bazmaz + Baamas + Baamua,

where
By = % (63\/5 + 2612\6) n+e3Vs - 2612‘/57
2 12v/5
By = _563\/5 - VO 10003 ¢ 101,
9 12v/5
By = _gem — BT + V1T~ —1.49147 x 10',
3V5  9p12v5
Bop =2 & 2% & 300091 x 10,
3 3
1 12v5
Bas = _§63¢5 - SeT + eV & —4.00053 x 10,
3VE  10el2V6
Bag = e®V2 4 & o 069 ~ —3.86563 x 101,
235 11¢12V5
By, = &% 69 _ 69 ~ 1.58546 x 105,
3V5  4el2V5
By = 3V2 | % 2 A~ 450739 x 109,

In order to find the maximum value of e£°°(T'), we consider the following four cases.

Case 1. n3 = 0.
In this case, we have mi3 = mao3 = m33 = mgq = 0. By (11), we have

e®39(T) = By + Biamiy + Bogmas + Byymug.

Subcase 1.1. ny, = 0.
2n+2 2n+2

. Son =2 (mod 3) and

Note that mMi2 = Mo = Moy = 0. By (3), we have Ng = nT72, ny = 3 migqg = and Mmyqg = z

3 b
T € T3(n). Thus, by (13), we have

2n + 2 n—>5
By + 3

BESO (T) = Bo + B44.

Subcase 1.2. n, = 1.

Note that mss = 0, m12 < 1, and my2 + moy = 2. By the first two equations in (3), we have ny =

(mod 3).

23 andny = 2. So,n=0

n

If mq5 = 1, then mys = 1. By the third and sixth equations in (3), we have m4 = =%

2n — 3 n—=~6
B
3 14 + 3

eESO (T) = Bo + B44.

=3 and my4 = 25°. By (13), we have
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If my = 0, then my4 = 2. By the third and sixth equations in (3), we have m4 = 2* and myy = 252. By (13), we have

2n n—9
GESO(T) = BO —+ 3314 —+ TB44.
Note that 5 5 6 ) 9
n— n— n n—
By + Byy > — DBy + Byy.

3 3 3 3
Thus, for the considered subcase, we have

2n —3 n—=~6
eP59(T) < By + B4 + 3

By, (15)

where the equality is true if and only if mis = mas = 1, myy = 252, and myy = 5%, thatis, T € To(n).

Subcase 1.3. ny, > 2.
By the first two equations in (3), we have that 3n; + 2ny = 2n + 2 and ns + 3ny = n — 2. Then,

e — 2n —2ngo 4 2 and s — n—mne—2
L 3 ‘T 3
Note that mig < N9, My4g § ng — ]., and mio + Mg = Nq. Hence,
2n — 5”2 +2
miqg = N — Mi2 Zn1*n2:f
and .
Mgy <my—1=22""279
3
By (12) and (13), we have
2n — bdng + 2 n—ng —5
e”9(T) < By + %314 + +B44
2n + 2 n—>5 5 1
=B B By — | =B -B .
o+ 3 14 + 3 44 (3 14-i-3 44)712
Note that 5 )
gBM + §B44 ~ 1.50246 x 10! > 0.
So,
2n + 2 n—>5 5 1
eP59(T) < By + By + Byy —2| 5sB1a+ 5By
3 3 3 3
2n — 8 -7
= By + n By + n Byy. (16)

Case 2. n3 =1 and ny, = 0.
Observe that mis = Mmoo = Moz = Moy = ms3 = 0, and my3 + mz4 = 3. By (11), we have

ePS9(T) = By + Bizmas + Bramia + Baamaa + Baamag. amn

By the first two equations in (3), we have ny = 5% and ny = 2. So, n = 1 (mod 3). Note that m;3 < 2. Table 3.1 gives

the values of m14 and my, for all possible choices of (m13,m34) by the third and sixth equations in (3).

Table 3.1 The values of m4 and my, for all possible choices of (mi3, m34).

miz | M3yq miq M4y
9 1 2n —5 n—17
3 3
2n—2 | n—10
1 2
3 3
2n+1 | n—13
0 3
3 3
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By (17), Table 3.1, and a direct calculation, we have

2n —5
EESO(T) < By +2By3 + r

n—"17
By + B3y + TB44, (18)

where the equality is true if and only if mi3 = 2, mgs = 1, myy = %2, and myy = 257, thatis, T € T1(n).

Case 3.n3 =1and ny, > 1.

By the first three equations in (3), we have that 3n; + 2ny = 2n + 1, ny + 3ngy = n — 4, and mq3 + mq3 + mi4 = n;. Note that
mi2 < na. Then,

2n —2ns + 1 n—ny—4 2n —5ng + 1
nlzf; n4:#, and My =n; — Mz — Mz >Ny — Ny — M3 = f—mw
Note also that
n—ng—17
m33 =0, miz3<2, mz <3, myu<ng—1= — 3 and B3 > Bis.
Thus, by (11) and (12), we have
eP59(T) < By + Bizmis + Biamus + Baamay + Byamag
2n —5ng + 1 n—ng —7
< Bo + Bizmaz + <32 - m13> Bis +3B3s + +B44
2n — bng + 1 n—ng—7
= By + (B13 — Bia)mas + %314 + 3B34 + %344
2n —5ng + 1 n—mne —17
< By +2(Bi3 — Bu4) + %BM + 3834 + +B44
2n —5 n—7 5 1

= By + 2B13 + 3 B4+ 3B34 + TB44 - <3B14 + 3344) ny.

Since . )
gBM + gB44 ~ 1.50246 x 10*° > 0,
we have
2n—5 -7 5 1
eP39(T) < By +2B13 + n3 B4+ 3B3y4 + nTB44 - <3B14 + 3344>
2n — 10 n—3_8
= Bo +2B13 + By + 3B34 + TB44- (19)

Case 4. n3 > 2.
By the first three equations in (3), we have that 3n; + 2ns + ng = 2n + 2, na + 2n3 + 3ng = n — 2, and mqs + M3 + Mg = ny.
Note that miz < No. Then

2n+ 2 — 2ng — ng n—2—ng —2ng 2n 4+ 2 —5ng —ng
ny = y Ny = , and mig = ng —mig — Mg > Ny — Ny — Mg =

3 3 3
Observe also that

— mis3.

n—95—ng —2n
myq S’I’L4—1= 2 3 and m34 §3n3—m13.

3
Thus, by (11) and (12), we have

eP59(T) < By + Bizmaz + Biamig + Baamay + Baamay

2n+275n27n3
3

n—5—ng—2n
- mlS) B4+ (3n3 — mi3)Bss + 3 2 % Bua

< By + Bismas + <

2n + 2 n—>5
3 By +

5 1 1 2
= By + By + (Big — Bia — B3a) miz — <3B14 + 3344) ng — <3Bl4 — 3Bs4 + 3344) ng.

Note that

Bis — Bis — Bsg ~ —1.58541 x 10%° < 0,

5 1
3 B1s + 5 Bay ~ 150246 x 10! > 0, and

1 2
5314 —3B3y + §B44 ~ 3.00445 x 10'° > 0.
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Hence,

2n+ 2

eESO(T) S BU +

n—>5 1 2
By + 3 Byy —2 (3314 — 3834 + 3344>

2 -9
= By + ?TLBM + 6834 + HTBM- (20)

Combining the discussions of Cases 1-4, and noting that

2n — 8 n—"17 2n — 10 n—2_8 2n n—9
3 By + TB44 > 2813 + TBM + 3Bs4 + TB44 > 3314 + 6834 + TB44,

2n—3 n—=~6 2n — 8 n—7
B B B
3 14+ 3 44 > 3 14+ 3

- 7 o — 8 7
3 314+Bs4+n3 By > n3 Bl4+n

2n + 2 n—>5 2n — 8 n—7
B By > B
3 14 + 3 44 3 14 + 3

By,

2n
2813 + By,

B44a

we arrive at the following conclusions:

e Ifn=0 (mod 3), then by (15), (16), (19), and (20), T has the maximum exponential elliptic Sombor index over CT, if
and only if T € 7y(n), and this maximum value is given in (15);

e Ifn=1 (mod 3), then by (16), (18), (19), and (20), T has the maximum exponential elliptic Sombor index over CT,, if
and only if T € 7;(n), and this maximum value is given in (18);

e Ifn=2 (mod 3), then by (14), (16), (19), and (20), T has the maximum exponential elliptic Sombor index over CT,, if
and only if T € 73(n), and this maximum value is given in (14).

This completes the proof of Theorem 3.2. O
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