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Abstract

In this article, we study a suspension bridge model with Kelvin-Voigt damping. We use the Lumer-Phillips theorem and
semigroup theory to prove the existence of the solution. We obtain exponential stability of the semigroup associated with a
suitable energy space.
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1. Introduction

Several engineering problems can be transformed into mathematical problems using an appropriate approach. For
example, we point out the study of bridges, which play a fundamental role in the advancement of human development.
Among the various bridge models, suspension bridges (see Figure 1.1) have a prominent place because they have a longer
span than other bridge types. The Akashi-Kaikyo Bridge (with a span of 1991 meters) in Japan was thought to be the
suspension bridge with the longest span in the world until March 2022, when Turkey opened the 1915 Canakkale Bridge,
which currently has the longest span (of more than 2000 meters) of any suspension bridge.
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0 L
Figure 1.1: Suspension bridge. This figure is taken from the reference [9].

The study of suspension bridges is the subject of numerous research articles. In 1984, Hayashikawa and Watanabe
[4] formulated a problem of free vertical vibration of suspension bridges. Mukiawa et al. [7] studied the existence and
uniqueness of the solution of a thermal-Timoshenko-beam system with suspenders and Kelvin-Voigt damping type, where
the heat was given by Cattaneo’s law; also, a similar study for a suspension bridge with laminated beams was done by
Raposo in [9]. For a suspension bridge with internal damping, Raposo et al. [10] proved that the solution not only decays
exponentially, but it is also analytic.

As in [10], we assume that when compared to the length (span of the bridge), the transversal section dimensions of the
deck are negligible, which allows us to use Timoshenko’s one-dimensional theory to study a suspension bridge as a beam
of length L, see [11-13].

In this work, ¢ = ¢(z,t) is the displacement of the cross-section at € (0, L) and ¢ = ¢(x,t) is the rotation angle of
the cross-section, where x denotes the distance along the center line of the beam in its equilibrium configuration and ¢ is
the time variable. The main cables are modeled by an elastic string u = u(z,t), which is coupled to the deck employing

suspension cables.
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By considering the viscoelastic Kelvin-Voigt damping, we have the following coupled system:

Utt — Qg — MNP — U) — Y1 Utz = 0 in (0, L) x (0, 00), 1)
prpee — k(@e + 1)z + A — u) = Y20t22 =0 in (0, L) x (0, 00), (2)
PZ'@ZJtt - b'l/)mc + k(@x + Z/J) - 73wtz:c =0 in (07 L) X (07 OO) 3

The suspender cables are assumed to be linear elastic strings with standard stiffness A > 0. The constant « > 0 is the
elastic modulus of the string (holding the main cable to the deck). The positive coefficients p; and p, are the mass density
and the moment of mass inertia of the beam, respectively. Moreover, b represents the cross section’s rigidity coefficient and
k represents the elasticity’s shear modulus. Finally, the constants v,~2,v3 > 0 are the coefficients of the damping force.
We consider the initial data

u(0,t) = uo(z), u(z,0) = uy (x),x € (0, L),

©(0,1) = ¢o(x), pu(x,0) = @1 (),

® xz € (0,L), 4)
¥(0,t) = vo(x),¥e(x,0) = 1 (x),z € (0, L

L)
)
and the Dirichlet boundary conditions

u(0,t) = u(L,t) =0,t > 0,
o(L,t) =0,t > 0, 5)

(L, t) =0,t > 0.

< €
—_~
A
~ o=
NN
(1

Our functions belong to the functional spaces
ug(x) € HY(0,L), wi(x) € L*(0,L),
4100(1') € H(%(OaL)a 901(37) € LQ(OaL)a (6)
Yo(x) € HI(0,L), 1(x) € L?(0,L).

The remaining part of the paper is organized as follows. In Section 2, we give some preliminary results. We introduce
the energy functional of the model in Section 3. In Section 4, we present the semigroup setting and establish the well-
posedness of the system. Finally, in Section 5, we show the exponential decay of the system (1)—(3).

2. Preliminary results

Theorem 2.1. Let A be an unbounded linear operator with dense domain D(A) in a Hilbert space H. If A is dissipative
and 0 belongs to the resolvent set p(A) of A, then A is the infinitesimal generator of a Cy-semigroup of contractions on H.

Proof. See Theorem 1.2.4 on Page 3 in [6]. O

Theorem 2.2 (Lax-Milgram). Assume that B(u,v) is @ continuous coercive sesquilinear form on a Hilbert space H. Given
any g € H', which is the dual space of H, there exists a unique element uw € H such that B(u,v) = L(v) Vv € H, where

L(v) = (9, v) ' xn-

Proof. See Corollary 5.8 on Page 140 in [1]. O

Lemma 2.1. Let H be a Hilbert space. Let B,L : H — H be bounded linear operators such that L has a bounded inverse.
If

||B‘ |l: H) < _ )
UL ey
then B + L is a bounded and invertible linear operator.

Proof. First, we prove that B + L is invertible; that is, B + L is bijective. Lety € H. Forx € H, P(z) = L 'y — L 'Bzis a
bounded linear operator. On the other hand,

I1P(2) = P(@)||zry = ||[L7" Bz = L' Ba|l ey < 1L 2ol Bz — Ball ooy

<L YemIBlleanllz — 2|z

< Cllz = 2|l cmy-
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Since C' = ||L7!|| (|| Bll 2wy, we have 0 < C' < 1. By the contraction mapping theorem, there exists a unique point z € X
such that P(z) = z. Since L™'y — L™'Bx = x, we get Lz = y — Bz and hence z is the unique solution of the problem
(B+ L)x =y. Itis clear that (B + L)x = 0 has = 0 as the unique solution. We have that B + L is surjective and injective.
Finally, as B + L is bounded, by the closed graph theorem, (B + L)~ is also bounded. O

Theorem 2.3 (Gagliardo-Nirenberg). Let j and m be integers satisfying 0 < j <m. Let 1 < q,7 < oo, p € R, and % <a<l1
such that .
1—j=a(1—m) —|—(1—a)1.
p n ron q
(a). Foranyu e W™"(R)NLI(R), there is a positive constant C depending only on n,m, j, q,r, and a such that the following
inequality holds:

I1D7ul| Lo ®ry < CID™ %0 gy

ull o (e (7)

with the following exception: if 1 <r < ocoand m — j — "isa nonnegative integer, then (7) holds only for a satisfying
r

d<a<t.
m

(b). For any u e W™ (Q) N LI(Q), there are two positive constants C; and Cs such that
||DjU||LP(Q) < ClHDmuH%"(Q)HUHIL;EZQ) + C2||UHL‘1(Q)7

with the same exception as in (a), where Q C R" is a bounded domain with smooth boundary. In particular, for any
u € Wy () N LY(Q), the constant Cs can be taken as zero.

Theorem 2.4 (Gearhart-Huang-Priiss). Let S(t) = e be a Cy-semigroup of contractions on a Hilbert space H. Then, S(t)
is exponentially stable if and only if iR C p(A) and

li

m
|Bl—o0

1GAT = A) "l £y < 00,

where p(A) is the resolvent set of A.
Proof. See [2, 3,5, 8]. O

3. Energy of the system

Multiplying (1) by u;, we obtain

Uyt — QU — AU(Q — U) — Y1 UpUpgg = 0.

Integrating over (0, L), we arrive at

L L L L
/ UpUgr dT — a/ Uplpr dT — /\/ u(p —u)der =7 / Up Ut AT
0 0 0 0

Integrating by parts and using (5), we obtain

d1 [t L L L
e / g | da + a/ Upp Uz dT — )\/ ut(p —u)der = —y / | |2 da.
0 0 0 0

a1 [, da (X L L ,
—= |t | d:er——/ |t dzf)\/ u ((pfu)dx:f'yl/ |ute|“da. ®)
dtZ/O i dt 2 J, 0 o !

Multiplying (2) by ¢;, we get

Then,

P1o1p1e — ko (pr + V)2 + A0 — 1) — Y2p1Ptaa = 0.

Integrating over (0, L), we obtain

L L L L
p1 / prprdr — k/ 1 (P2 + V)adr + /\/ i(p —u)dr = / Y20t Praadl.
0 0 0 0

Integrating by parts and using (5), we arrive at

ipl

L L L L
2o Pde + / ore(pe + D)dz + A / il — w)de = — / volpis 2. ©)
dt 2 Jy 0 0 0
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Multiplying (3) by ;, we obtain
p2tbithee — bPithgs + A (0o + V) — Y39 0epe = 0.

Integrating over (0, L), we get

L L L L
ps /O Petbpedr — b /O Pitbaadas + A /O Vi(n + )dz = / Yatbitbraada.

0

Integrating by parts and using (5), we obtain

d p2 L ) L L L )
Doz [T 2de + b/ Vithada + A/ Ve(n + ) = —/ slthra|2de.
dt 2 /g 0 0 0
That is,
dps [* av (* L L ,
ETEEY |wt| dx + 77/ W)z‘ dx + >\/ th(@m + d))d‘r = 7/ ’YSWJtm‘ dzx. (10)
i 2 J, 2 J, ; ;

Summing (8), (9), and (10), we obtain
dal
dt 2

L L L
= *’Yl/ |Utx|2dI - 72/ |90tz‘2dx - 73/ |¢tz|2d93~
0 0 0

We define the energy of the system (1)—(3) by

L
/ [luel® + afual? + bl + prlel? + palinl? + Ao — uf? + ks + 9[?] da
0

1 L
E(t) = 5/ [luel + alua|* + blvoa|* + prleel® + paltoe* + Mg — ul* + klpa + 9] da. (11
0

This shows the dissipative nature of the energy functional F(t).

4. Existence and uniqueness of the solution

In this section, we use the results of the semigroup theory to obtain an existence theorem of the system (1)-(3). Taking

u; = v, p; = w and ¥y = z, we get a vector function given as U = (u, v, p, w, v, 2)7,
v
QUgr + M — 1) — Y1 Vs
w
Uy = = AU.
¢ E(pz +9)e — AMp — 1) — YoWas
z

waaz - k(@x + 1/1) — V3Zzx

We can write (1)—(3) as a first-order evolution Cauchy problem:

{m—AU_Q
(12)

U(0) = Uy,
where U € H = {H}(0,L) x L?*(0, L)}3. The domain of the unbounded linear operator A is
D(A) = {Hy(0,L) N H*(0, L) x L*(0, L) }*

and # is a Hilbert space with the inner product

L L L L L L
(U, U)y :/ vodz + a/ Uzl dx + p1 / wwdz + pa / zzdx + /\/ (p —u)(p —a)dx + k/ (P2 + V) (G + ¥)dx
0 0 0 0 0 0

We define a norm in # by
U113, = (U, U).
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From Sobolev’s space theory, we get that D(.A) is dense on . We want to show that A is a generator of a Cy—semigroup
of contractions S(t) = e*,t > 0, on the Hilbert Space #. For this, we need the following theorem:

Theorem 4.1. Let A be an unbounded linear operator such that the domain D(A) is dense in a Hilbert space H. If A is
dissipative and 0 belongs to the resolvent set p(A) of A, then A generates a Cy—semigroup of contractions on H.

Proof. See Theorem 1.2.4 on Page 3 in [6]. O
Lemma 4.1. The operator A is dissipative.

Proof. For every U = (u,v, p,w, 9, z) € D(A), we have

L L L
(AU, U} = 1 / a2z — / o Pdz — s / |2 [2dz < 0. (13)
0 0 0

Therefore, A is dissipative. O
Lemma 4.2. The number 0 belongs to p(A).

Proof. Let ' = (f1, f2, f2, f4, f°, f©)T € H and consider the resolvent equation

— AU = F. (14)

In terms of U and F', we get
—v=fYin H}(0, L), (15)
— QUgz — AN — ) + Y10z, = fZin L*(0, L), (16)
—w = f3in H}(0,L), amn
— k(P2 + )z + A — u) + 12ws0 = f* in L*(0, L), (18)
—z= f%in H}(0, L), (19)
— bz + Mpr + ) + 73220 = f© em L?(0, L). (20)

Using (15)-(20), we obtain

— QUzr — AN —u) = fL + f2:= g1 € L*(0, L), (21)
— k(e + )z + Mo —u) = 72 f5, + f* = g2 € L*(0, L), (22)
— bae + MNpw +9) = 33, + [ = g3 € L*(0, L). (23)

Multiplying (21) by @ € H}(0, L), (22) by ¢ € Hi(0, L), and (23) by ¥ e H}(0,L). Then, integrating by parts, we obtain

L L
— a/ UgUgpdx —/ Ai(p — u)dx —/ tgrdx € L*(0, L) (24)
0 0
L
_k/ P SD.L+¢ dl‘—I—)\/ Y —u dx—/ @gng?ELQ(O,L) (25)
0
L L L
— b/ Vphpdx + /\/ Yy +Y)dx = / gsdr € L*(0, L) (26)
0 0 0
Summing (24), (25), and (26), we obtain a variational problem
B((u, ,9); (@, ¢, 9)) = L((@, , ), @7

where B : [HE(0, L) x H}(0, L) x H}(0,L)]*> — C with

L L L
B((u, ¢, %); (@ ) =a / wpindr + A / (0 — u)(@ — @)der + & / (o +0) (G0 +) +b / Youde,

and L : [H}(0, L) x H}(0,L) x HL(0, L)] — C with

L L L
L((@ 3,)) = / dgide + / bgodr+ [ Dgsda.
0 0 0

Now, we define the norm in H}(0,L) x H}(0,L) x HE(0,L) as ||(u, ¢, ¥)||? = B((u,¢,v); (u,p,1)). Note that B is bilinear,
continuous, and coercive in H}(0, L) x H}(0,L) x H}(0,L). Hence, L is a continuous linear form.
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Now, by the Lax-Milgram theorem, there exists a unique solution (u,p,v) € H}(0,L) x HZ(0,L) x H}(0,L) of (27) for
every (i, 3,7) € HL(0,L) x H}(0,L) x HL(0,L). By the theory of elliptic equations (see Chapter 1 in [6]), (21), (22), and
(23) yield u, ¢,v € H?(0, L); that is, u,,p € HE N H%(0, L). On the other hand, from (15), (17), and (19), it follows that
v,w,z € H}(0,L). Thus, U € D(A) and 0 € p(A). O

Theorem 4.2. The operator A generates a Cy-semigroup of contractions S(t) = e, t > 0, in the Hilbert H.

Proof. By Lemmas 4.1 and 4.2, A is dissipative and 0 € p(.A). Also, A is dense. Now, the result holds by Theorem 4.1. [

5. Asymptotic behavior

To prove the main result of this section, we need some lemmas first.

Lemma 5.1. iR C p(A).

Proof. Suppose that iR C p(A) is false. Then, there exists 6 and a sequence ™ — 6, |8"| < ||, such that
18" = A) Y|y — o0

and for all M > 0, there exists ng € N such that n > ng with
18" = A) Ml > M.

Therefore, there exists 0 # y" € H such that
1G@8™ = A) "yl

> M.
[y™ {2
Writing ¢" = (i8" — A)~'y", we obtain
[lg"™ [
—_ > M
[(iB™ — A)g™|[n
Or s M n
(68" — gl _ 1
g™l M
Thus,
1

168" = AUl < <

g

where n > ng and U" = Mg € D(A) with ||[U"|| = 1. Consequently, we conclude that

(@6 — A)U"[[3 — 0, (28)
that is,

if"u" —v™ — 01in H) (0, L), (29)
iB"M ™ — aull, + A" — u™) + 07, — 01in L*(0, L), (30)
i " —w™ — 0in Hy (0, L), (31)
iB"w" — k(0 + ™) + A" —u™) + yow?, — 0in L*(0, L), (32)
i — 2™ — 0in H(0, L), (33)
iB" 2" — b, + k(@™ + ") — v222, — 0in L*(0, L). (34)

Now, observe that
<(/L/B7L _ 14)U'IL7 U”>H — Z/B?'LHU'IL| ‘H _ <14(]'IL7 U”>H~
Taking the real part, we obtain

L L L
R(GB™ — U™ U™ )w =’y1/ Iv¥|2dw+vz/ \w;f\Qdm+73/ |25 [*d.
0 0 0
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As U™ is bounded and (i8™ — A)U™ — 0, we have
v™ — 0in L*(0, L), (35)
w?” — 0in L*(0, L), (36)
2" — 0in L*(0, L). 37
Using the Poincaré inequality, we have
v™ — 0in L*(0, L), (38)
w" — 0in L*(0, L), (39)
2" — 0in L*(0, L). (40)
Using (38) in (29), (39) in (31), and (40) in (33), we obtain
u™ — 0in L2(0, L), (41)
¢" — 0in L*(0, L), (42)
Y™ — 0in L*(0, L). (43)
However, we need that
u™ — 0in H} (0, L), (44)
™ — 01in Hy (0, L), (45)
Y™ — 0in HJ(0,L). (46)
For this, using (38), (41), and (42) in (30), we obtain
—au”, + v, — 0in L?(0, L). 47
Integrating from 0 to x, we arrive at
—a(u —u™(0)) + 1 (v —v2(0)) = 0in L*(0, L). (48)
But, by (35), we have
— a(u” —u™(0)) = 0in L*(0, L). (49)
As « is constant, it follows from the Gagliardo-Nirenberg inequality that
u? — 01in L?(0,L). (50)

Similarly, we obtain that ¢”,4" — 0in L?(0,L). Therefore, we get that u", ", ¢ — 0 in HZ(0,L). This implies that

lU™|| — 0, which is a contradiction to |[U™| = 1.

Lemma 5.2. lim |(i8— A)7!| < .
|Bl—o0

O

Proof. Again, proceeding by contradiction, we have (26). However, we need to be more careful because 5" — oco. Dividing

by 8", we have
1
iu" — a v™ — 0in H}(0, L),
1
w" — ﬂfn[au;r + A(‘Pn - Un) + ’71?)293] —0in LZ(O’ L)a

1
ip" — @w” — 0in H}(0, L),

1
iB"w"™ + ——[—k(@" + ™) + A" — u™) + yow?,] = 0in L?(0, L),

ﬁn

1
" — @z" — 0in H}(0, L),

1
Zﬁ”zn + *[_bng + k<tpn + wn) - 72Z;Lw] — 0in L2<Oa L)

571

(51)

(52)

(53)

(54)

(55)

(56)
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Now, note that
1 L
w{(i- 2a) o) =2 [rpier 2 [ spars 2 [
y B B

B s
As U™ is bounded and <z — ﬁlnA) U™ — 0, we have that
% — 0in L2(0, L), (57)
wy . 2
o — 01in L(0, L), (58)
% — 0in L2(0, L). (59)
Using the Poincaré inequality, we arrive at
;7 — 01in L(0, L), (60)
w" .o
7 0in L*(0, L), (61)
% — 01in L2(0, L). (62)
Using (60) in (51), (61) in (53), and (62) in (55), we obtain
u™ — 0in L?(0, L), (63)
@™ — 0in L*(0, L), (64)
Y™ — 01in L?(0,L). (65)
Now, multiplying (52) by v, we have
. 1 )
il — @[* afugy, v) + A" = u™),v) + (v, v)] = 0in L*(0, L). (66)
Taking the real part, we obtain
1 n 1 n n 1 - 2
Ea<u1z?v> - ﬂn)‘«@ —u ),U> - @71< TT) >] —0in L (O7L)
Integrating by parts, we have
%< " v) — 0in L*(0, L). (67)
Applying (67) in (66), we arrive at v — 0 in L?(0, L). In this way, by (52), we have
1
7 —[ou™, + A" —u™) 4+ y0",] — 0in L(0, L).

Multiplying by 5", we obtain
oaul, + A" —u™) +y0?, — 01in L?(0, L).

Using (63), (64), and the Gagliardo-Nirenberg inequality, we conclude that «” — 0in L?(0, L). Similarly, we obtain that
e Y™ — 0in L2(0, L). Therefore, we get that u™, ¢",¢™ — 0in H}(0, L) and hence ||U"| — 0, which is a contradiction with
lu™]| = 1. O

Theorem 5.1. The Cy-semigroup of contractions S(t) = e, t > 0, generated by A is exponentially stable.

Proof. In view of Theorem 2.4, the result follows from Lemmas 5.1 and 5.2. O

6. Conclusion

In this article, the Timoshenko-Enrenfest theory has been used to study a suspension bridge system with Kelvin-Voigt
damping as a beam. With the techniques of semigroup theory, it has been shown that this system of equations has a
solution. In fact, a suitable Hilbert space has been used, where a semigroup has been built, to prove that its energy is
dissipative, and the Lummer-Phillips theorem has been applied to obtain the solution of the system. It has been proved
that the mentioned semigroup has an exponential decay. Investigations of a suspension bridge system with other types of
damping are open for future work.
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