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Abstract

The atom-bond sum-connectivity index (ABS index) is a topological index introduced in 2022. For a graph G, this index is
defined as ABS(G) = ZWWGE(Q V/(di +dj —2)/(d; + d;), where d; is the degree of a vertex v; of G and E(G) is the set of
edges of G. The ABS-matrix is defined as S(G) = [ai;],,,,, where a;; equals \/(d; + d; — 2)/(d; + d;) when v;v; € E(G) and
ai; = 0 otherwise. Furthermore, the Laplacian ABS-matrix is defined as L(G) = D(G)—S(G), where D(G) = [dij]nxn is the
ABS-diagonal matrix with Jij =3 4., air when i = j and Jij = 0 when ¢ # j. In this paper, we first present several bounds
on the ABS index. We then explore several properties of the eigenvalues of the ABS-matrix and Laplacian ABS-matrix.
Finally, inspired by the definition of the convex linear combination of the adjacency matrix and diagonal matrix proposed
by Nikiforov, we also define the convex linear combination of the ABS-matrix and ABS-diagonal matrix, and present some
of its fundamental properties.

Keywords: ABS index; ABS-matrix; ABS eigenvalues.
2020 Mathematics Subject Classification: 05C07, 05C09, 05C50.

1. Introduction

Let G = (V(G), E(G)) be a simple graph with vertex set V(G) = {v1,v2,...,v,} and edge set E(G). We use the notation
i ~ j to indicate that the vertices v; and v; are adjacent; that is, v;v; € E(G). For v; € V(G), the degree of v;, denoted by d;,
is the number of edges incident with v;. The maximum and minimum degrees of G are denoted by A and J, respectively.

The study of chemical structures using graphs is known as chemical graph theory. Atoms and bonds are replaced
with vertices and edges, respectively, to represent a chemical structure as a graph. This makes it feasible to explore the
properties of chemical structures using the concepts of graph theory. In chemical graph theory, the graph invariants that
take quantitative values are commonly referred to as topological indices.

In the 1970s, Randic [10] put forward a topological index for studying molecular branching and named it the “branching
index”, which is now referred to as the Randi¢ index. For a graph G, the Randié¢ index is defined as

1
R@G) = > :
’Ui’UjGE(G) dld‘]
The Randi¢ index is one of the most-studied and most-applied topological indices. The atom-bond connectivity (ABC)
index [5] and the sum-connectivity (SC) index [12] are the variants of the Randi¢ index. These indices have the following
definitions for a graph G:

ABC(G)= >

Ui’UjEE(G)

and

1
sCG) =y, ——
vv; EE(G) V d; + dj

In [1], by amalgamating the main idea of the ABC and SC indices, a new topological index, namely the atom-bond sum-
connectivity index (ABS index), was proposed. This index is defined as

ABS(G)= )

ViV EE(G)
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The graphs with the maximum and minimum values of the ABS index were found in [1] over particular classes of graphs
and (chemical) trees. Unicyclic graphs with extremum ABS index were studied in [3], where chemical uses of the ABS
index were also reported. The problems of finding graphs that achieve the minimum ABS index among all trees of a

(i) specific number of pendent vertices,

(ii) fixed order and a specific number of pendent vertices,

were addressed in [4]; see also [8], where one of these two problems was addressed independently. For further details
about the ABS index, the reader is referred to [2].

We define the ABS-matrix as S(G) = [a4] where

nxn’

di+dj—2 .

R fov: € B
o Gitd if v,v; € E(G),
ij

0, otherwise.

The eigenvalues of S(G) are called the ABS eigenvalues of G and are denoted by &, (G), &(G), . . ., &, (G) with the assumption
that &,(G) > &(G) > --- > &,(G). We define the Laplacian ABS-matrix of G as L(G) = D(G) — S(G), where D(G) = [dij]nxn
is the ABS-diagonal matrix with
i > aiw  ifi=j,
=4 k=1

dij =
0, otherwise.
The eigenvalues of L(G) are called the Laplacian ABS eigenvalues of G and are denoted by 11 (G), 112(G), . . ., jin(G) such

that 11 (G) 2 p2(G) = -+ = pn(G).
For any real number « € [0, 1], Nikiforov [9] defined the matrix

Aa(G) = aD(G) + (1 — a)A(G), 1

where A(G) and D(G) are the adjacency and diagonal matrices, respectively. Inspired by (1), for a € [0, 1], we define the
following matrix:
5,(G) = aD(G) + (1 - a)S(G).
The eigenvalues of the matrix S, (G) are denoted by A1 (G), \2(G), ..., \y(G) provided that A;(G) > X2(G) > --- > N\, (G). It
is easy to see S(G) = S)(G), D(G) = 51(G), Q(G) = 251 (G), where Q(G) = S(G) + D(G).
The rest of this paper is organized as follows. In Section 2, some preliminary results are presented. Section 3 pro-

vides some bounds for the ABS index. Section 4 explores some properties of the ABS eigenvalues and Laplacian ABS
eigenvalues. In Section 5, some basic properties of the matrix S, (G) are obtained.

2. Preliminaries

This section gives some preliminary results that will be used in the subsequent sections.

Theorem 2.1 (see [7,11]). Let A and B be Hermitian matrices of order n. Let £;(M) denote the i-th largest eigenvalue of the
matrix M € {A,B,A+ B}. For 1 <i<nand 1 < j<n, the following inequalities hold:

<&i+j-n(A+B) wheni+j>n+1,
&i(A) +&(B)
>&yj-1(A+B) wheni+j<n-+1

In either of these inequalities, equality holds if and only if a nonzero n-vector exists that is an eigenvector to each of the three
eigenvalues involved. The two inequalities given above yield

&(A) +&(B) < &(A+ B) <& (A) +&(B).

Lemma 2.1. Let G be a graph with n vertices and M, be the k-th spectral moment of the ABS-matrix S = S(G); that is,

n

My = 3 (EH(@) = tr((S)").

i=1

di+d;—2
Then Mo =n, M1 = 0, and Mg = QZviijE'(G) ﬁ
1<i,j<n ’
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Proof. Note that My = >"" | (£2(G)) =nand M; =), &(G) = tr(S) = 0. Next, we consider M,. We observe that
- Id; +dy, — 2 dj—‘rdk—Q
(52)1‘]’ = Zakiak‘j = Z AkiQk; = Z ’
=1 ki ki ke dit+dp \ dj+dy
1<k<n 1<k<n
forany 1 <i,j <nandi# j, where a;; = didjijdf. If 1 <4 <n,then
- di +dj —2
(SZ)” — Zaijaji = Z a,?j = Z %
3 dz + d]
Jj=1 ’Ui’UjGE(G) Ui’UjEE(G)
1<j<n 1<j<n
Thus, we have
" di+d;j —2 di+d;j —2
My = tr(S?) = > =2 >
i=1 | viv;€E(Q) di + d; viv; €E(G) di + d
1<j<n 1<i,j<n
O
In what follows, we provide two obvious lemmas without proof.
Lemma 2.2. Let f(z,y) = m:ﬁf If x,y > 0and x +y > 2, then f(x,y) is an increasing function for x and y.
We denote the eigenvalues of the adjacency matrix of G by 1 (G), n2(G), . . ., (G) such that 71 (G) > 92(G) > - -+ >, (G).

Lemma 2.3. Let G be an r-regular graph with m edges, n > 3 vertices, and no isolated vertices. Then

fl(G): r_an(G)v f0r2:1,2,,n

r

Also, for any real number o € [0, 1], it holds that

M(G) = ay/rlr=1) + (1= )& (G) = av/rlr = 1) + (1 — a)y | ——n(G).

3. Bounds for the ABS index
This section is concerned with determining some bounds for the ABS index.
Lemma 3.1. Let G be a nontrivial graph with n vertices. Then

ABS(G) <

< 5V =D -2),

where the equality holds if and only if G = K,,.

Theorem 3.1. Let G be a graph with m > 1 edges and M, be the 2nd spectral moment of the ABS-matrix. Then

1 6—1 1 A -1
— — — < < — — _
\/2M2 +m(m—1) — ABS(G) < \/QMQ +m(m—1) ,

where either of the equalities holds if and only if G is a regular graph.

Proof. By Lemmas 2.1 and 2.2, we have

(ABS(G))* = ( >

v;v; EE(G)

_ Z di+dj—2 Z di-i-dj—? drp +d; —2

viv;€E(G) di +d; invg, kel d; + d; dp +d;

’Ui’Uj;é’Uk’Ul
1 A—1
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Thus,

A—-1

ABS(G) < \/;M2 Fmlm — 1)1

with equality if and only if G is a regular graph. Similarly, we have

\/;M2 +m(m — 1)5%1 < ABS(G),
where the equality holds if and only if G is a regular graph. O
Theorem 3.2. Let G be a graph with minimum degree at least 2 and M, be the 2nd spectral moment of the ABS-matrix.
Then
1 A 1 )
< -
Y- ——M, < ABS(G) < 2\ 5= M2

where the equality holds if and only if G is a regular graph.

Proof. By Lemmas 2.1 and 2.2, we have

di +d; —2
My =2 Z B e
v;v; €EE(G) di +dj

2
[d:+d; -2
v;v; EE(G) di+ dj
[0 —1 |di +d; —2
5 vvJEE d+d
_g /0=t —ABS(G).

1/ o
2Vo—-1
where the equality holds if and only if G is a regular graph. Similarly, we have

1/ A

with equality if and only if G is a regular graph. O

Thus,
ABS(G) <

25

Theorem 3.3. Let G be a graph with n vertices and maximum degree at least 2. Then

n AN, néy
2(n — )\ A - 761 S ABS(G) < ==

If G = K, the left equality holds. If G is a regular graph, the right equality holds.

Proof. Let A be the adjacency matrix of G and 1, (G),n2(G), - - - , nn(G) be its eigenvalues such that
m(G) = n2(G) = - -+ 2 mn(G).

Note that e = (1,1,...,1)7 € R". Thus, by the Courant-Fischer Minimax theorem, we have

.IT X BT e
&(G) = 51—max( 5 )> 5 :%ABS(G),

720 2Ty | = eTe

and hence ABS(G) < "5t If G is a k-regular graph, then by Lemma 2.3, we have & (G) = 1 (G) /%2 = ky /%7, and

d; +d; —2 —1 —1
ABS(G) = \ di+d \/ T
vvJEE(G

Now, by Cauchy’s inequality, we have
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Hence, by Theorem 3.2, we have

néf & 2 N2 N2 A-1
m*fl _1§fl+;gi*;€i*M2§2 TABS(G)

Consequently, we have

&in A
ABS(G) z 50—\ A=

If G = K,,, then by Lemma 2.3, we have {; = y/(n —2)(n — 1) and

nn—-1) n—2 n
2 n—1 2(n-1)

ABS(G) =

4. The ABS eigenvalues and the Laplacian ABS eigenvalues

In this section, we establish some basic properties and bounds for the ABS eigenvalues and Laplacian ABS eigenvalues.
The harmonic index [6] of a graph G is defined as

HG) = ¥ diid_.

’Ui’U]‘GE(G) J

Proposition 4.1. Let G has n > 3 vertices, m edges, and no isolated vertices. Then
i=1

252 (m — H(Q)),
and

Y G(G)g(@) = H(G) —m.

1<i<j<n

Proof. Using the fundamental properties of S(G), we have

Zfz ) =tr(S(G)) = 0.

Also, it holds that

Furthermore,
1 n
S L8 2(2@ s Z-<G>):H<G>—m.
1<i<j<n i=1
O

Theorem 4.1. Let G be a graph of order n > 3 with no isolated vertices. Then S(G) has only one (distinct) eigenvalue if and
only if n is even and G = (§)Ko.

Proof. Proposition 4.1 gives >, &(G) = 0. Therefore, all the ABS eigenvalues of G are equal to 0 if there is merely one
distinct ABS eigenvalue. This suggests that S(G) = 0, which leads to the conclusion that G = (3 ) K> and n is even.
On the other hand, if  is even and G = (3 ) K>, then S(G) = 0 and therefore all of its eigenvalues equal to 0. O

Proposition 4.2. Let G be a graph with order n > 3. Then G has two different eigenvalues of S(G) if and only if G = K,,.
Proposition 4.3. Assume that G has m edges, n > 3 vertices, and no isolated vertices. Then

6(0) > 2 HCG) @

n

where the equality holds if and only if n is even and G = (5)Ks.
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Proof. By Proposition 4.1, we have

n€H(G) =) E(G) =2(m— H(Q)). @)
i=1
Hence, we have
2 - HG
6(0) 220G
Now, we give a characterization for the equality in (2). First, assume that n is even and G = (3)K,. Then S(G) = 0 and
hence & (G) = &(G) = --- = £,(G) = 0. Note that H(G) = 3, and as a result, we have
W (m—H(G)) _ \/2<3 —H@) _,
n n '

Thus, the equality in (2) is satisfied. Conversely, we suppose that the equality in (2) is satisfied. According to the equality in
(3), we have £(G) = &(G) = - -- = £2(G). Hence, G has at most two different eigenvalues. By Proposition 4.1, if G = (4)K>
and n is even, then G has only one eigenvalue for S(G). If G has two distinct eigenvalues of S(G), then Proposition 4.2
implies that G has a component C' = K; having two different ABS eigenvalues and |V (C)| = ¢ > 3. Thus, by Lemma 2.3,

we have §,(C) = /(t—2)(t —1) and &(C) = &(C) = -+ = &(C) = —/=2; but, £(C) # &(C) if t > 3. This leads to a
contradiction, along with the fact that &,(C), & (C), ..., &(C) are part of the eigenvalues of S(G). O

Lemma 4.1. Let G be a connected graph with n > 3 vertices. Then i(G) has t (2 <t < n) distinct eigenvalues if and only if
there exist t — 1 distinct nonzero numbers {1,0s,...,¢;_1 such that

t—1 tl:[&:
[IE@G) =t = (1) 7" ==,

where [ is the unit matrix of order n and J is all 1 matrix of order n.

Theorem 4.2. Let G be a graph with n > 3 vertices. Then G has exactly two different Laplacian ABS eigenvalues if and
only if G = K,.

Proof. According to Lemma 4.1, G has exactly two different Laplacian ABS eigenvalues if and only if there is a number
¢ # 0 such that

L(G) — I = Y
n
That is, L(G) = (I — %J. Clearly, all of the off-diagonal entries of L(G) are nonzero. Thus, we have G = K,, and

n—2
n—1

{=n

Proposition 4.4. Let G be a graph of order n > 3. Then

~2 and pin(G) = 0.

m(G) <n —

Every eigenvector of E(G) corresponding to the eigenvalue 0 is constant if G is connected.

Theorem 4.3. Let G be a graph with order n > 3. Then

In—2
Mn—l(G) <n m, (4)

where the equality holds if and only if G = K,,.
Proof. We have

tr (L(G)) = 1 (G) + 12(G) + -+ + jin(G) = 24BS(G). 5)
Note that y,(G) = 0. By Lemma 3.1, we have
2ABS(G) n—2
<—2< .
Hn-1(G) < n-1 —~"Va-1 ©
By (5) and u1(G) > -+ > pp—1(G), we have p1(G) = - -+ = py—1(G). Thus, if the equality in (4) holds, then by Theorem 4.2,

we have G = K,,. Conversely, if G = K, then we obtain the equality in (4). O
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5. Basic properties of the matrix S, (G)
By using the definition of S, (G), for 1 < k < n, we obtain the eigenequations given as follows:

Az = Sa(Gag = « Z agizk + (1 —a) Z Qi T

vivr €E(G) vivr €E(G) @
di +di —2 d; + di, — 2
co 3 e ¥ (R
v v €EE(G d T d v v €EE(G d + dk
Let a;; = ddfifdjz By using Lemma 2.2, we have the following two results:

Proposition 5.1. Let o € [0,1] and S, (G) = S,. Then

A (G) = max (Syx,x) and A\, (G) = min (S,x,x).

llxll =1 llxll,=1

Also, if x .= (21,2, ...,%,) is @ unit n-vector, then A\ (G) = (S,x,x) if and only if x is an eigenvector corresponding to A\ (G),
and A\, (G) = (Sox,x) if and only if x is an eigenvector corresponding to A\, (G).

Proposition 5.2. Let o € [0,1) and So(G) = S,. Then
AM(G) =max{\(H)} and \,(G)=min{\,(H)},
where H is a component of G.

Before proving the next proposition, we need the following fact:
S0 (G) — S3(G) = (. — B)L(QG). (8)

Proposition 5.3. Assume that 1 > o > > 0. Let A\i,(G) and N, (G) be the k-th largest eigenvalues of S, (G) and Sz(G),
respectively. Then
Ae(G) = AL(G) = 0, )

for any k € [n], where [n] := {1,2,...n}.If G is connected, then the equality in (9) holds if and only if k = 1 and G is regular.

Proof. From Theorem 2.1, Proposition 4.4, and (8), it follows that
Ae(G) = Ny (G) > (a — B) ua(G) = 0.

If G is a connected graph and the equality in (9) holds, then Theorem 2.1 implies that \;(G), A\,.(G), and p,(G) share
an eigenvector, which by Proposition 4.4 must be constant. Now, k£ = 1 is implied by Proposition 5.7, and (7) implies that
G is regular. O

Proposition 5.4. If a > 1, then S, (G) is positive semidefinite. If the order of G is n > 3 and G has no isolated vertices,
then S, (QG) is positive definite.

Proof. Note that
<SaX, X> = (20[ — 1) Z (33‘22 Z aij) + (1 — a) Z aij(mi + il'j)Q,

v, €V (G) v;v; €EE(G) v;v; €E(G)

2>0. Ifa > 1, then we have

where x := (21,22, ...,2,) is a nonzero vector. Recall that a;; =
(Sox,X) > (1 — a)ay;(v; + 2;)* + (2a — Dag;x? + (20 — l)amm >0,

for v;v; € E(G). Hence, S,(G) is a positive semidefinite matrix.
Now, assume that the order of G is n > 3 and G has no isolated vertices. We have a vertex v; with z; # 0 and v;v; € E(G).
Thus, S, (G) is positive definite. O

For a graph G, if an automorphism f : G — G exists and f(v;) = v;, then v; and v; are called equivalent.
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Proposition 5.5. Let v; and v; be equivalent vertices in a connected graph G. If (z1, ..., x,) is an eigenvector corresponding
to )\1 (G), then T; = Tj.

Proof. Let x := (x1,...,z,) be the unit nonnegative eigenvector corresponding to A\, (G). Assume that f : G — G such that
f(vi) = v;. Let F be the permutation matrix corresponding to f. Observe that f is a permutation of V(G). Since f is an
automorphism, we have F~'S,F = S,. Hence, F~'S,Fx = S,X, and then Fx is an eigenvector to S,. As x is unique and
Sy is irreducible, we have F'z = z; that is, z; = z;. O

Proposition 5.6. Let S(G) = S, D(G) = D, and So(G) = Sa. Then
M(G) > &(G). (10)
If the equality holds in (10), then G has a & (G)-regular component. Also, if an = \/g >0, then
AM(G) < alaa + (1 — a)éi(G). (11)
The equality holds in (11) if and only if G has a A-regular component.

Proof. Although Proposition 5.3 dictates (10), we present another proof to support the equality argument. We assume
that H is a component of G such that &, (G) = & (H). Let h be the order of H, and (z1,xs, ..., z;) be a positive unit vector
corresponding to & (H). For every v;v; € E(H), we have

and hence

2aijxizj = Qij (QOLIL’iCEj + 2(1 — O[)ZEi.Tj)

< a;j (am? +2(1 — a)xz; + am?) .

Adding up all the edges v;,v; € E(H) in this inequality, and using

(Sax,X) = Z aij(ar? + ax? +2(1 — a)xzj),
’Ui’U]‘GE(G)
we have
§(G) = &i(H) = (S(H)x,x) < (So(H)x,x) < Mi(G),
which proves (10). If the equality holds in (10), then 1 = 23 = - -+ = z,. Thus, H is a & (G)-regular graph.

We observe that (11) follows from Theorem 2.1 because
)\1(G) S O(A + (1 — Oé)fl(G)
Next, we provide a proof, based on the following, for the equality in (11):

(Sox,X) = Z (7 Z a;ij) +2(1 — ) Z QT2

’UiEV(G) ’U,;’UjGE(G) ’Ui’UjEE(G)
Let H is a component of graph G and A\ (G) = A\ (H). For \i(H), let x := (21,22, ..., xp) be a positive unit eigenvector, then

M(G) =« Z |:o:f( Z aij)] +2(1a)( z xixjaij)
)

v, EV(H) v;v; EE(G) v;v; EE(G

< alaa Z i+ (1— )& (H)
viEV(H)

< alAan + (1 — a)é1(G).

If the equality holds in (11), then H is A-regular. If G contains a A-regular component, then &;(G) = Aaa = A\ (G). Thus,
the equality holds in (11). O
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The Perron-Frobenius theory of nonnegative matrices can be used to obtain the following characteristics of S, (G):
Proposition 5.7. Let o € [0,1) and x be a nonnegative eigenvector corresponding to \1(G).
(i). The eigenvector x is positive and distinctive up to scale if G is a connected graph.

(ii). If G is not connected and P is the set of vertices in x with positive entries, then the resulting subgraph induced by P is
a union of components H of G with \1(G) = A\ (H).

(iii). If G is a connected graph and X is an eigenvalue of S, (G) with a nonnegative eigenvector, then A = A\1(G).
(iv). If H is a proper subgraph of a connected graph G, then \1(H) < A\1(G) for every o € [0,1).

Let T..(n) be an r-partite Turdan graph with n vertices. Recall that 7;.(n) has the largest number of edges among all
r-partite graphs with n vertices.

Proposition 5.8. Let G be an r-chromatic graph of order n such that r > 2. If « < 1 — 1, then A\{(G) < A\ (T, (n)), unless
G=T:(n). Ifa>1-1 then \;(G) < A\1(Sn,r—1), unless G = Sy, 1. If « = 1 — L, then \{(G) < (1 — L)n with equality if and
only if G is a complete r-partite graph.

Proof. Assume that G is an r-partite graph of order n with maximum \;(G) among all r-partite graph of order n. Propo-
sition 5.7 implies that G is a complete r-partite graph. Let the partition sets of G be Vi,..., V.. If these sets have sizes of

ni,...,n,, respectively, then n; +---+n, = n. Let A\; = \;(G) and x := (21, ...,z,) be a positive eigenvector corresponding
to A\1. According to Proposition 5.5, the values of the entries in x that belong to vertices in the same partition set are equal,
say z; for V;, i =1,...,r. Hence, we have
AM2ZE =« Z niag; | 2 + (1 — ) Z niagizi, 1 <k <r. (12)
i€lr]\{k} i€[r]\{k}

Ifoo=1-1,then
1
A= (1-- ki
1 < T);}”%

is an eigenvalue with an eigenvector defined by

1 .
zZi = , t=1,...,m
TQkiTy;

Take S = niagi121 + -+ + nrap,-z-. From (12), we have

M —« Z niag; — nragk | + (1 — a)ngagr | neze = (1 — a)ngS,
1€[r]

for 1 < k < r, where ag, = 4/ dkdzl. Next, we note that \; satisfies the following equation:

> n;kj _ (13)

sl M —«a Zie[r] niag; +njag; 1 —a
Ifa <1- 1, then 1 < r. Hence, by (13), we have
Al —« Z n;ag; > 0.
i€[r]
Letting
z AL = Q) e Nilki

z) = =1- , 2> 0,
f(z) A _azie[r] n;ag; + 2 A —aziem N;QR; — 2

we have
12 _2<)\1 — ZiG[T] niaki)
z) = 5 <
(A —adicp niaki + 2)
Let Ay = A (T-(n)) and t1,...,t, be the sizes of the partition sets of T,(n); in other words, t; = |2] or ¢; = [2] and
t1+ -+t = n. From (13), we have

Z tjakj _ 1
e T Die tiaki +tja;  1—a
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Thus, we have

Z tJClkJ _ 1
AT = ey ik +tjag; 1 —a

JElr]
=2 m

A1 azie[r] NiGk; + Njag;

JElr]
S pr Al —« Zie[r] NiQk; + tjak;

n n

Consequently, we have Ay > A; with equality if and only if n; = | 2] or n; = [2]. Similarly, if & > 1 — 1, then {1~ > r. As
a result, by (13), we have \; — « Ziem nzag; < 0. If

z

)
11—« Zie[r] n;ag; + 2

1) =

for z > 0, then [ (2) > 0. Let s1,..., s, be the sizes of the partition sets of S, ,_1, which meansthats; = sy =---=s,_1 =1
and s, = n —r + 1. Assume that \; = A\1(S,(Sy,»—1)). Considering (13), we obtain

sjakj - 1
! As — Zie[r] siagi + sjak;  l—a
Then,
Z Sjakj _ 1
el As — @ Zie[r} NGk + Sjag; 11—«
_ M Qkj
Jem A T @ el Miawi + g0k
$iQk;
< J J ;
= ];] A —« Zie[r] NiGk; + SjAk;
and hence A\; > \;. Note that the equation A\; = A\; holds if and only if G = S, ,_1. O
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